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TWO-TO-ONE TRANSFORMATIONS ON 2-MANIFOLDS 


BY 
VENABLE MARTIN AND J. H. ROBERTS 


Introduction. An exactly 2-to-1 transformation is one for which every in- 
verse image set consists of exactly 2 points. This notion was introduced by 
O. G. Harrold('), who showed that no such continuous transformation could 
be defined over an arc. This result has been extended(?) to the case of the 
closed 2-cell. Further results concerning these transformations have been ob- 
tained by Harrold and by P. W. Gilbert(*). The present paper is concerned 
with continuous 2-to-1 transformations defined on a compact 2-manifold, 
with or without bounding curves. The problem of the existence of such a 
transformation is solved, and the collection of all image spaces is determined. 
A precise statement of the main results is given below. 

Throughout this paper the letter M will be used to denote a compact 
2-manifold (absolute), or else a compact 2-manifold with boundary, the 
boundary consisting of a finite number of mutually exclusive simple closed 
curves. The set M will be considered as the whole space. T will denote some 
exactly 2-to-1 continuous transformation defined over M. The set of inverse 
images under T is(*) an upper semi-continuous collection G filling M, and 
every element of G is a pair of points. For each x ¢ M let s(x) be the point * 
such that the pair x, s(x) is an element of the collection G. Let f(x).= p(x, s(x)), 
where p is the metric on M. Let K denote the set of all points x e M at 
which f is continuous, and let Z denote the subset of K consisting of those 
points x such that f is continuous both at x and at s(x). If x is a point, then x’ 
will denote s(x); and if C is any point set, then C’ will denote s(C). A point 
set C will be called integral if C’=C. 

The term n-cell (n=0, 1, 2) will denote a closed n-cell except where the 
context indicates the contrary. If 8 denotes a closed n-cell, then B° will denote 
the open n-cell whose closure is 8. If A denotes a complex, then A* denotes 


Presented to the Society, February 24, 1940; received by the editors March 25, 1940. 

(*) The non-existence of a certain type of continuous transformation, Duke Mathematical 
Journal, vol. 5 (1939), pp. 789-793. See also abstracts by Harrold in the Bulletin of the Ameri- 
can Mathematical Society, vol. 46 (1940), pp. 43, 44. 

(?) J. H. Roberts, Two-to-one transformations, Duke Mathematical Journal, vol. 6 (1940), 
pp. 256-262. This paper will be referred to hereafter as Transformations. 

() See abstracts in the Bulletin of the American Mathematical Society, vol. 45 (1939), 
p. 835, and vol. 46 (1940), pp. 42, 43. ss 

(*) This follows readily from the compactness of M. However, the corresponding statement 
in Transformations does not follow from the continuity of 7, and must be taken as an extra 
hypothesis in those theorems of that paper where M was not assumed to be compact. This 
does not affect the main result of that paper. 
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the point set covered by the complex A. If A is a complex, then x(A) will 
denote —a o+ai—ae, where a; is the number of i-cells in A. This is the nega- 
tive of the Euler characteristic as given by Alexandroff-Hopf(*). We assume 
a metric p on M having the following property: If a and 6 are points of M, 
then for any e>0O there is an arc ab whose diameter is less than p(a, b)+e. 
If o is any metric on M, then a metric p with the above property can be ob- 
tained by taking p(a, b) equal to the g.l.b. of the diameters of arcs joining a 
and bin M. 

The principal results of the paper are as follows: 

A necessary and sufficient condition that there be a T defined over M is that 
x(M) be even. If T(M)=B, then x(M)=2x(B). Let By denote a space 
which can be obtained from a compact manifold with k bounding curves 
(k=0, 1, 2,--- ), by the identification by pairs of a finite number of interior 
points of the manifold. A compact manifold M with m bounding curves 
(n=0, 1, 2,---), and a space B, are said to be properly related if (1) x(M) 
=2x(B,) and (2) 4nsk<Sn. Given a manifold M and a space B,, a necessary 
and sufficient condition that there be a T defined over M such that T(M)=B, 
is that M and B,, be properly related. 

These results are obtained in Part II. In order to obtain these results, 
it is essential to determine the nature of the discontinuities of f and the topo- 
logical character of the set M—K. This is done in Part I. 


Part I 


Lemma 1. If the point p is not on the boundary of M (i.e., if p has a 2-cell 
neighborhood), then p is in L if it is in K. 

Proof. If » is in K, then a sufficiently small open 2-cell containing p is 
mapped topologically by s into an open 2-cell containing s(p). Since an open 
2-cell in M is necessarily open in M, and since s has period 2, it follows that 
s(p) is also in K, whence is in L. 


THEOREM 1. The set L is dense and openin M. 


Proof. Since K is dense and open (see Transformations), it follows from 
Lemma 1 that L is dense. If p is in L, then p and s(p) are in the open set K. 
In view of the upper semi-continuity of the collection G it follows that if x 
is sufficiently close to p or to s(p), then x and s(x) are in K, and therefore in L. 


Thus L is open. 


Lema 2. If a simple closed curve J bounds an open 2-cell U, and R ts any 
region which contains all of J except possibly one point, then R- U 1s connected. 


Proof. Let x and y be any two points of R- U and let xy be an arc joining x 
and y in R. If xy-J=0, then the arc xy lies in R- U. If xy- 70, then let z 


(°) Topologie 1, Berlin, 1935, p. 214. 
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and w be points on J and on the arc xy in the order xzwy (possibly z =w) such 
that no point of J precedes z or follows w on the arc xzwy. In view of the hy- 
pothesis on J there is an arc zvw belonging to J- R. Since finally R is open and 
contains zvw, there are points 2; and w; on the arc xy in the order xzzwwyy 
and an arc 2:w; lying in R- U. Then the arc x2,:+2:w1+wvy joins x and y and 
lies in R- U. Since each pair x, y of R- U lies on an arc in R- U, this set is con- 
nected. 


Lemna 3. If H is a closed 2-cell in M, then H does not contain 5 arcs ad;a’ 
(t=1,---, 5) such that (1) each 2 of these arcs have only their end-points a 
and a’ in common, (2) Yoad;a’ is in L except for the points ds, ds, and ds, which 
are not in K, (3) d.=dj{ and s(ad,a’)=a'd.a, and (4) for 1=3, 4, and 5, 
s(ad;—d;) =a'd;—d;. 


Proof. Suppose the lemma is false and there exist five arcs ad,a’ in a closed 
2-cell H and properties (1), (2), (3) and (4) of the lemma hold. Now for 
1=3, 4, or 5, as xd; on the arc ad; the point s(x)—>d; on the arc a’d;. Let J 
denote the simple closed curve ad,a’d2a, and let U denote its interior with 
respect to H. Let R be the component of L containing J. We consider three 
cases. 

Case 1. At least two of the points ds, ds, ds are in U. Suppose that d; and d, 
are in U. Then the arc ad;a’ lies in U+-a+a’, and U= U,+ U2+<ad;a’—a—a’, 
where U; and U2 are open 2-cells bounded by ad,a’d;a and ad,a’d3a, respec- 
tively. We suppose, without loss of generality, that d,is in Uz. Now let Ro, Ri, 
and R: denote respectively R-U, R- Ui, and R- U2. By Lemma 2 the sets 
Ro, Ri, and Rz are connected. Furthermore, they are open subsets of the open 
2-cell U. Hence s(Ro), s(R1), and s(Re) are connected open sets, since s is 
topological over R, and an open 2-cell in M is necessarily open in M. Since 
s(J) =J, and s(ad,a’ —d;) =a’dja—d; (i=3, 4, 5), it follows that s(Ro), s(R:), 
and s(R:z), respectively do not intersect the boundary of U, U; and U2. That 
is, either s(Ro) ¢ U or else s(Ro) is in M—U. But the second possibility is 
ruled out since s(adsa’—d,) =ad,sa’—d,, and this set is in Ro. Therefore 
s(Ro) ¢ U. Likewise s(Rz) ¢ Us, for ds is in U2. But now let x1, x2,--- be 
points in such that x,—d2. Since is in L and s(d2) s(x,)—>d;. But 
$(x,) © Uz and d; is not in U2. This is a contradiction. 

Case 2. Exactly one of the points ds, ds, ds is in U. Suppose that d; e U 
and d; and d, are not in U. The sum of ad;a’ and one of the two arcs ad,a’, 
adza’ is a simple closed curve bounding a 2-cell Ui which lies in H and con- 
tains the other of these arcs, except for end-points. We suppose that the 
boundary of U; is ad3a’d2a, and let U2 be the 2-cell in H bounded by ad;a’d,a. 
To summarize, H> Ui, and U;= U+ U2+adia'—a—a’. Let Ro, Ri, and Re 
denote respectively R-U, R- Ui, and R- U:. Then it follows that s(Ro) ¢ U 
and s(R:) ¢ Ui, since both U and U, contain the set ad;a’—a—a’, and 
s(adsa’ —d;) = ad;a’ —d;. Now let x1, x2, --- be points in converging to dj. 


} 

} 
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Then s(x), s(x2), -- - are points in U; (for ¢ R:) converging to dz. But for 
sufficiently large s(x,) is in U, hence in Ro. But s(Ro) ¢ U, and s(s(x,)) =n. 
Thus x, is in both U and U2; and we have a contradiction. 

Case 3. None of the points dz, dy, ds is in U. Then there is a 2-cell in H 
bounded by the sum of one arc from the set {ad,a’} (¢=1, 2) and one arc 
from the set {ad,a’} (i=3, 4, 5), and containing one of d;, dz, and one of 
d;, ds, ds. For definiteness we may suppose there are 2-cells U, Ui, and U2 
bounded respectively by curves ad,a’d2a, ad;a'dza, and ad;a'd,a, such that d, 
is in Uz, and U;= U+ U2+ad,a’—a—a’. Let R:=R- U2. Since d, is in Us, it 
follows by earlier arguments that s(Rz) ¢ Us. Let x1, x2,--- be points in Re 
converging to d;. Then s(x,)—>dz. But dz is not in U2 while s(x,) ¢ U2. This 
contradiction completes the proof of the lemma 


LemoMaA 4. Suppose q is a point, H is a closed 2-cell, V is an open set, and € 
is a positive number, and the following properties hold: 

(1) H contains a neighborhood of q; 

(2) V>2q; 

(3) gis a limit point of M—K, and 

(4) if pe K-V, f(p)<e, and pt is any arc in V and in K+, where t is not 
in K, then f(x)—0 as x—+t on the arc pt. 

Then it follows that there exists an €,>0 such that no arc cc’ lies in K-S(q, 4). 


Proof. Suppose the lemma is false. Then for each positive integer m there 
is an arc ¢,¢, which is a subset of each of the sets H, K, V, and S(q, 1/n), 
and for sufficiently large the arc s(c,c,’ ) isin H-K- V. The set ) 
contains(*) a simple closed curve J, the sum of two arcs utu’ and u’t’u such 
that s(utu’) =u’t’u. Then J bounds an open 2-cell H; which is a subset of H. 
Let R be the component of K which contains J. Then by Lemma 2 R- A, 
is connected. We want to get a simple closed curve ad,a’d2,a iying in R-H,; 
and such that s(ad,a’)=a’d,a. This will follow readily if we prove that 
s(R-H,) = R- HM, for then any point p in this set can be joined to p’ by an arc 
pp’ in this set, and some subset of pp’+s(pp’) will be the desired curve. If 
there is no point of M—K in Hj, then s is topological over H;, and s(H;) is a 
closed 2-cell with J for boundary. Either s(Hi) ¢ Hi or s(Hi) ¢ M—H,. But 
the first possibility is ruled out, because under it s is a topological mapping 
of the closed 2-cell H; into itself which has no fixed point. Under the second 
possibility 7,+5(H;) is a sphere, hence is M. But H,+5(H)) is in K, contrary 
to the fact that there are points in M—K (e.g., the point g). Thus there is 
some point of M—K in M,. Join a point p of R- H, toa point t of M—K in A, 
by an arc pt lying in H;. Then f(x)—+0 as x—+# on the arc pt, and therefore for x 
near enough to ¢, s(x) is also in H;. Hence s(R-H,) ¢ Ai. 

Now by Lemma 1, s(R-H;) c K. It follows that s(R-H,) =R-Hi, and the 
desired simple closed curve exists. That is, there is a simple closed curve 


(*) See Transformations, §8, for a proof. 
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ad,a’d.a lying in H; and in K, and such that s(ad,a’) =a’d:a. By Lemma 1, 
this curve lies in L. There is an arc joining a to some point of M—K, such 
that this arc is in H- V, has only the point a on the simple closed curve 
ad,a‘d,a, and has no point, except possibly an end-point, on the boundary 
of M. On this arc let d; be the first point of M—L. Then d; is in M—K. For 
if d; is the other end-point it is by definition in M—K. In the other case ds; 
is not on a bounding curve of M and hence by Lemma 1 is in M—K if it is 
in M—L. Then f(x)-+0 as xd; on the arc ad;. It follows from Theorem 3 of 
Transformations(") that ad3+s(ad;—d;) contains two arcs, aids and a’t’d; 
which have only ds; in common and such that s(atd;—ds) =a’t’d;—d;. Denote 
the sum atd;+d;t’a’ by ad;a’. 

In a similar way we obtain successively arcs ad,’ and ad;a’ such that for 
4=4, 5,d;isin M—K but ad,a’ —d; is in L, adja’ has only a and a’ in common 
with the sum of the other four arcs ad;a’, and s(ad;—d;) =a’d;—d;. But then 
the five arcs ad,a’ (i=1, - - - , 5) have the properties stated in Lemma 3, and 
we have reached a contradiction. 


LEMMA 5. Suppose H is a closed 2-cell which contains a neighborhood V of a 
point q, pq ts an arc in V and in L+q such that f(x)—0 as x—q on the arc pq. 
Let R be the component of L- V which contains p, and suppose R-s(R)-V=0. 
Let ¢ be any positive number. Then there exists in V an open set W with boundary 
J such that 

(1) W>q and W+J is of diameter less than €, and W is a closed 2-cell; 

(2) if gis on a bounding curve of M, then J is an arc xax', where x and x’ 
are on a bounding curve of M, a is in M—K, xa—a is in R, and s(xa—a) 
=x’a—a; 

(3) if g is not on a bounding curve of M, then J is a simple closed curve 
axbx'a, where a and b are in M—K, axb—a-—b is in R, and s(axb—a—b) 
=ax'b—a—b. 

Proof. The proof given for Theorem 5 of Transformations requires only 
a trivial change in order to apply here. 


LEMMA 6. Suppose q; is a point, H ts a closed 2-cell, V is an open set and cq, 
ts an arc, and the following properties hold: 

(1) 

(2) af x e H, then either f(x) <« or f(x) >3«€, where 4e=f(q:); 

(3) ce Land f(c) <e; 

(4) there is no arc connecting any point d to d' and lying in V-K; and 

(5) af ef is any arc lying in V- +h, where f(e) <«€ and f is not in K, then 
S(x)—0 as x—f on the arc ef. 

Then there exists an arc from c to q, and lying in V-L+q,. 

(7) Theorem 3 of Transformations is false as stated. The proof given is based on the as- 
sumption that K is an integral set, i.e., that s(K) = K. Now L is an integral set, and the argu- 
ment given suffices to prove the theorem as stated if K is replaced by L. In our application the 
the arc ad; lies in L+-d;, hence the modified theorem applies. 
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Proof. Let R; be the component of L- V that contains c. Then R,- s(R:) =0. 
Let E denote the set of all x in R,-+s(R;) for which f(x) <e. Let ¢ be the last 
point of E on the arc cq. 

Suppose that ¢ is not accessible from R, by an arc ct such that f(x)--0 
as x—+# on ct. Then ¢ is not accessible by any arc ut lying in Ri+s(R,)+¢ and 
containing a point of E. Then we will show that there is an infinite sequence 
C1, C2, such that (1) c,e R; and f(c,) (2) as n—~, and 
(3) there is a fixed positive 5 such that every arc joining c; and c; (ij) in Ry 
has diameter greater than 6. To prove this assertion consider the following 
hypothesis: 

Given any positive number B and any component Rg of Ri: S(t, 8) having t 
on its boundary, it is true that for every k there is some component of Rg- S(t, 1/k) 
which has t on its boundary. If this is true, then it follows that ¢ is accessible 
from R; by an arc ct such that f(x)—0 as x—># along ct. But this contradicts a 
supposition made above. Hence the above hypothesis is false. This means that 
there is a positive number 6 such that there is an infinite set R}, R?, R?, - - - 
of components of R,- S(t, 8) such that, for every 7, ¢ is not a limit point of 
Ri, but ¢ is a limit point of p ane a And this implies that the sequence 
C1, C2, C3, exists. 

There exist three open sets Wi, W2, and W; containing ¢ and bounded re- 
spectively by P:, Ps, and P3, these being simple closed curves or arcs(*), and 
there is an integer NV, such that 

(1) Vo Wiand W;> Wiss (¢=1, 2); 

(2) if n>N, there is an arc Cad,e, in R; and in Wi, where e, and d, are 
on the boundaries of W; and We, respectively, and <, is in W3; and 

(3) if n>N, m>WN, and n¥m, then no component of R,- W, contains 
both c, and Cm. 

Suppose n>WN. Let x, and y, be the first points of the boundary of R: 
on the circle P, starting from d, in the two senses, and let x,d,y, denote the 
indicated arc of the circle Pz. Then $(xndn¥n—Xn—Yn) +XatYn iS an arc 
yn in S(Ri)+xn+yn. Since y, does not intersect c,d,e, (because 
Ri -s(R:) =0), there is a positive y independent of m such that d(x,d,! yn) 
But d(x,d,y,)—0 as n—«. If we drop to a subsequence, we may suppose 
lim SUPn.. Xndnn is a point r. Then lim supa... Xndx Yn is contained in r+s(r). 
But this is clearly impossible, and we have thus proved that ¢ is accessible 
by an arc ct lying in Ri+#, and therefore in V-L++#. It follows that f(x)—0 
as x— on the arc ct. 

Suppose now that tq. Choose €«:<p(#, g:). Let W and J be sets given by 
Lemma 5, where ¢ and the arc ct replace g and the arc pq, and « replaces e. 
Then the arc ¢g must contain a point r (rt) on J. But J lies in E, and ¢ is the 
last point of E on the arc cq. This contradiction proves Lemma 6. 


(8) If ¢ is on a bounding curve of M, then P; is an arc with end-points on this bounding 
curve. 
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THEOREM 2. If g is a point in M—K and pq is an arc in K+4q, then 
S(x)—0 as x—q on the arc pq. 


Proof. We suppose the theorem is false. Then there is an arc pg lying in 
K+, q not in K, such that f(x)—f(g) as xg on the arc pg. Then by Theorem 
4 of Transformations there is an open set U, an arc pq:, and a positive ¢€, such 
that 

(1) Us qi; 

(2) piqi1—qi is in K, but q is not in K; 

(3) f(x) =4€ as xq: on the arc piqi; 

(4) if xe U, then either f(x) <e or f(x) >3e; 

(5) if poge is any arc in U-(K+ qe), and ge is not in K, and if f(p2) <e, 
then f(x)—>0 as x—q2 on the arc pogo. 

Let H be a closed 2-cell such that U2 H>q, and H contains a neighbor- 
hood of gi. By Lemma 4 there exists an ¢,>0 such that if c is a point and 
p(c, g1) <€:, then there does not exist an arc of diameter less than ¢, lying in K 
and joining c to s(c). Let V denote an open set containing g; and lying in 
H-S(qu, &). Since f is not continuous at q:, there is a point c in L- V such that 
f(c) <e. There is an arc cq, in V. Then all the hypotheses of Lemma 6 are 
satisfied. Hence there is an arc cq lying in V-L+q;. Then on this arc f(x)—0 
as xq: (since f(c) <e). 

Let € be the smaller of p(1, g:) and p(c, qi). Let H, V, q1, cqi, and €, re- 
spectively, play the roles of H, V, 1, chi, and ¢ in Lemma 5, and let J be 
the corresponding arc or simple closed curve having properties (2) and (3) 
of Lemma 5. Then J separates p; and q; and also c and q. Then for x € J, 
x e K we have f(x) <e. But for x on pig; we have f(x) >3e. This is a contra- 
diction, and the theorem is proved. 


THEOREM 3. If gis a limit point of M—K, then there is a positive number € 
such that there does not exist, for any point c, an arc joining c to s(c) lying in K 
and in S(q, 

Proof. Let H denote a closed 2-cell in M which contains a neighborhood 
of g. Let V be any open set containing qg and let € be any positive number. 
Then with the help of Theorem 2 it follows immediately that g, H, V, and e 
have the properties stated in the hypothesis of Lemma 4. The number « 
given in the conclusion of Lemma 4 has the required property. 


THEOREM 4. If R is a component of K and q is on the boundary of R, then q 
ts arc-wise accessible from R. 


Proof. If q is not a limit point of M— K, the result is obvious. If gq is a 
limit point of M—K, then it is possible, with the help of Theorems 2 and 3, 
to define H, V, cq, having properties as stated in the hypothesis of Lemma 6, 
with the additional hypothesis that c e R. Then the arc cg given by Lemma 6 
will lie in R+q. 


| 
| 
| 
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THEOREM 5. The set L is identical with K. 


Proof. It is sufficient to show that if p is in K, then s(p) is in K. This re- 
sult was shown in Lemma 1 except for the case where p is on a bounding 
curve of M. Suppose then that p is in K and on a bounding curve of M. There 
is a simple closed curve J bounding an open 2-cell H, such that (1) J is the 
sum of an arc apd on that bounding curve of M which contains p, and an arc 
agb having only a and 6 on the boundary of M, and (2) H-s(H) =0. Then the 
transformation s is topological over H, whence s(7/) is a closed 2-cell having 
s(q) on its boundary. Let cp be an arc in H+. Then s(cp) is an arc c’p’ in 
s(H)+p’ and by Lemma 1, s(#) is in L, hence in K. Suppose that p’ is not 
in K. Then, by Theorem 2, f(x)—0 as xp’ on the arc c’p’. But f(x) =f(s(x)), 
and as x—>p’ on the arc c’p’ the point s(x)—>p on the arc cp, and f(s(x))—>f(p) 
#0. This contradiction shows that p’ is in K. 


LEMMA 7. If an integral subset of K is the sum of two mutually separated 
connected sets R, and Ro, then either s(R:) = Rz or else s(R:) = Ri. 


This lemma follows immediately from the facts that the continuous image 
of a connected set is connected, and that s is of period 2; i.e., that s(s(A)) =A. 


THEOREM 6. The set K has at most two components. If it has two components 
and Ro, then s(R:) = Re, and and Rz have the same boundary. 


Proof. Let R; be a component of K. Then s(R;) is also a component of K. 
If g is on the boundary of Ri, then there is an arc pg in Ri+g. On this arc 
as x—q (Theorem 2). Hence s(pqg—gq)+q is an arc p’q in s(Ri) +4, 
and therefore g is on the boundary of s(R;). Similarly, every boundary point 
of s(R:) is on the boundary of R;. The proof will be completed by showing 
that Ri+s(Ri) =M. 

Let N= R,+5s(R:), and suppose that there exists a point ¢ in M—N. There 
is an arc tg having only q in the closed point set N. Clearly g is on the bound- 
ary of R;. Furthermore, g is a limit point of M—K, for if it were an isolated 
point in this set then some point of R; could be joined to ¢ by an arc not hitting 
the boundary of R;. Then we can apply Lemmas 4 and 5 and get a closed 
point set J which separates ¢ from q, and such that J is a subset of R:+5(R), 
except possibly for one or two points on the boundary of R;. Then J-tg=0, 
since g is the only point of N on tg. This contradicts the fact that J separates 


tand g. 


Lema &. If p is any point of M—K, then for every e>0 there is an open 
set W>p such that 

(1) W is a closed 2-cell of diameter less than ¢; 

(2) J, the boundary of W with respect to M, is a simple closed curve or an arc 
with both end-points on a single bounding curve of M; and 

(3) J-(M—K) consists of 0, 1, or 2 points. 
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If p is not a limit point of M—K, then the result is obvious. If p is a limit 
point of M—K, then the proof results from an application of Lemmas 4 and 5. 
The sets W and J given by Lemma 5 have the desired properties. 


THEOREM 7 Let N be a component of M—K. Then N is a point, an arc, 
or a simple closed curve, and no point of N is a limit point of M—K—N. 


Proof. It follows from Lemma 8 that every point of the closed and com- 
pact set M—K is of Menger order 0, 1, or 2 with respect to this set. Hence 
each component of M—K is a point, an arc, or a simple closed curve. Let g 
be a point of a component N of M—K, and suppose that g is a limit point of 
M—K-—N. We can apply Lemma 5 and get an open set W, with boundary J, 
having properties (1), (2), and (3) of Lemma 5, and the property that no arc 
cc’ exists in K-W, for any point c. We suppose that the set W-(M—K) 
=7,+T7>2, mutually separated sets. Then there exists a point u such that u 
and u’ are in K and in W® (the open 2-cell whose closure is W). Then there 
exist two arcs aub and au’b such that (1) aand Dd are in 7; and 7», respectively, 
(2) s(aub—a—b) =au'b—a—b, and (3) (aub+au’b) is in K-W*. Then 
aub+au’b is a simpie closed curve J; bounding an open 2-cell Wi. Neither of 
the mutually exclusive closed sets 71: W1 and 7:-W; separates u from u’ in 
W:, but their sum does. But this is impossible. Hence (M—K)-W is con- 
nected. Since it contains git isin N. Then q is not a limit point of M—K—N. 


THEOREM 8. If a component N of M—K is an arc, then each of its end-points, 


but no other point, is on a boundary curve of M; if N is a point or a simple 
closed curve, then no point of N is on any boundary curve of M. 


Proof. If » is an end-point of an arc N which is a component of M— K, 
then by Lemma 4 M—K locally separates M at p, and hence by Theorem 7 
N locally separates M at p. But this is impossible if p has an open 2-cell 
neighborhood in M. Hence # is on a bounding curve of M. 

Let p be a point of order 2 on some component N of M—K, and let apb 
be an arc which is a subset of NV. There is an arc agb having only a and 3 in 
M-—K and such that the simple closed curve agb+apb bounds an open 2-cell 
U which is in K. Then it follows that U+s(U)+apb contains an open 2-cell 
containing p. 

In a similar way it can be shown that if the point » is a component of 
M-—K, then it lies in an open 2-cell. 


Part II 
Lemma 1. Jf lim sup A, =A, then lim sup s(A,) ¢A+5(A). 


Proof. Let p be a point of lim sup s(A,). Then there exists a sequence of 
points {p.}, pa © (Ax) (n=1, 2, - - - ) such that p is a sequential limit point 
of {p,}. Since G is upper semi-continuous, the sequence {s(pn) }, or some sub- 
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quence, has as limit point either p or s(p). But clearly s(p,) © A,, since 
pn s(A,). Hence if p is a limit point of {s(p,)}, then pe lim sup A,. If 
s(p) is a limit point of {s(p,) } , S(p) e lim sup A, =A and pe s(A). In either 
case the lemma is proved. 


LEMMA 2. Given e>0, there exists 5>0 such that if A is a point set of di- 
ameter less than 5, then s(A) ts the sum of two sets, each of diameter less than e. 


Proof. Suppose the lemma is false. Then there exists an ¢€>0 and a se- 
quence of sets, {An}, such that d(A,) <1/mn, but for no m can s(A,) be ex- 
pressed as the sum of two sets, each of diameter less than ¢. Let {A,,} bea 
subsequence of {A,} such that lim sup A,,=lim inf A,,=>), a point. Then by 
Lemma 1, lim sup s(An,) ¢P+5(p). But then clearly, for m; large enough, 
s(A,,) ¢s(p, €/2)+5(s(p), €/2), and thus s(A,,) is the sum of two sets, each 
of diameter less than e. This contradiction proves the lemma. 

We now have as a corollary of Lemma 2 the following: 


LEMMA 3. Given e>0O, there exists 5>0 such that if d(A) <6 and s(A) is 
connected, then d(s(A)) <e. 


Lemna 4. If p is a point of M—K and tf up, gp, Qsp and qsp are arcs in 
K+ > with only the point p in common and such that s(up—p)=qQp—p and 
S(ysp — p) = qup — then these arcs have the cyclic order quip, QsP, GaP, Gap about p. 


Proof. Suppose the lemma is false. Choose ¢€>0 so that the sphere S(, 4) 
is an open 2-cell which contains no gq; (¢=1, 2, 3, 4) and intersects no compo- 
nent of M—K other than the one to which p belongs. Then for every m we 
can find a point d, of gp and an arc b,d, in K such that p(d,, p) <min (1/n, e) 
and <1/mn and bab! =b, +0, . 

Now b,b,’ +5(b,b./) is a connected integral set, and hence by Lemma 3, 
for m> mo, +5(bnds )) <<€. Now ) contains a simple closed 
curve J,, which is an integral subset of K(*). But since, for 2 >o, J, ¢ S(p, 4€) 
and Jn:>.4..9ip Cba+b, , it follows that J, contains neither p nor any other 
point of M—K in its interior. Now let R be the component of K which con- 
tains J,, and let J, be the interior of J,. Since s(R)-R +0, it follows from 
Theorem 6 of Part I that s(R) =R. For n sufficiently large, it is easy to see 
that R—(J,+J,) is connected. Now we cannot have s(J,+J,) =Ja+J,, for 
that would contradict the principal theorem of Transformations. Hence by 
Lemma 7 of Part I, s(J,) =R—(J.+J,). But there is a positive number « 
such that, for »>m, d(R—(J,+J,)) >a, and hence, by Lemma 3, a corre- 
sponding positive number 6 exists such that d(J,) >5, for every »>m. But 
lim d(J,) =0, and since M is compact it follows that lim d(J,) =0. This con- 
tradiction proves the lemma. 

We are now in a position to prove 


(*) See the argument early in §8 of Transformations proving the existence of a simple 
closed curve. 


? 
. 


1941] TRANSFORMATIONS ON 2-MANIFOLDS 11 


THEOREM 1. If T is a 2-to-1 transformation defined over M, then M can be 
so triangulated that the image under s of every n-cell a of the triangulation is an 
n-cell of the triangulation different from a (n=0, 1, 2). Hence x(M) is even, and 
x(T(M)) =x(M)/2. 


Proof. It follows from Theorem 5 of Part I that M-— K is an integral set. 
Also, M—K is a compact metric space, and consists of a finite number of 
simple closed curves Ji, - - - , Jn,, of isolated points pi, po, ---, Pa, and 
of arcs v1, ¥2, * - - , Un, Whose end-points lie on the bounding curves of M; and 
each bounding curve of M contains either two or no points of M—K. (This 
follows easily from Theorems 7 and 8 of Part I.) Moreover, from Theorem 5 of 
Part I, if p is an isolated point of M—K, then s(p) is also an isolated point of 
M-—K. Hence T is a 2-to-1 transformation defined over M—K, and the point 
set Ki, over which s is continuous relative to M—K, is open and dense in 
M-—K. In view of this it can be shown(!*) that and that 
J; contains either no point or exactly two points, u:; and u2;, of M—K—K,. 

Now let m be a positive number such that the distance between any two 
components of M—K is greater than m, and the distance between any two 
points of M—K—XK, is greater than m. We now choose four positive numbers 
€, > € > €;>«, with the following properties: 

(1) 46,<m; 

(2) if B and s(B) are connected sets and if d(B) <é€, then d(s(B)) <« (see 
Lemma 3); 

(3) any simple closed curve of M of diameter less than ¢; bounds a 2-cell 
of M of diameter less than e(!!); and 

(4) if A and s(A) are connected sets, and if d(A) <«, then d(s(A)) <e, 
(see Lemma 3). 

Now consider an isolated point p; of M—K. Let q be a point of K such 
that p(q:, p;) <« and let y; be an arc of diameter less than & from q; to ;. 
Let 2 be the arc p;+s(y1— p;). Let gs be a point of K such that p(p;, gs) <€, 
and gs ¢ Yi+2. Let ys be an arc of diameter less than & from gs to p; such 
that ys: (v¥1+72) = p;. Let ys be the arc ~;+5(ys—p;). Now by Lemma 4 these 
arcs have the cyclic order, 71, Ys, ‘Y2, Ys, about ». We now find two points, 
© and and two arcs, from 7; to 73, and from 7; to r{ with the 
following properties: 

(1) (Gite +82) =n+rst+ri ; and 

(2) if rf =re and rf =1, and if 6; denotes the subarc of y; from 9; to r; 
(i=1, 2, 3, 4), then d(8i:+6:+ 63) <e, and d(83+ 53+ 52) It follows from 
the definition of ¢; and the fact that e,<¢;, that 6:+6,+5; and 6;+5;+ 5 
are simple closed curves which are the boundaries of closed 2-cells, \; and As, 


(?°) K, will be used to denote this set throughout the rest of the paper. The proofs of the 
statements of this sentence, while not trivial, are sufficiently straightforward to be omitted. 
() It is easy to see that, since M is compact, es can be chosen to satisfy this property. 


| 
| 
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respectively. It is easy to see that s(@;) is an arc 6: from fz to 74, and s(8s3) 
is an arc &, from 7 to 7; and further, that s(A°) is an open 2-cell \2 bounded 
by 52+ 44, and s(A$) is an open 2-cell \2 bounded by 64+ 6,+4;. Thus the 
neighborhood of »; has been triangulated in accordance with the theorem. 

We suppose that this has been done for every p; (j=1, 2,---,m).Ina 
similar manner we triangulate the neighborhood of each of the simple closed 
curves J;, Jo, -- - , Jn, and each of the arcs 1, v2, - - - , U2, in such a way that 
these simple closed curves and arcs appear in the triangulation as sums of 
1-cells and vertices of the triangulation which map under s into 1-cells and 
vertices of the triangulation. We take care, also, to make every point of 
M—K-—K, a vertex of the triangulation. 

We now let A; denote the complex which is composed of all these neigh- 
borhoods of the components of M—K so triangulated, and lett H=> M—A*¥. 
Then Z isa closed and compact point set over which f is continuous and posi- 
tive. Hence there is a positive number y such that f(x) >2y if x e H. Now 
we choose three positive numbers yj, ¥2, and ys as follows: (1) if y is a simple 
closed curve of diameter less than 4y, then y bounds a 2-cell of diameter 
less than y (this implies 4¥,<yW); and (2) if B and s(B) are connected sets, 
then if d(B) <ye, it follows that d(s(B)) <y; and if d(B) <ys, it follows that 
d(s(B)) <y2. (See Lemma 3. These conditions imply ¥i >~2>ys3.) If Ai con- 
tains a 1-cell asuch that d(a) 2y3, let Az be a subdivision of A; containing no 
such 1-cell but still having the property that the image under s of an n-cell 
of Az is an n-cell of Az (n=0, 1, 2). If A: contains no such 1-cell, A,=4A). 

Now it may be possible to find either one, two, or three arcs whose end- 
points are vertices of Az but which otherwise lie in M—A#* and which, to- 
gether with two, one, or no arcs, respectively, of As*, bound a 2-cell @ of 
diameter less than y whose interior lies in M—A¢, but not in S(A#*, ys). If 
such a possibility exists, we add to Az this 2-cell @ and also s(@). Since 
@-s(¢) =0. After extending A; in this manner as many times as 
possible, successively, we call the extended complex As. 

If M—A$ contains an open 2-cell a such that the boundary of a° con- 
sists of three vertices and three 1-cells of A; and s(a®)-a®=0, then we add a® 
and s(a°) to As. After adding all such 2-cells to As, we call the new complex 
A,. We then obtain A, from A, by subdivision, in the same way that we ob- 
tained A: from Ai. 

Now let ri, 72, - - - , 7 denote the vertices of As which are on the boundary 
of M—A;. Let be a point of M—A* for which <p(rigi, As*) Join 
x41 to two points, 7;, and 7;,, which are end-points of the same 1-cell a; of As 
by arcs a and a; in such a way that (1) ae-a3=7e4i, (2) a2-As*=r;, and 
as: As*=r;,, and (3) d(ai) <2y, (t=1, 2). To see that this is possible, we draw 
an arc B of diameter less than y2(!"), from 7,4: to some point p in the interior 


(2) This is possible since the metric p which we are using has the property that if H is 
closed and p(x, H)<«, then there exists an arc from x to a point of H of diameter less than «. 


| 
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of a 1-cell a; on the boundary of A;*. Since no 1-cell of As has diameter. as 
great as 3, we can draw an arc in M—A;* from rx41, running along very 
close to 8 and then running along close to a; until we get near an end-point r;, 
of a;. Then we run our arc inte r;, and call the arc a. Similarly, on the other 
side of 8, we draw a; from r;4: to 7;,. If in drawing these arcs we stay close 
enough to 6 and then to a, neither a nor a3 can have diameter greater than 
¥2+¥s, which is less than 2y¥;. Moreover, a:++-a2+a; is a simple closed curve 
of diameter less than 4y;, and hence by definition of ¥; bounds a 2-cell 7 of 
diameter less than y. It follows that s(n) is a 2-cell such that 9-s(n) =0 and 
s(n) -As=s(a1). We add 9 and s(n) to As and call the resulting complex Ag. 

We now begin over again, obtaining A; from A¢ in the same way that we 
obtained Az from Aj, etc. It is clear that the method of extension from A; 
to A, can be carried out only a finite number of times. For otherwise M would 
contain an infinite point set with no limit point, since we require that the 
new vertex have a distance greater than y; from the point set covered by the 
complex. But when this method of extension cannot be repeated that means 
that the complex we have, A,, has the property that there is no point of 
M —A,* which has a distance greater than ¥; from A,*. When this is the case, 
it is easy to see that a finite number of applications of the methods of exten- 
sion from Az to A; and from A; to A, will give a complex which covers M. 
Hence the theorem is proved. 


LemMaA 5. Let p be an interior point of M. If p is neither an isolated point 


of M—K, nor a point of M—K—K,, then T(p) has a 2-cell neighborhood in 
T(M). Otherwise T(p) has a neighborhood in T(M) which is homeomorphic to 
a neighborhood of the vertex of the double cone x? = y?+-2?. 


Hereafter when we speak of a manifold with identifications we shall al- 
ways mean by “identifications” a finite number of points with neighborhoods 
homeomorphic to a neighborhood of the vertex of the double cone. 

Proof. If » belongs to K, the result follows immediately; for s is locally a 
homeomorphism at every point of K, and if U is an open subset of K such 
that U-s(U) =0, then s(U) and T(U) are homeomorphic. But this means that 
T(U) contains an open set which is an open 2-cell containing 7(p). 

If p belongs to (M—XK)- Ki, but is not an isolated point of M—K, then p 
belongs to an arc or a simple closed curve of M—K. Let c denote the arc or 
the simple closed curve. By triangulating the neighborhood of p and of s(p) 
in the same way in which they were triangulated in the proof of Theorem 1, 
and taking care to have neither p nor s(p) be a vertex in this triangulation, 
we obtain mutually exclusive open 2-cells V and W containing p and s(p), 
respectively, and having the following properties: 

(1) V—c=Vi+ V2, mutually separated open 2-cells such that s( Vi) = V2; 

(2) V-cis an open 1-cell lying in Ki; 

(3) 


| 
| 
| 
| 
| 
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(4) W-s(V-c)=W-(M-—K); 

(5) W—s(V-c)=Wi+We, mutually separated open 2-cells such that 
s(W;) = We. 

It follows that s(V-c) is an open 1-cell, and that T(V-c)=T(s(V-c)) is 
an open 1-cell. Likewise, each of the sets T(V) and T(W) is homeomorphic 
to the intersection of the interior of the unit sphere in the Euclidean plane 
with the half-plane x20. Moreover, 7(V)-T(W)=T(V-c), an open 1-cell. 
Hence 7(V+W) is an open 2-cell containing 7(p). Furthermore, it is clear 
that 7(V+W) is an open set in 7(M), since V+ W is an integral open set 
in M. 

If » is an isolated point of M—K, then, as we remarked in the proof of 
Theorem 1, s(p) is also. We triangulate the neighborhood of ~ and of s(p) 
as we did in the proof of Theorem 1. From the description of that triangu- 
lation, it is easy to verify that if r(p) denotes the open 2-cell contain- 
ing p whose closure is \:-+A2+As+A,4 (see the proof of Theorem 1 for the 
meaning of \,), then 7(r(p)) is an open 2-cell. Similarly for r(p’). But 
T(x(p))-T(r(p’)) =T(p). Hence T(r(p) +7(p’)) is homeomorphic to a neigh- 
borhood of the vertex of the double cone x? = y?+3?, and since +7(p’) 
is an integral open set in M, T(x(p)+72(p’)) is open in T(M), and the lemma 
follows for this case. 

The case in which p belongs to M— K — K, is handled in a somewhat simi- 
lar manner. - 


LemMaA 6. Let p be on one of the boundary curves of M. Then T(p) hasa 
neighborhood in T(M) which is homeomorphic to a neighborhood of p in M. 


The proof follows in much the same way that the proof of the preceding 
lemma followed. 


THEOREM 2. If M is a compact manifold, then T(M) ts a compact manifold 
or can be obtained from a compact manifold by the identification by pairs of a 
finite number of points. If M is a compact manifold with boundary, then T(M) 
is a compact manifold with boundary or can be obtained from a compact manifold 
with boundary by the identification by pairs of a finite number of interior points. 


Proof. The first statement follows as a corollary of Lemma 5. To prove 
the second statement, we first show that if ¢c isa boundary curve of M, then 
T(c) is a simple closed curve. For suppose first that K >c. Then by Theo- 
rem 8 of Part I, c-K #0. Let p be a point of c- K, and let pq be a subarc of ¢ 
which lies in K+q but not in K. Then p’g=s(pq—p)+4q is a subarc of c, by 
virtue of Theorem 2 of Part I and the fact that the image under s of a bound- 
ary point of M is a boundary point of M. Let pr be a subarc of ¢ such that 
pr-pqgq=p and K+ro2pr but K>dpr. (It is easy to see that there must be 
a point r#q such that r e c-(M—K). For otherwise, as a variable point x 
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moved continuously along c—pq—p’q+p from p, s(x) would move continu- 
ously along c—pq—p’q+ p’ and a two-to-one transformation would be de- 
fined on the arc c—pq—p’q+p+ )’, in contradiction to the result of O. G. 
Harrold(').) Then as above, p’r=s(pr—r)+r is a subarc of c. Thenclearly 
c=pq+p'qt+pr+p’r, and a direct argument shows that s(q) =r. Hence in 
this case T(c) is a simple closed curve. 

Now suppose that K 3c. Then s(c) is a simple closed curve which is a 
boundary curve of M, and hence either s(c) =c or else s(c)-c=0. In either 
case T(c) is a simple closed curve. 

Now by combining the fact that T(c) isa simple closed curve with Lemma 
5 and Lemma 6, we see that the second statement of our theorem is proved. 

Moreover, it is easy to see that we have also proved 


Lemma 7. If M has n boundary curves, then T(M) has k boundary curves, 
where n/2Sk Sn. 


We now prove 


THEOREM 3. Given a space M and a space By, a necessary and sufficient 
condition that there exist a 2-to-1 transformation T such that T(M) =B, is that M 
and B, be properly related. (See the introduction.) 


Proof. The necessity follows immediately from Theorems 1 and 2 and 
Lemmas 5, 6, and 7. The sufficiency will be proved by actually constructing 
the transformation T. 

Let M be an orientable manifold, and let M be embedded in Euclidean 
3-space in such a way that M is symmetric with respect to the xy-plane, 
and the common part of M and the xy-plane consists of 4 simple closed curves 
C1, Co, + - + , Gy if x(M) =2(h—2). If p isa point of M not in the xy-plane, we 
define s(p) as the reflection of » in the xy-plane. If B; is an orientable mani- 
fold, then # is even and we let s map ¢ into Ce, cs into C4, --- , Cras into c& 
topologically. When s is defined, T is determined, and the theorem is proved 
for this case. If B, is a non-orientable manifold, we define s exactly as before 
except that s maps ¢ into itself by identifying diametrically opposite points, 
in case h is odd, and it maps both c, and c,_; into themselves in this manner 
if h is even. If B, is an orientable manifold with } identifications, then h—b 
is even and non-negative. For if a manifold N has x(N) =», and if MN, is ob- 
tained from N by identifying b pairs of points, then x(Ni) =v+5. Hence we 
define s(p) as before for a point p not in the xy-plane, and we let x map ¢; 
(¢=1, 2, - - - , b) into itself by a reflection in a diameter and the identification 
of the two points of c; which lie on the diameter. And we let s map ¢s,: into 
INtO Coys, , into Cy, topologically. If B, is a non-orientable 
manifold with 6} identifications, s is defined as in the preceding case except 
that if h—b is odd, then s maps ¢, into itself by identifying diametrically 
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opposite points, and if h—b is even then s maps both c,_; and c into them- 
selves in that manner. This completes the cases in which M is an orientable 
manifold. 

If M is a non-orientable manifold, and x(M) is even, then either M is a 
Klein’s bottle, in which case x(JZ) =0, or else M can be obtained from a 
Klein’s bottle by inserting 4 handles, in which case x(M)=2h. If M isa 
Klein’s bottle, let M be triangulated as in the figure. The numbers in this 
figure refer to the vertices by which they are placed and the letters denote the 


1 5 6 1 


2-cells in which they are placed. The top edge of the figure is identificed with 
the bottom edge, and the points of the left edge reading up are identified with 
those of the right edge reading down, as the numbers indicate. Let s map the 
2-cells above the horizontal bisector 373 into those below 373 by reflection in 
373, as the primes indicate. This defines s for every point except those points 
of the horizontal bisector 373 and of the edge 1561; we call these two simple 
closed curves c; and cs. If B; is a torus, we let s map ¢; into cz topologically; 
if B, is a projective plane with one identification we let s map ¢; into itself by 
identifying diametrically opposite points and ¢ into itself by identifying 
points by reflection in a diameter and identifying the points of cz on the di- 
ameter; if B, is a Klein’s bottle, we let s map c¢; into itself by identification 
of diametrically opposite points (t= 1, 2); if B, is a sphere with two identifica- 
tions, we let s map ¢; into itself by reflection in a diameter and identification 
of the points of c; on the diameter (7 =1, 2). 

If M is non-orientable and x(M)=2h>0, then M can be constructed as 
follows: Let N; be the manifold with boundary obtained from the figure by 
deleting the open 2-cells w and w’, and let s map N; —(¢;+<¢2) into itself in the 
manner described above. Let N2 be an orientable manifold for which 
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x(N2) =2h—4. Let Nz be embedded in Euclidean 3-space so that it is sym- 
metric with respect to the xy-plane and the common part of Nz and the 
xy-plane consists of h simple closed curves. Let s map the points of Nz above 
the xy-plane into those below the xy-plane by reflection in that plane. Let a 
be an open 2-cell in Nz lying above the xy-plane and having a simple closed 
curve as boundary, and let a’ = s(a). Delete a and a’, and identify the bounda- 
ries of a and a’ with the boundaries of w and w’, respectively. Then we have 
defined s over M except for h+2 simple closed curves. We define s over these 
simple closed curves, using one of, or a combination of, the three methods 
already described for defining s over simple closed curves, depending on the 
character of the image space B,. 

The definition of T in the cases in which M is a manifold with bounding 
curves is analogous to its definition in the cases already treated. 

Conclusion. It is known that in some cases a space M may be mapped into 
a space B in a continuous, exactly 2-to-1 fashion, in at least two essentially 
different ways. For example, a sphere may be mapped into a projective plane 
(1) by identifying diametrically opposite points, or (2) by identifying point 
pairs which are symmetrical with respect to the equatorial plane, and then 
identifying diametrically opposite points on the equator. It is easy to show 
that the two mappings so defined are not topologically equivalent('*). The 
following problem naturally arises: For a given M and B how many topologi- 
cally different 2-to-1 continuous mappings of M into B are there? It seems very 


likely that this number is finite. 


(3) For a definition of this term see G. T. Whyburn, Interior transformations on compact 
sets, Duke Mathematical Journal, vol. 3 (1937), p. 373, footnote 8. 
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THE INTEGRAL REPRESENTATION OF WEAKLY 
ALMOST-PERIODIC TRANSFORMATIONS IN 
REFLEXIVE VECTOR SPACES 


BY 
EDGAR R. LORCH 


I. INTRODUCTION 


The first analysis of the structure of transformations of a type somewhat 
similar to that treated below was given by D. Hilbert in his memoir on 
bounded quadratic forms in infinitely many variables (1906). In the language 
freely used at present, Hilbert established that if H is a bounded sym- 
metric transformation in the (Hilbert) space of vectors x = (x1, x2, -- - ) with 
>| 2< 00, then H may be represented in the form 


{ 
(1) H= f 


The E(A) are orthogonal projections, that is to say, transformations which are 
the identity transformation on a closed linear manifold in the space and which 
are the zero transformation on the orthogonally complementary manifold. 
As \ varies increasingly from some bound — M to M, E(A) sweeps monoto- 
nously from the zero to the identity transformation. The values \, —-M<X 
<M, are classed as being regular or belonging to the “spectrum” of H ac- 
cording to the behaviour of E(A). The complete analysis of the spectrum of H 
leading to the integral representation (1) is sometimes described as establish- 
ing the spectral resolution of H. The formula (1) is the Hilbert space corre- 
spondent of the fundamental theorem of matrix theory to the effect that every 
symmetric » Xn matrix may be reduced to diagonal form by a proper choice 
of axes. 

Since the publication of Hilbert’s result, the theory initiated by him has 
been elaborated in many directions. But the class of transformations in infi- 
nite dimensional spaces whose structure is thoroughly known has not grown. 
There is at least one important exception: the restriction of boundedness 
upon H has been deleted. It is known as a result of the work of Carleman, 
von Neumann, F. Riesz, Stone, and Wintner('), that the equation (1) sub- 


Presented to the Society in two parts, the first under the title Spectral analysis of weakly 
almost periodic transformations in reflexive vector spaces on December 29, 1939; the second, under 
the present title on October 26, 1940; received by the editors May 8, 1940. Abstracted in the 
Bulletin of the Society, 45-11-401 and 46-7-361. 

() Carleman, Sur les Equations Intégrales Singuliéres @ Noyau Réel et Symétrique, 
Uppsala, 1923; J. von Neumann, Mathematische Annalen, vol. 102 (1929), pp. 49-131; F. Riesz, 
Acta Litterarum ac Scientiarum (Szeged), vol. 5 (1930), pp. 19-54; Stone, Linear Transforma- 
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sists in the non-bounded case. Here the range of integration necessarily is not 
bounded on the X\ axis. Suggestive of a new point of departure is a result 
established by von Neumann(?) that a rotation or unitary transformation V in 
Hilbert space has a “diagonal” representation of the form 


(2) f ed E(d). 


Since simple correspondences may be established between unitary and sym- 
metric (or better, self-adjoint) transformations, it is correct to state that the 
only transformations analyzed to the present (leaving aside certain consider- 
ably simpler types such as the completely continuous transformations) are 
the rotations in Hilbert space and the functions which they beget, e.g., 
e*, etc. 

A study of this theory reveals that its development is wedded to and 
completely dominated by the concept of orthogonality. It is the nature of 
this concept which renders impossible the mere extension of the notion of sym- 
metric transformation to non-Hilbert spaces. Properly speaking, orthogonal- 
ity within a space % is meaningless; it is biorthogonality between % and its 
adjoint space (S) which is significant. As Hilbert space is distinguished by the 
equation $ =(%), biorthogonality is operative within the space itself and is 
then called orthogonality. Lacking a theory of orthogonality, entirely new 
methods have to be developed if one is to progress in the study, for example, 
of the structure of rotations in various non-Hilbert spaces. In the subsequent 
pages, the spectral resolution of a type of transformation in certain rather 
general spaces is obtained. All rotations fall under this type. But even in 
Hilbert space, new classes are analyzed for the first time. 

The nature of the space for which the results are valid will first be de- 
scribed. For an arbitrary normed linear vector space %, the inclusion ((8)) 3B 
is easy to establish. A space distinguished by the relation 


(3) = ((8)) 


is called reflexive by the author. It is for reflexive spaces that a spectral theory 
is developed. 

The precise nature of the transformation V for which formula (2) may be 
established will be described briefly. Starting with a V such that V~— exists 
(and is bounded), the set {Vf}, n=0, +1, +2,---,/f fixed in %, is ex- 
amined. Borrowing ideas from the theory of almost-periodic functions, one 
defines V to be weakly almost-periodic if the set { V*f} is weakly conditionally 


tions in Hilbert Space and Their Applications to Analysis, American Mathematical Society 
Colloquium Publications, vol. 15, New York, 1932, chap. 5; Wintner, Spektraltheorie der 
unendlichen Matrizen, Leipzig, 1929, chap. 6. 

(?) J. von Neumann, op. cit., p. 119. 
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compact for all f ¢ B. That is, if relative to the group V”*, all f eB are almost- 
periodic, then V is called almost-periodic—all this in the weak sense. The 
almost-periodicity of V is characterized by the theorem: V is weakly al- 
most-periodic if and only if it is uniformly bounded, || V*f|| <K\\f\|, »=0, 
+1, +2, ---,f arbitrary. It is these transformations which are analyzed. 

The results of the analysis yield a structure {G, ff, —o<A< ow, 
strongly resembling a resolution of the identity and replacing it in the pres- 
ent instance. The © and §, are closed linear manifolds having only the origin 
in common and together spanning %. Further, ©, (§,) is a monotone function 
of \ increasing (decreasing) from 0 (B) to B (0). The manifold pairs reduce V. 
Whether ©, and §, are disjoint (see below) is yet to be determined. The 
reconstruction of V, in a sense justifying the use of (2), from the manifolds 
which it determines is carried out in Theorem 8. The spectral character of V 
is completely determined by the structure of {G, $,}—Theorem 9. As an 
instance, exp (A), —7<X<z7, is in the resolvent set of V if and only if Xisa 
point of constancy of {G, Fa}. 

In the final chapter, the transformation H = —i(V—J)(V+J)— is sub- 
jected to a thorough analysis. Formula (1) is established for it (Theorem 10), 
and it is shown that its spectrum may be read accurately in {&, §,}—Theo- 
rem 11. 

The present paper is based at least in part upon two previous papers of the 
author. The reader is referred to these at various points in the development. 
One of these papers, on the so-called mean-ergodic theorem in reflexive vector 
spaces, embodies the earliest results obtained in the present investigation, 
and quite naturally was to have been incorporated in the present paper 
(Theorems 3 and 4). However, the interest which similar theorems had 
aroused more recently made it desirable to publish the result separately 
(see footnote 7). In addition to these sources, no acquaintance with linear 
transformation theory is necessary to an understanding of the contents, other 
than may be found in the elementary chapters of Banach’s treatise on linear 
operations. 

II. WEAKLY ALMOST-PERIODIC TRANSFORMATIONS 


The underlying space 8 is assumed to be reflexive throughout (excep- 
tions: Theorems 2 and 4’). That is to say, $ is a linear normed complex vector 
space satisfying the identity 6 =((G)). Here (@) denotes the space of all 
bounded linear functionals defined on 8; (%) is called the space adjoint to B. 
Thus ((%)) is the space adjoint to (8). Elements in $ will be denoted by 
f, g, h, fn, 0, §, etc.; real numbers by X, yu, €, etc.; complex numbers by a, 8, etc. 
Transformations will be denoted by 7, V, A, B, P, I (the identity), and 0 
(the zero), etc. They are linear or distributive, that is, T(af+ 8g) =a7f+ Tg. 
The bound of a transformation T (if it exists) is denoted by |T| , also by 
K, M, etc. If T is bounded and possesses a bounded inverse J7-! (T7~'! 
=7-'T=TI), T is said to be bicontinuous. 
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If T is bicontinuous, it generates a group of transformations, viz., 7", 
n=0, +1, +2,---(T°=J), with T*-T"=7™*™. A notion of the theory of 
almost-periodic functions suggests an analogue for the present study. A func- 
tion f(x) defined over a group is called almost-periodic if the set of functions 
{f(cx)} with c a parameter ranging over the group is conditionally compact. 
Consider now the set {Tf} ,n=0, +1, +2,---, fe fixed; whether the set 
is conditionally compact or not, that is, whether a converging subsequence 
can be drawn from any sequence in { Tf } depends on the type of convergence 
in question. Of the two types which instantly present themselves, strong and 
weak convergence, the latter seems much more fitting here. The significance 
of the definition which follows is now clear. 


DEFINITION. Let T be a bicontinuous transformation in a reflexive space B. 
If the set {Tf I, n=0, +1, +2,---,f fixed, is weakly conditionally compact 
for every f eB, T is said to be weakly almost-periodic. 


A space is called weakly compact if every bounded set in the space is 
weakly conditionally compact. A space is called weakly complete if every 
weakly converging sequence converges weakly to an element of the space. It is 
known that reflexive spaces are both weakly compact and weakly complete(*). 
Since any weakly converging sequence is necessarily bounded(‘) it follows 
that in order that T be weakly almost-periodic (for short, w.a.p.), it is neces- 
sary and sufficient that for each f the set {7*f} be bounded. Thus for every 


f 2%, there must exist a constant Ky such that ||7*f||<K,||f||, »=0, +1, 

A bicontinuous transformation T is said to be uniformly bounded if the 
bound of 7” satisfies the inequality |T>| =K, n=0, +1, +2,---, for some 
constant K. The first theorem links the concepts of uniform boundedness and 
weak almost-periodicity. 


THEOREM 1. In a reflexive space, the concepts of uniform boundedness and 
weak almost-periodicity are equivalent. 


Let T be uniformly bounded, | 7*| <K,=0, +1, +2, ---. Then for an 
arbitrary f e %, || 7*f|| <K||f||. Thus by the argument just given above, T is 
W.a.p. 

Now let T be w.a.p. Then for f ¢ %, there exists a constant Ky such that 
|| 7*f|| <.K;||f||. The existence of a single constant K valid for all f ¢ B will be 
established. 

Let there be constructed a normed linear complex vector space € in the 
following fashion: The elements of € are the objects 


TOS TH TY, 


(*) Pettis, A note on regular spaces, Bulletin of the American Mathematical Society, vol. 44 


(1938), pp. 420-428. 
(*) Banach, Théorie des Opérations Linéaires, Warsaw, 1932, p. 133. 
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fe%. Multiplication by a complex scalar a is defined by a[f]= [af]. Addi- 
tion of vectors is defined by [f]+[g]=[f+g]. The norm of the vector [f] is 
defined by 


=1ub. »=0,+1,42,---. 


Clearly || [f]|] 
The space € is complete. For let { [f]-} ={[f-]} be a sequence converging 


in the above norm, 


Jim [ell = im = 0. 


Thus lim,,..« || =0 uniformly in For it is seen that the se- 
quence {f,} converges to some element f ¢ 8. Also the convergence of {T*f,} 
to T*f is uniform in n. It is now clear that { [f,]} converges to [f]. For 


— = Lub. — +0 


with r—©. Thus € is complete. Since 


Lu.b. ||7*(f + g)|| < Lub. || + |] 


sll] + Well. 


Also || [af]|| =| «| -|| [f]|]. Hence € is a normed linear complex vector space. 
Now let U be the mapping of the space 8 upon the space € which carries 


feBinto [f]eG, 
Uf = 


U is distributive. Furthermore, U is closed, that is, if f,f and [f,]—[g], then 
Uf = [g]. For since the sequence { [f,]} converges (which in itself implies that 
the sequence { fe} converges) and since f,—/, then g =f. This implies the clos- 
ure of U. 

It is known that a closed distributive transformation whose domain is the 
entire space is bounded(5). Thus | U| and 


This proves the theorem. 

It is to be noted that all rotations, that is to say, all bicontinuous trans- 
formations V which are isometric, || Vf|| =||f||, are w.a.p. So are also all peri- 
odic transformations. The structure of periodic linear transformations is par- 
ticularly simple and is given in the next theorem. The results presage those 
attending the discussion of a general w.a.p. transformation. 


Banach, p. 41. 


n n n 
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THEOREM 2. Let T be a bounded linear periodic transformation of period n, 
T*=I. Let |T*| SK, r=1, 2,---, m. Then there exist projections P,, 
r=1,2,---,m, withthe properties: 

(a) |P,| SK; P,P,=P,.P,=0, r¥s. 

(b) Pit Pet+--- +P,=I. 

(c) TP.f=a'P.f where 


Note that f=fitfe+ --- +f, provided that 


1 
n 


r=1,2,---,m. Clearly 
Tf, = a’f,, y=1,2,---,n. 


The transformations f—f,, P.f =f,, are distributive. 
1 
= — (All + lle + + 


| P,| <K. That P?f=P.f,=f,=P,f may be ascertained directly from the defi- 
nition of f,. Thus the P, are projections. Similarly it may be seen that 
P,P,=P,P,=0 if r¥s. Finally, that Pi+P2+ --- +P,=I is the opening 
statement of this proof. 


III. THE REDUCIBILITY OF WEAKLY ALMOST-PERIODIC TRANSFORMATIONS 


In the subsequent sections, a w.a.p. transformation will frequently be de- 
noted by V. The spectral analysis of V is based upon the following considera- . 
tions. Let us assume that a representation (2) is possible for V. Let us grant 
that the “resolution of the identity” E(A) has a sufficiently smooth struc- 
ture so that an operational calculus can be based upon it(*). Then in this cal- 
culus, V corresponds to the function exp (iA). This suggests that the structure 
of V may be analyzed by means of Fourier series. Of course not any Fourier 
series is acceptable, but since | v*| <K, any series for which the series of 
coefficients is absolutely convergent is meaningful and may be useful in the 
present situation. A series of the type which “splits” V will now be introduced. 

Let f(x) be a function of period 27 defined by 


f(x) = 0, —rixs0; 
f(x) = sin‘x, 
Let g(x) be defined by g(x) =sin x —f(x). The Fourier expansion of f(x) is 


(®) Lorch, On a calculus of operators in reflexive vector spaces, these Transactions, vol. 45 
(1939), pp. 217-234. See in particular Definition 4. 
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2 ( 1 cos 2x cos 4x cos 6x ) 
2 1-3 3-5 5-7 


1 
f(x) = — sin x + — - 
2 


1 
5 = — (eit — git 
(S) ) 
— — (e* — —  (e** — 
1-3 3°5 
The function g(x) has a very similar development. For both functions the 
series of absolute values are uniformly convergent. Hence the expansion (5) 
converges to f(x); likewise for g(x). The two series may be multiplied and 
terms rearranged and grouped in any convenient fashion; their product is 


0 = f(x)-g(x) = > a,e*r, 
By the Heine-Cantor theorem, a,=0, — © <r<«. Asa matter of fact a very 
elementary reasoning involving term-by-term integration gives a, =0. 


In the series (5) replace exp (ix) by V. The resulting series of operators is 
absolutely convergent since | v*| <K. Call the transformation which the se- 


ries defines A. That is, 
4% 1-3 3-5 


Similarly, corresponding to the expansion of g(x), write 


1 1 1 1 


The transformation A-B is obtained by multiplying the above series. Since 
the operations here parallel closely those for evaluating f(x) - g(x), it follows 


that 
(8) A-B = B-A =0. 


Two theorems will now be introduced which will be vital to the following 
discussion. As their proof has been given by the author elsewhere, only their 
statement will be reproduced here(’). 

THEOREM 3. Let % be a reflexive vector space. Let T be a bounded linear trans- 
formation in B. Let It denote the closed linear manifold of elements f for which 
Tf =0; let N denote the closed linear manifold spanned by the elements Tf, f e B. 


(7) Lorch, Means of iterated transformations in reflexive vector spaces, Bulletin of the Ameri- 
can Mathematical Society, vol. 45 (1939), pp. 945-947. 
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Let T be the adjoint of T, and let (MN) and (MN) be the manifolds associated with T 
in the manner just indicated. Then (M) (N) = M=(N)*, N=(M)-+. 


THEOREM 4. Let B be a refiexive vector space. Let W be a bounded linear 
transformation in 8 such that | wW| SK, n=0, 1, 2,---. Then the sequence 
{ T,} where T,=(1/ n)>.*~3 W* converges strongly to a limiting transformation P 
which is a projection. The relation Pf=f holds precisely for those elements f for 
which Wf=f. The relation Pf=0 holds precisely for the elements of the closed 
linear manifold spanned by elements of the form Wg—g, g arbitrary in B. The 
bound of P satisfies the inequality | P| SK. 


It is to be noted that if Mt is a closed linear manifold (for short, c.l.m.) 
in %, then M+ denotes the c.l.m. of elements of (B), each of which is orthogonal 
to every element of 2. Also to be noted is the fact that the transformation W 
of Theorem 4 is not required to be bicontinuous. 

Slight changes in the hypotheses of Theorem 4 lead to a result which is 
useful later. The result is valid in any Banach space. 


THEOREM 4’. Let W be a transformation in an arbitrary Banach space 8 
such that the norm of satisfies the inequality | sa*K, n=1, 2, 3,---, 
witha<1, K20. Then W—I possesses a bounded inverse (W—I)~. 


A simple proof, based on the Neumann development, may be given. First, 
if f ¢ B, there exists an element g such that f=g— Wg. For let 


The convergence of the series is assured since, for a given e>0, 
+ --- +0") <e 
providing is sufficiently large. Thus 
Wf+Wf+--- = Wg 


and f=g— Wg. Hence the range of is Further, if then 
Wh=h, W*h=h, and h=0 since | W*| <a"K. Thus W—I maps & into itself 
in a one-to-one way and is continuous’ (in one direction). Hence W—JI 
possesses a bounded inverse(®). 

Now let 8 be reflexive once more and V be w.a.p. Applying Theorem 4 
to the transformation V? (which is uniformly bounded), it is seen that the 
space % is the “sum” of two disjoint(*) manifolds, 8 =M+MN with V°f=f for 


(8) Banach, p. 41. 

(*) Disjointness is treated in the author’s paper On a calculus of operators - - - , p. 220. For 
short, one may say that two c.l.m.’s 2 and M are disjoint if they have in common only the ele- 
ment 0 and if the totality of elements f+g with f e Mand ge N is ac.l.m. 
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every f e« M and with MN spanned by the elements (V?—J)g, g arbitrary, or, 
what amounts to the same, by the elements (V—V~—)g. The reader is re- 
minded that the c.l.m. spanned by a set of elements is the smallest c.l.m. 
containing the set. For any f e It write 
f=fhthe 
2 2 

note that Vfi=fi; Vfe=—fe. Thus if Pt’ denotes the c.l.m. of elements f; and 
M’’ denotes the c.l.m. of elements fz, M= M’+M’’, the latter manifolds being 
disjoint. Thus if f is now arbitrary in $, the decomposition f = gi+g2+A with 
gie WM’, gee M’’, he Nis possible and unique. This fact will be of the greatest 
utility subsequently. 

The hypotheses of the following theorem may always be fulfilled for any 
w.a.p. V by considering the transformation in the c.l.m. R. The theorem gives 
the fundamental partition of 8 whose subsequent refinements yield the key to 
the structure of V. 


THEOREM 5. Let V be a weakly almost-periodic transformation in a reflexive 
space B. Let the equation V*f=f have the unique solution f =0. Let A and B be 
the linear transformations introduced in (6) and (7) respectively. Let 2 be the 
closed linear manifold of elements f for which Af =0; let R be the closed linear 
mantfold of elements f for which Bf =0. Then 2 and R have only the element 0 
in common; together they span 8. The manifold pair {Q, R} reduces V in the 


sense that if ge DQ, Vge Q;ifheR, VheR. 


Since A-B=B-A =0 by (8), the c.l.m. OQ’ spanned by the elements Bf, 
f © B is included in Q. Similarly, the c.l.m. R’ spanned by the elements Af 
is included in ®. 

Applying Theorem 4, we see that since (V?—J)f=0 implies f =0, the space 
% is spanned by the elements of form (V—V-)f, f ¢« 8. Hence the elements 
(A+B)f, f e B. Since Af e R, Bf e Q, the manifolds O and RK span B. 

If fe O, fe R, then Af=Bf=0 or (A+B)f=0. Hence f=0; thus O and 
have only the element 0 in common. 

Since AV=VA and BV=VB (see (6) and (7)), then Ag=0 implies 
A Vg=0; Bh=0 implies BVh=0. Thus the manifold pair {Q, R} reduces V 
in the sense explained above. 

It may quickly be seen that the manifolds OQ’ and ®’ have all the proper- 
ties which the theorem ascribes to O and ®. In case Q’ and R’ are disjoint, 
OQ =0' and R=R’. For if Q’ and R’ are disjoint, for an arbitrary f e B one 
may find a ge OQ’ and an he ®’ such that f=g+h. If now in particular fe O, 
then f—g=he Q as well as he R’. Since RIOR’, h=0 and fe OQ’. Thus 
OQ similarly R=RK’(?). 

(**) If the c.l.m.’s © and & are not disjoint, it is easy to construct a c.l.m. © of which QO 
is a proper subset and such that and GS have only the element 0 in common. For let f be any 


% 
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In the special case in which V is a unitary transformation in a Hilbert 
space, Q and ® may be shown to be orthogonal in the following way. Using 
the fact that V = V-, it may be seen by direct computation in (6) that A =A 
(A is self-adjoint). Thus the c.l.m. spanned by the elements Af is R’. By Theo- 
rem 3, this c.l.m. is the orthogonal complement of ©. Thus QO’ and §’ are 
orthogonal to each other, hence disjoint. By the previous paragraph Q=Q’, 
R=RKN’. 

Attempts to determine whether the manifolds © and §& are disjoint in gen- 
eral have not been successful. The following theorem gives some criteria which 
may be useful. 


THEOREM 6. Let V be a weakly almost-periodic transformation satisfying the 
conditions given in Theorem 5. The closed linear manifolds Q and § there defined 
are disjoint if either of the following conditions is satisfied: 

(a) The transformation A+B possesses a bounded inverse (A+B)-. 

(b) The transformation I—A (or I—B) is uniformly bounded, | (I —A)*| 
<L,n=1,2,---. 


If (A +B)-— exists and is bounded, then for any f ¢ 8, 
f= (A+ B)(A + = + B)-Yf + + B)f 


which gives the resolution of f into two elements, the first in R, the second in 
. Since O and R have only the element 0 in common, this resolution is 
unique. Thus © and §& are disjoint. 

Suppose that the transformation J—A is uniformly bounded, | (J—A)*| 
<L, n=1, 2,---.Then by Theorem 4, the two following manifolds are dis- 
joint: the c.l.m. of elements f for which (J —A)f =f, that is, the c.l.m. OQ; and 
the c.l.m. spanned by the elements [(I—A) —I]f= —Af, that is, the c.l.m. R’. 
Thus 0’ and &’ are disjoint and R=NR’. 

In this connection, it may be pointed out that the uniform bounded- 
ness of the transformations A+B, A, and B may be proved easily. Since 
A+B =(V—V-")/2i, it may be seen by direct multiplication that |(A+B)*| 
<K where K is a uniform bound for V*. Since A*=A(A+B)*"' and 
B*=B(A+B)*"', A and B are uniformly bounded. Similarly the uniform 
boundedness of the transformation J—(A+ BB)? may be demonstrated. Also 
demonstrable is the uniform boundedness on the c.].m. Q’ or on the c.l.m. Rt’ 
of the transformation J—A?. 

If the manifolds © and & are disjoint and if certain even more stringent 
conditions involving uniformity of bound are satisfied, it is possible to con- 


element which cannot be represented in the form g+s with ge O, he R. Then the totality © of 
elements of the form af+g, ge © is ac.l.m. having the required properties. That © is closed 
may be seen as follows: Let {aaf+ga} be a convergent sequence of elements in ©. Let F be a 
linear functional which’ is orthogonal to © and for which Ff=1. Then Flanf+gn) =an—a. 
Hence gn—g © and anf+gr—aft+ge S. 


| 
i 
| 
i 
i 
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struct for V a resolution of the identity(!!). The present situation, however, 
leads to a structure much more general it seems than that of a resolution of 
the identity. It is described in the next theorem. This theorem completes the 
analysis or decomposition of V; the reconstruction of V from the manifold 
pairs which reduce it will be undertaken subsequently. 

A useful lemma will first be established. Let \ be so chosen that —7 <A Sz. 
The transformation V, =exp (—iA) V is w.a.p. In what follows, A, and’ By will 
denote the transformations which are constructed from V, in the manner in 
which A = A, and B=B, are constructed from V = Vo. 


LemMA. Let Ae, , An be any distinct real numbers with 
Then for any w.a.p. transformation V and for every f © B, the following decom- 
position is possible and unique: 

(9) f=LDtadth 
j=l 
with 
Viens =e gry, Very = — 
and with h in the closed linear manifold spanned by the elements of the form 
Xk = (Ay, + By,)(Aan, + Br) (Ann + Brande, 


k arbitrary in B. 


Let the projection which Theorem 4 defines for V, be denoted by P,; 
then Vi: P,f =P,f or VP,f =exp (iA) Let the projection which is defined for 
— V, = V4 be denoted by Py ; then VP\ f = —exp (1A) Px f. Note that the pro- 
jections of the collection P, and Py for all A, —r<ASO, are commutative. 
Indeed, the product of two distinct projections is 0. Hence 


j=l 


j=l jal 


This gives a resolution for f ¢ 8 of the type indicated in the lemma except 
for the fact that the announced properties of h have not yet been established. 
To prove that the resolution is unique let +4 =0; operating 
with P,,, one obtains P,,g,,=g,,=0 for r=1, 2,---, m. Similarly £,=0, 
r=1,---,m, hence finally h=0. The resolution is thus unique. 

It remains to be shown that h has the character specified in the lemma. 
Since h is of the form (J —P,;)k, by Theorem 4 hk is in the c.l.m. spanned by the 
elements of the form (V,;—J)/; similarly, it is in the c.l.m. spanned by the ele- 


(*) Lorch, On a calculus - - - , p. 226, Definition 4. 


n 
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ments of the form (— V,,—J)/. Now the intersection of these two manifolds 
includes the c.l.m. spanned by the elements of the form (A,,+B,,)l. If 
Y= I[-.(7 —P,,)(I —P,,), then Y is a projection and the c.l.m. of elements 
Y/ is precisely the intersection of the c.l.m.’s spanned by the elements 
(Vj;—Dl and (—Vi,;—Di, j=1, - - - , m. Hence the c.l.m. of all elements Y/ 
includes the c.l.m. spanned by the elements X/. 

It will be shown that the manifold spanned by the elements X/ is identical 
with the manifold of the elements Y/. To do this it is necessary and sufficient 
to establish that the collection of elements °7-:(g,;+g:,) +X/ is dense 
in B. If fe, then f may be approximated in the norm by elements 
2x, (see discussion preceding Theorem 5). Now may be 
approximated by elements Since ga, 
(that is, Ay,ga,=sin (A2—A:)ga, or 0), and and since 
By, Br. = Bri f may be approximated by ele- 
ments of the form ga,+g,,+pg..+o2,.+(Aa,+Br,)(Ar.+Ba,)he, where p 
and o@ are some constants. Now let fz be approximated by an element 
2, +2:;+(Ara,+Ba,)hs, etc. Proceeding in this way, it can be seen that any 
element f can be approximated by elements of the form (er; 

Note that if Qt is a c.l.m. which has the property that it contains Vf when- 
ever it contains f, then along with f, M contains g,,, Bay» j=1,---,m,and h. 
For 


1 =! 
A; = Pf = lim — > Vi,f; 


N 5.0 


hence gy, € Mt. Similarly the g, and thus / are in M. 

If in (9) one operates upon f with V, one obtains the decomposition of Vf, 
that is, Vf => Vgx,) +Vh is the decomposition (9) for the element 
Vf. This is because the projections P,,, P;; are commutative with V. What is 
here stated for V applies equally well to any function of V, say , A, B, etc. 


THEOREM 7. Let V be a weakly almost-periodic transformation in a reflexive 
vector space 8. Then for every real number h, — ~ << ~, there exists a pair of 
closed linear manifolds, { ©, $x}, possessing the following properties: 

(a) The pair {G,, §.} reduces V in the sense of Theorem 5S. 

(b) The manifolds ©, and §, have in common only the element 0; together, 
and span B. 

(d) €.,=0, €.=¥B, §.-=0. 


Preliminary to constructing the €, and §, certain other manifolds Dt, and 
NM, —x<ASz, will be introduced. For —7<AS0, apply the lemma just es- 
tablished to the case »=1, \,=A; thus f=g,+g% +A with Vg,=exp 
VgxX = —exp (iA)gX, and with # in the c.l.m. spanned by the elements 
(A,+B,)l. Let Mt, be the collection of all elements f such that A,f=0 and 
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such that gy =0. Let 9, be the collection of all elements f such that B,f=0 
and such that g,=0. In the first case, from A,f=0 follows A,h=0. Thus Dt 
is the c.l.m. which is the direct sum of the following two disjoint manifolds: 
The c.l.m. of all elements g, for which Vg, =exp (tA)g,; the c.l.m. of all ele- 
ments h for which A,4=0. Similarly, Jt, is the c.l.m. which is the direct sum 
of the two disjoint manifolds: The c.l.m. of all elements g, for which 
Vgx = —exp (iA)gX ; the c.l.m. of all elements h for which B,h=0. 

For 0<A&Sz7, let My and MN, be defined by Since 
A, = —B,_,, B,= —A)_,, is precisely the c.l.m. which is the direct sum 
of two c.l.m.’s: the c.l.m. of the elements g for which Vg =exp (7A)g; and the 
c.l.m. of the elements / for which A,4=0. A similar statement may be made 
for MN. 

The pair {M,, N, } reduces V. Assume —7r<ASXO. If fe Dh, f=g.4+A, 
Vf=Vg,.t+ Vh, A, Vf = VA,f=0, hence Vf Mj. Similarly for 

The manifolds Jt, and NM, have only the element 0 in common. Let fe Dh, 
fe, f=nath, f=gi +k. Then 0=g,—gX +h—k, =0, f=h=k and 
thus h=0. 

The manifolds Mt, and MN, span B. For the elements g,+gx +(Ax+By)k 
lie dense in 4; all elements g, and By lie in Dt; the elements gy and A)k lie 
in Ny. 

The manifolds ©, §,, — © <A< ©, will be defined. For — © <AS —7, 
and For ©, & =B and =0. In discussing the theorem, 
these values of \ will receive no attention. 

Let —7<X<0. Consider the partition for f ¢ 8 of the lemma for »=2, 
= 0, Ae =X: 


tater th. 


The c.l.m. &, is defined to be the collection of elements f for which Af = A)f =0, 
and such that go>=g¢ =gX =0. The c.l.m. §, is defined to be the collection of 
elements f for which BB,f=0 and such that g,=0. 

If 0<A<z, write 1=A—7 and consider the partition for f of the lemma 
corresponding to m=2, Ae Then is defined to be the c.lm. of ele- 
ments f for which AB,f = —AA,f=0 and such that gg =0. Also, §, is defined 
to be c.l.m. of elements f for which Bf=0, A,f=0 (note that A, = —B,), and 
such that go>=g,=g, =0. 

For A\=0, €)= Mo and Fo=No by definition. 

It may be noted that for —r<A <0, & is precisely the intersection of Dto 
and and contains Mo and 

Toward (a). Let —7r<X<0. As stated above, the partition (9) for Vf is 
obtained from that of f by operating upon (9) with V. Since AV = VA, and 
A,V=VAj,, whenever f then Vf e Similarly since VBB,=BB,V, if 
fe then Vf e 


P 
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Toward (b). Suppose f e ©, f=g,+h; if fe Fi, then f=got+ge +k. 
Thus 0=go+ge —grtgx +k—h and go=ge =g.=gx =0, f=k=h. Further, 
since Ah=A,h=BB,h=0, (A+B)(A,+B,)h=0 and h=0. Thus and 
have only the element 0 in common. To prove that © and §, span %, note 
that g, © ©, go, g’, gx © Fa, and also that kh may be approximated by ele- 
ments of the form (A+B)(A,+B,)k with BB,k in © and with AA)k, BA,k, 
AByk in 

Toward (c). Let —r<A<y<0O. Let f e &; it will be shown that f « &,. 
Note that BB,A,=0 identically in 8. This may be seen as follows: The 
transformation B is constructed with the help of the function g(x)—see 
(5), (6), and (7). Similarly, the transformations A, and B, are constructed 
with the help of the functions f(x—y) and g(x—A) respectively. Now 
&(x) -g(x—X) - f(x—p) =0 identically in x. This product may be evaluated by 
multiplying together three Fourier series, yielding a product series having 
zero coefficients. Precisely the same series operations occur in constructing 
the transformation BB,A, except that exp (ix) is replaced by V. Thus 
BB,A,=0. Since f Af =A,f=0 and 

(A + B)(A, + B,)A,f = BBA, f = 0. 
Let f=g,+h be the decomposition (9) of f for \1=0, Then 
A, f =A,g,. +A,h=A,h since A,g, = f(A—p)g, =0. Also (A +B)(A,+B,)A,h=0 


implies A, =0, that is, A,f=0. Let f=go+gé +2,+g/ +k be the decomposi- 
tion (9) of f for \1=0, Ae=u. Since f G&, go=g¢e =0. Further since 


Af =0, =sin (u+7)g/ =0, and g/ =0. Therefore f and c&,. 
It will now be proved that §,¢%, (for —r<A<yp<0). Let fe §,; then 
BB,f =0. Also, 


(A, + B,)BByf = B,BBf = 0 


since A,BB, =0. Let f=go+ge +g.+g, +h be the decomposition (9) for »=2, 
A1=0, Since fe §,, g,=0. Thus BB,f=BB,g/ +BB,h=BB,h (since 
_ Bg! =g(u+7)g/ =0) is the decomposition (9) of BB,f. Applying the operator 
(A,+B,), one sees that BB, f=0. Now let f=go+g¢ +h be the parti- 
tion of f relative to n=2, \1=0, Ax=A. Since BB,f=0, BB,g,=0, that is, 
&(A) g, = 9, or g, = 0. Hence f and ¢ Fa. 

The method of proof of the properties (b) and (c) for other values (and 
pairs of values) of A, for instance for 0<A<z7, is now clear and will not be 
set down here. The proof of (d) lies in the definition of ©, and §, for \ = —7, 7. 


IV. THE INTEGRAL REPRESENTATION OF V 


The aim of this chapter is to establish an integral representation (2) for 
_ the w.a.p. transformation V. The precise interpretation of (2) in the present 
case will be given in the next theorem. Preparatory to this theorem, a few 
auxiliary devices will be investigated. 
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Let €,>0 be any positive number. Suppose that for fe S, (V-—D*f=n 
with || n|| < for some >0. Then 


n+1 


Keilfl 


2 
— < K||f|| + 


If now x is chosen so large that 2K/n S &,/2, and if it happens for that m that 
(n+1)KeaS then ||(V—Df|| 

Suppose now that for some f e B, (V?—Df=7 with ||n|| <¢lf|| for some 
e>0. Then writing f =f1+/2 with 

+ V. 

(11) 
it is seen that (V—J)f,;=n/2, (V+Dfe=—7/2. Thus it follows if € is “small” 
that f is the sum of two elements for which V is “almost” the identity trans- 
formation or its negative. The following theorem indicates precisely in what 
sense the transformation V may be reconstructed from {G, §:}. 


THEOREM 8. Let a real number d and an €>0 be given. Then it is possible 
to find a closed linear manifold X%, such that: 

(a) The manifold A, lies in G+. and Fr. 

(b) If fe the inequality 


holds. 
Furthermore there exists a finite collection of values viz., 1, Ans 


such that the space B is spanned by the manifolds M,,,i=1, 2,---, mn. 


Consider the transformation A)~3-B,4s, with \ arbitrary but fixed, 6>0 
arbitrary. Its bound is a continuous function of 6 which is zero for 5=0. 
Writing 6 =a, A+5=8, 


A,Bg-AaBs = (Aa + Ba)(Ap + Bs)AaBe. 


By choosing 6 sufficiently small, the norm of 


(10) 
(Vt 
Thus 
or 
| 


1941] TRANSFORMATIONS IN REFLEXIVE VECTOR SPACES 


(Ax + By)? — (Aa + Ba)(Ags + Bz) 


may be made less than ¢,/2 where €,>0 is arbitrary. This choice of 6 is inde- 
pendent of X. If at the same time 4 is so small that | A.Bs| < 4/2, then 


Once more, this choice of 6 is uniform for all A. Since 
A, + By = (1/2i)(exp (— idA)V — exp (id) V-), 


it is seen that, for g=A.Baf, ||(V?—exp (2id))?g|| <4Kal|g||. This inequality 
holds not only for the elements g but for all elements in the c.l.m. G,3 spanned 
by the g. 
Applying (10) and what follows, it is possible to write for all ge Gy, 
— < eallall 


provided that 4K?(m+1)€< €, where the integer m is properly chosen as in- 
dicated above. 

Let g=gi+g2 where the resolution is made as in (11) with V replaced by 
exp (—7A) V. Writing (V+exp =f, it is clear that < gl| /2. Hence- 
forth assume that 6<2/2. Simple considerations show that, for such a 4, 
A)_sBy4sBy_2/2=0 identically in 8. Writing B, =)>*.a,(A) V*, it is seen that, 
for a given €¢;>0, an integer r=1 may be found such that 


for all A. Using the equations 
s=0,1,2,---, 


and noting that if for a given f ¢ 8 with Vf=—exp (iA)f, then By_,»f=-—f, 
one may write 


By_ 2/282 + > *) V"go + > Qs *) V 


= 
r 2 2 
where 7 stands for a collection of terms of the form BV*t with | B| <1. Now 
the norm of the first two >> terms above does not exceed ¢5||go||. The norm 
of the next two )) terms does not exceed ¢;||ge||. The term 7 represents a 
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sum of at most r(r+1) terms each of norm less than Ke||g||/2. Further, we 
have By_,+g2=4$By~+2-An—s:Bris(f —e~® Vf) =0. Thus if it happens that 
then ||go|| < 2¢s|| +<s||g||, or if es <3, ||gel| 

Finally, in the equation 


V2 — 


(V — e*)(g + gs) = + (V 


it is seen that the norm of the first term after the equality symbol does not 
exceed €{g||/2. Thenorm of thelast term does not exceed 4K ¢s||g||. Hence the 
norm of the term on the left of the equality sign does not exceed 5Kes||gl|. 

It is a simple matter now to compute 6 for the given ¢ of the theorem. 
Choose €; so that 5Ke;Se. Then choose as indicated above the numbers 
r, €, m, €& and finally 6 (such that 6S), in that order. For that choice, (12) 
holds for all elements in G5. 

The classes %, will be defined. For — <A< —z, A, =0. For r<A<&, 
%,=0. For —rSAS0, A, is the intersection of the c.l.m. Mo (see Theorem 7) 
with the c.l.m. G3. For 0<ASz, YW is the intersection of the c.l.m. It) with 
the c.l.m. Gs. 

Proof of (a) in the theorem. Consider specifically the case —7 <A <0; other 
cases, being similar to this one, will not be discussed. Let g = AysByisf. Since 
ge Mo, Ag=0; also Anssg =0. If A+620, g since Mo = Gags Ge. 
If A+6<0, let f=gotgd +g.48+2%1s+h be the decomposition of f, (9), for 
n=2,\,=0, A2=A+56. Then the decomposition of g is found by operating on 
the decomposition of f with A,3B)4s. It is found that By4sgo=0, Ar~sgx43 =0, 
=0 (since g Mo). Thus g Hence My ¢ G4.. 

To prove that g © §,)-., it suffices to show that g € Fs. Note first that 
BB)_sg =0. Using the decomposition for f, f=go+gé +g,.»+2x%-s+A, it is seen 
that = 0, hence g The proof of (b) falls out of the definition 
of 

The finite collection of manifolds % ,, 7=1, 2, - - - , 2, which is mentioned 
in the theorem will now be exhibited. Let Au, --- , An, —®™@<A;<7, A;#0, be 
any collection of numbers having the properties that (i) the open segments of 
length 26 centered about the points exp (iA;), 7=1, -- +, m, on the complex 
unit circle cover that circle; and (ii) for every j7,7=1,--- , m, there exists a k 
such that A;= —A,. 

It will be proved that the %,, 7=1,---, m, together span 8. Consider 
the set M of numbers: +1, +exp (1A;—75), +exp (7A;+76); these numbers 
may not be distinct. Let wi, we, , Me, <p; SO, be distinct real numbers 
such that every number in the set NV of numbers +exp (in;), 7=1,---, 5, 
is found in M and conversely. Let f (gu; +h be the decomposition 
(9) of f which is generated by the y;. As before, / is in the c.l.m. spanned by 
the elements k=] ]5.1(A,,;+B, )l. Note that this c.l.m. is identical with that 
spanned by the elements k=] ]5.,(A,;+B,,)"l where the ¢; are any positive 
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integers. In other words, h is in the c.l.m. spanned by the elements 


(13) k=(A+ B) TI (Anj—s + + Baj+s)l, 


1 eB. It will be shown first that each g,, and each gj, is in some %,,; next that 
every term in the expansion of in (13) is in some Y%,. 

Consider any g,,; or g;,; for short call it g, and suppose for example that 
Vg =exp (iA;—1i6)g (the case Vg= +g is tacitly assumed to have been dis- 
posed of). By condition (i) on the \;, the point exp (A;+76) is an interior 
point of some interval centered about some Ax. Hence g € G5. Invoking if 
necessary condition (ii) on the Aj, it may be seen that g is in some Y,,. 

The terms in the expansion of (13) may be written in the form 


(14) T = 
j=1 

where D is either A or B, D; is either A),~s or By;s, and E; is either Aj;+s 
or B,,,s. For some j, it is conceivable that D; and E; both represent an A; 
or again that both represent a B. Such a value of 7 will be described as a re- 
semblance value. Suppose that D represents A. If all 7 with 0<A;<~7 (note that 
—, 0, x are excluded as possible values for \;) are resemblance values, then 
by an argument now familiar, the transformation T (14) is identically 0 in %, 
and 77 certainly is in all %,,. Suppose that a particular j is not a resemblance 
value. Then either the product A,,~B,,4s or the product Ay,+sB,,-s is present 
in (14). In the first case T/ € A),. If on the other hand the second case arises 
for all non-resemblance values j, then once more 7/=0. If D represents B, 
the discussion is similar. This concludes the proof of the theorem. 


V. THE SPECTRUM OF V 


The theory so far elaborated enables one to discuss the spectrum of any 
w.a.p. transformation V. One defines as usual the point spectrum, continuous 
spectrum, and resolvent set for V: A complex number a belongs to the point 
spectrum if Vf=af for some f~0. The number a belongs to the continuous 
spectrum if the transformation V—aJ possesses an unbounded inverse whose 
domain is dense in %. Finally the value a belongs to the resolvent set if the 
transformation V—al possesses a bounded inverse whose domain is % in its 
entirety. The above classes are mutually exclusive but are not for a general 
(non-w.a.p.) transformation all inclusive. It will be shown below that they 
cover all the possibilities for V. 

Relative to the manifold pairs {G,, §,}, one may define certain classes of 
numbers in the following fashion: The numbers A for which there exists a 6 >0 
such that G_s=Gy+s, = Fass constitute the points of constancy of {G, Fa}. 
For instance the numbers \ < —z and A>7 are points of constancy. The num- 
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bers \ which are not points of constancy but for which §,—~» =f, will constitute 
the points of continuity of {G,, (2). The numbers for which will 
constitute the points of discontinuity of {G,, §,}. Thus each real \ belongs to 
one and only one of these three types. The striking relationship of the char- 
acter of {G,, §,} to the spectrum of V is exposed in the following theorem. 


THEOREM 9. Let V be a weakly almost-periodic transformation, and let 
{G,, Fa} be the manifold pairs associated with it in Theorem 7. Let a be any com- 
plex number. Then if | a| 1, a belongs to the resolvent set of V. If the real num- 
ber is restricted to the interval <7, then 

(a) The value a=exp (id) belongs to the point spectrum if and only if dis a 
point of discontinuity of {G,, Fa}. 

(b) The value a=exp (td) belongs to the continuous spectrum if and only if X 
is a point of continuity of {G,, F}. 

(c) The value a=exp (id) belongs to the resolvent set if and only if X is a 
point of constancy of {G, $x}. 

The value a=exp (—im) =exp (i) belongs to the resolvent set if and only if 
—x and @ are points of constancy of {G, Ga}. The value exp (im) belongs to 
the point spectrum tf and only if w is a point of discontinuity of {G, An } . In all 
other cases, exp (im) belongs to the continuous spectrum. 


Suppose first that || >1. Then |(a-'V)*| <|a|-*"K where as before 
| v*| <K. Thus by Theorem 4’, the transformation a~'V—TI possesses a 
bounded inverse; hence V—al does likewise. 

Now let | | <1. By the reasoning just given V-4(V—al) =I—aV~ pos- 
sesses a bounded inverse. Hence V —al does likewise. 

If |a| =1, then by Theorem 4. if (a-!V—J)f=0 has no non-trivial solu- 
tions, the elements (a-'V—J)f, f e 8, are dense in S. Thus if a does not be- 
long to the point spectrum of V, it belongs either to the continuous spectrum 
or to the resolvent set. For if the range of S=a~'V —I is % in its entirety, 
S gives a one-to-one mapping of % into itself which is continuous in one 
direction ; therefore the mapping is continuous in the reverse direction. In this 
case a belongs to the resolvent set. If the range of S is dense in $ but is not %, 
then S~! cannot be bounded; for if S~! were bounded, the range of S could be 
extended to the entire space %. In this case a is in the continuous spectrum. 

Toward (a). Suppose a =exp (iA) belongs to the point spectrum and that 
Vf =exp (iA)f, f #0. Then it is easy to conclude that f © §,, w<A. On the 
other hand f G, hence f is not in Thus ¥ fh. 

Let f © Fi-o, f # Fa; and let f=go+ge +g.+2x +h be a partition (9) of f. 
Assume for the sake of definiteness that —7 <A <0. Since BB, f =0, <p 
BB,f =0 by virtue of the continuity of BB,. Since f ¢ §,, g.~0. Thus there 
exists an element g, #0 such that Vg, =ag, and ais in the point spectrum of V. 


shall be defined to be the intersection of all §, with «<A: 


ty 
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Toward (b). Let exp (ad) be in the continuous spectrum. It will be shown 
that for any 6>0 with —r<A—65<A+6<zm there exists an element 
g =A) sByisf ¥0. Since g G4, and ge Fi, the equation is im- 
possible; thus ) is not a point of constancy of {G, Fa }. Since \ is not a point 
of discontinuity by (a), \ must be a point of continuity of {G, §,}. 

Since exp (7A) is in the continuous spectrum, it is possible, given an in- 
teger N and an e>0, to find an f¥0 such that ||(V"—exp (émd))f|| Sells], 
nm=+1, +2,---, +N. Thus for such an f the elements 


— sin (Bust+sind)f, Braff, 


have a norm small at will compared to that of f. This is proved as in Theo- 
rem 8 in the discussion preceding (a). Thus an f ¢ $8 can be found such that 
A)_sBy4af+sin® 5f has a norm small at will compared to that of f. This means 
that Ay ¥0. 

In proving the converse, one starts with the fact that the simultaneous 
equations G4; = Gs, Faas = Fa are impossible for any 5>0. Assume that the 
former equation does not hold, hence that there exists an f #0 such that f ¢ G43, 
f ¢ G_s. Assume for immediate convenience that —r<A—26<A+26<0. If 
=0, f which is impossible. If By,2g=0, g © Faas which is im- 
possible since, like f, ge G,4s. Since 6 is arbitrary, by Theorem 8, (12), 
V —exp (iA)I does not possess a bounded inverse, hence exp (7A) is either in 
the continuous spectrum or in the point spectrum. The latter possibility is 


barred by the proof of (a) of the present theorem. This demonstration has 
been carried through for a sample case; other cases may be handled in a 
similar manner. 

Toward (c). Proof here is obtained by applying the exclusion principle. The 
statements in the theorem concerning the value a=exp (—im) =exp (iz) will 
not be discussed as the methods of proof here needed are not very different 
from those already indicated. 


VI. THE TRANSFORMATION 


Throughout the present chapter, V will be a w.a.p. transformation for 
which the transformation (V+J)~—' exists, that is, for which a= —1 is not in 
the point spectrum. A very important function, H, of V is defined by 


(15) 


The meaning of (15) is to be precisely this: H is defined for all elements f of 
the form f =(V+J)g, g arbitrary in 8; and Hf = —i( V—J)g. The transforma- 
tion H enjoys closure. Let the sequence { fu} be in the domain of H. Let f,—f, 
and Hf,—f’. Then f is in the domain of H and Hf=f’. For writing 
and Hf, = —i(V—D)gz, it is clear that the convergence of { fa} 
and of {Hf,} implies that of {g,}. Let g,—g, then f=(V+J)g and 
f'=lim [—i(V—Dg,|] = —i(V—Dg =Hf. If (V+J)— is bounded, then H is 
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bounded. Conversely, if H is bounded, since it is closed and defined over a 
dense set in %, its domain of definition is 8 in its entirety; thus (V+J)- 
is bounded. Thus H is bounded if and only if there exists a \<7 such that 
=B, =0, EC, =0, =B. 

Let and be reai variables related by \=tan Consider 
the manifold pairs {G,, §,:} of Theorem 7 with restricted to —r<A<z. 
Construct the pairs of manifolds §/}, where =G,, 
$< =§,. Then all the statements of Theorem 7 except (d) are valid if {G,, §} 
is replaced by }. In place of (d), one may write =0, =0, 
where the product is formed over all real \. The first formula is established 
with the help of the fact that §,-. = §, =0. The second may be verified readily. 

The point spectrum, continuous spectrum, and resolvent set of H are de- 
fined as for V (Chapter V). Reducibility of H by a manifold pair {M, N} 
could be defined as for V, but the appearance of unboundedness creates diffi- 
culties which lead to the abandonment of this idea. Instead, the pair {M, N} 
will be said to reduce H if it reduces V. If Mt and M are disjoint, this implies 
that Hf is in M (or N) whenever f is in Mt (or N). For let fe M, f=(V+DNzg, 
g=gitge with gi e M, gee N. Then since {M, N} reduces V, (V+J gee N; 
but (V+J)g=f—(V+Dgi e M. Thus (V+)g2=0, ge=0. Hence Hf e Me. 

The relationship of {J , §/ } to His brought to light in the next two theo- 
rems. The first establishes for H an integral representation (1). 


THEOREM 10. Let H be the transformation H = —i(V—I)(V+J)— and let 
{ GY, FY I, — «<< 0, be the manifold pairs constructed above. Let a real 
number e>0 be given. Then for every real d there exists a closed linear manifold 
such that: 

(a) The manifold D) lies in and Fx_-.. 

(b) If f © Dy, then Hf exists and 


(16) — < 


Furthermore, there exists a denumerable collection of values d, viz., , 
such that the space B is spanned by the manifolds D),, j7=1, 2,---. If H is 
bounded, this infinite collection of \; may be replaced by a finite set. 


The definition of the c.l.m. D, must be prefaced by a brief discussion. Con- 
sider first the c.l.m. &, of Theorem 8 for a uw such that —7r<y <r. Specifically, 
let U, satisfy the conditions of Theorem 8 relative to an ¢,<2 cos u/2; further 
let the 6 of satisfy Then the transformation V+JI 
transforms Y%, into itself in a one-to-one bicontinuous manner. This will be 
proved by showing first that the range of V+J (defined over %,) is a c.l.m.; 
subsequently that this range is dense in Y,. 

By the definition of Y,, (V+Dge UY, if ge U,. Let {gn} be a sequence in 
Y,, let fa=(V+D)gn, and suppose that f,—f. Writing Vg,=exp (iu) it 
follows from (12) that Thus ||gn—gml| 
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(2 cos —fall, {gn} is convergent, say g,—g and (V+J)g=f. 
Hence the range of V+TJ is a c.l.m. 

Now let g be arbitrary in Y,. Using the identity (V+Dg=(exp (iu)+1)g 
+(V—exp (iu))g, and writing a=(exp (iu) +1)-', it is seen that 


(V + — — + — — --- + (— 1) — g 
= (— — 


The norm of this last element does not exceed ¢[(2 cos u/ 2)-*|| all, hence is 
small at will if is sufficiently large. This proves that the range of V+T is Y,. 

The transformation H is defined and bounded on %,. To compute the norm 
on of H—AI where \=tan write Hf = —i(V—Dg with (V+ Dg=f. 
Calculation shows that (H—dDf=—(i+d)[V—exp (ix) ]g. Since | gil 
(2 cos | Se if a(1+|A| )(2 cos where 
€ is the constant mentioned in the statement of the present theorem. 

The definition of D, is: D, =A,, A\=tan w/2. Note that (b) has been estab- 
lished. It was demonstrated in Theorem 8 that Y, lies in €,,3 as well as in 
Thus D) lies in &,, where =tan (u+46)/2, »=tan (u—4)/2. By 
choosing 6 properly, one may make A; SA+€, A2s2A—e. This proves (a). 

The collection of values 1, Az, - - - will be exhibited. The procedure just 
outlined for the choice of D, =, embeds every point exp (iu) on the complex 
unit circle (except the point u=7) in an interval of varying length 26, 6 de- 
pending on u. Let ps, , <a, be any sequence of numbers 
having the properties: (i) The open intervals of length 26 centered about 
exp (iu) cover completely the unit circle from which the point u=7 has been 
excluded; (ii) for every uw; there exists a wu, such that u;= —p,. The sequence 
1, Ae, + is defined by A;=tan w;/2,7=1,2,---. 

Let F be any linear functional in (8) such that F 1 D;, j7=1, 2,---. It 
will be proved that F=0, hence that the c.l.m. spanned by the Dy, is B. Let v 
be any number, —7r<v<0. Let m be an integer such that the semicircle 
exp (ix), vSx<Sv+7 is covered by the above described intervals centered 
about the points exp (iu;), 7=1, 2,---, m. Then the manifolds M,, Y,,, 
j=1, ---,m,span %("). Now for A,F (A, is the transformation adjoint to A,), 
A,F LM, as well as A,F 1 Y,,;, 7=1, ---, Hence A,F=0. Noting that v is 
arbitrary, and letting v0, one has AF =0. A very similar argument using a v 
with 0<»<z shows that BF=0. Thus for F, VF = —F. By Theorem 3, the 
collection of elements F having the latter property is the orthogonal comple- 
ment of the c.l.m. 8 spanned by the elements (V+J)f. Therefore F=0. 

If H is bounded, the points y= —z and w=z7 are points of constancy of 
{,, §.} and it is easy to see that only a finite number of the manifolds %,, 
contribute effectively to the spanning of 8. 


(#) The argument needed to establish this is similar in spirit to that given in the last 
paragraphs of Chapter IV. To the collection of transformations A,;+3, B,;+3, A, and B, one 
must adjoin A,, B,. 
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In the next theorem, the spectral characteristics of H are completely de- 
scribed by the structure of {GJ , §, }. 


THEOREM 11. Let H and {@, § } be as in Theorem 10. Let a=\+2'i be 
any complex number. The value a is in the resolvent set of H whenever \' #0. The 
transformation V which generates H is completely determined by H: 


(17) = — — + il)". 


If \’ =0, then 

(a) The value a= belongs to the point spectrum of H if and only if \ is a 
point of discontinuity of {Gx , $x }. 

(b) The value a=d belongs to the continuous spectrum of H if and only if > 
is a point of continuity of {Gi , $x }. 

(c) The value a= belongs to the resolvent set of H if and only if d is a point 
of constancy of }. 


Write f=(V+Dg, If a=—1, 
H_jf =0 implies f =0. The range of H_,; is %; if {Hf} is convergent, then 
{fn} is convergent. Thus a= — is in the resolvent set of H. Henceforth let 
ax —i. Then H.f = —(i+a)(V—6D)g, where B = (t—a) (i+a)—". If then 
| | #1. In this case Hf =0 implies g=f=0 by Theorem 9. The range of H. 
is again $ since 6 is in the resolvent set of V. For the same reason, the con- 
vergence of {H.f,} with f,=(V+J)g, implies that of {g,} and hence that of 


{fn}; thus @ is in the resolvent set of H. 

Using the above notation, it is seen that =(21)-f; f= 
—2iVg. This establishes (17). 

Now let \’=0, then | B| =1, or more precisely 8 =exp (iu) with 
tan u/2=X. Suppose Ayf =0; then Vg=8g—and conversely. Thus A is in the 
point spectrum of H if and only if 8 is in the point spectrum of V. Note that 
the range of H) is dense in % if and only if \ is not in the point spectrum of H. 
Suppose the range of Hj is dense in % but is not B. Since A) is a closed trans- 
formation, (H,)~—' cannot be bounded; thus J is in the continuous spectrum 
of H. In this case, 8 is in the continuous spectrum of V. Conversely, if 6 is in 
the continuous spectrum of V, \ is in that of H. Finally, if the range of Ay 
is B, then 8 is in the resolvent set of V and the convergence of {H,f,} implies 
that of {g,} and {f,}. Thus if the range of Hj is %, d is in the resolvent set 
of H. Hence ) is in the resolvent set of H if and only if 8 is in the resolvent 
set of V. 

It appears that the spectral character of Hj is identical with that of V,—TJ. 
Since the relation between \ and uw is A=tan w/2, and since {Gy » Ox } and 
{G,, §.} are related in the same way, the verification of statements (a), (b), 
and (c) is shouldered by Theorem 9. 
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GENERAL COMBINATORIAL TOPOLOGY 


BY 
PAUL ALEXANDROFF 
To Serge Bernstein on his sixtieth birthday 


After the fundamental conceptions of the so-called combinatorial topology 
were transferred by the author of the present paper(') as well as by Vietoris, 
Lefshetz, Cech and others to arbitrary compact metric spaces and, having 
obtained in the general duality law of Alexander-Pontrjagin, the homologi- 
cal theory of dimensionality and a number of other essentially new investiga- 
tions a concrete geometrical development, became a mighty and generally 
recognized weapon in the investigation of different topological questions, it 
became not only possible to speak of a new branch of topology—the homologi- 
cal theory of spaces—but it also seemed that the directions of further develop- 
ment of this new branch were more or less determined. This latter opinion, 
however, was not confirmed: in 1934 Kolmogoroff(!) and nearly simultane- 
ously with him Alexander(?) gave to the development of the homological 
topology an essentially new direction by the discovery of the so-called upper 
boundary operator (which we call here the V-operator) dual to the old bound- 
ary operator (we call it here the A-operator) and permitting one to construct 
two systems of homological invariants dual to each other in the sense of the 
Pontrjagin theory of characters not only for polyhedrons and complexes but 
also for arbitrary locally bicompact spaces. 

The central fact of the theory is a proposition which was originally formu- 
lated by Kolmogoroff and which we therefore call in the present paper the 
duality law of Kolmogoroff. This proposition asserts that for any closed set A 
lying in a locally bicompact space R, the r- and (r+1)-dimensional Betti 
groups of which are null groups, there exists an isomorphism between the 
r-dimensional Betti group of A and the (r+1)-dimensional Betti group of 
R-—A. This proposition enables us to give a new meaning to the duality law 

Presented to the Society, September 12, 1940; received by the editors April 6, 1940. 

(‘) Kolmogoroff, International Tensor Conference and International Topological Confer- 
ence, Moscow, May, 1934, and September, 1935; papers: (a) Uber die Dualitét im Aufbau der 
kombinatorischen Topologie, Recueil Mathématique de Moscou, vol. 1 (43) (1936), pp. 97-102; 
(b) Les groupes de Betti des espaces localement bicompacts; Propriétés des groupes de Betti des 
espaces localement bicompacts; Les groupes de Betti des espaces metriques; Cycles relatifs, théoréme 
de dualité de M. Alexander—all four papers in the Comptes Rendus de 1’ Académie des Sciences, 
Paris, vol. 202 (1936), pp. 1144, 1325, 1558, 1641. 

(?) Alexander (abstracted in the proceedings of the National Academy of Sciences for 1935): 
(a) On the connectivity ring of an abstract space, Annals of Mathematics, (2), vol. 37 (1936), 
pp. 698-708. (b) A theory of connectivity in terms of gratings, Annals of Mathematics, (2), vol. 39 
(1938), pp. 883-912. The same ideas appear in a different form in the “pseudocycles” of Lef- 
schetz (see his Topology) as soon as 1930. 
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of Alexander-Pontrjagin (which may be easily deduced from the duality 
law of Kolmogoroff under the assumption that R is the m-dimensional eu- 
clidean or spherical space). 

In the construction of the theory itself Alexander and Kolmogoroff pro- 
ceed differently. The construction of Kolmogoroff, a concise exposition of 
which without fundamental proofs was given by him in four notes in the 
Comptes Rendus de |’Académie des Sciences, Paris('), is based on a com- 
pletely new approach to homological problems of the set-theoretical topology 
and starts from the consideration of the functions ¢"(EZo, Ai:,---, EZ,) and 
(eo, &), where the EZ; are sets and the e,-points of the given space. 
The functions $’(Eo, Ei, - - - , E,) are skew-symmetrical and finitely additive 
with respect to all their arguments; their values belong to the bicompact com- 
mutative group & (the “field of coefficients”). The functions f*(éo, @:, - - - , é,) 
are also skew-symmetrical, but their values are taken from a discrete com- 
mutative group. The functions ¢’(Eo, Ei, - - - , EZ,) play the role of algebraical 
complexes of the usual combinatorial topology of complexes and are the start- 
ing point of the A-theory. As analogues of algebraical complexes in the V-the- 
ory appear not the functions f*(éo, é1, - - - , é¢-) themselves but classes of such 
functions equivalent to each other in a certain sense. 

This way of construction may prove to be the most fruitful from the point 
of view of further investigations. But it considerably differs from the methods 
based on the elementary devices of combinatorial topology, which have domi- 
nated so far. This newness of the method as well as, undoubtedly, the fact 
that Kolmogoroff has not as yet given an exposition of the theory which is to 
any extent complete, nor, in particular, the proof of his duality law account, 
probably, for the fact that his theory is not yet as widespread as it deserves 
to be and that it has not so far influenced the further development of the 
topology to an extent to which it will doubtlessly influence it in the future. 

Practically speaking, Alexander has realized his construction of the same 
theory in several different ways. A proof of the already mentioned duality law 
he gives, however, only in his last publication, A theory of connectivity in terms 
of gratings(*), where to this end the whole theory is constructed on an entirely 
new basis with the help of the so-called gratings. The equivalence of this 
theory with the other theories of Alexander (as well as with the theory of 
Kolmogoroff) is not yet proved, although it is highly probable. The apparatus 
of gratings applied by Alexander in his last paper has a very simple geometri- 
cal figure (the decomposition of the space by a plane into two half-spaces) 
for its source. But in the general setting in which the construction proceeds 
this original figure becomes so complicated that the whole resulting structure 
is extremely involved. 

In the present paper the theory is built on a completely elementary basis, 
namely by means of well known considerations of the finite coverings of the 
given space. I left my old devices of application of combinatorial methods 
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to the study of general spaces only in one respect: along with the nerves of the 
coverings I consider now the barycentrical subdivisions of the coverings intro- 
duced by me recently elsewhere(*), which, as I think, give us often a more 
elastic weapon for the study of topological properties of the given space. 

The distribution of the material is as follows. In the first two sections we 
construct the A- and the V-theories for complexes. Here we systematize and 
prove things which are in the majority of cases known, but the proofs of which 
(and sometimes even the formulations) are, in a large proportion of cases, 
nowhere published (‘*). 

In §3 we recollect the notion of inverse and direct series of homomorphisms 
(instead of which we shall speak of direct and inverse spectra) of, in the gen- 
eral case partially ordered (not necessarily enumerable), systems of groups. 
This theory was originally constructed for enumerable sequences by Pontrja- 
gin(*) and for arbitrary systems by Steenrod(‘). I may point out the formula- 
tion of the conception of the limit group of a direct spectrum, which is logi- 
cally simpler than the usual one. 

In §4 we formulate and prove the “formal duality law” in application to 
arbitrary partially ordered systems of complexes. Substantially it is this 
“formal” duality that forms the combinatorial basis of the duality law of 
Kolmogoroff. The general formulation given here may prove convenient for 
application to the study of different concrete problems (local properties of 
sets, etc.). 

In §§5 and 6 we prove the fundamental lemmas which shall be used in the 
proof of the duality law of Kolmogoroff. The distribution into two sections 
is made according to whether the lemmas concern finite coverings of an arbi- 
trary set or special coverings of topological spaces. Thus the notion of the 
topological space we meet in the present paper for the first time in §6. 

In §7 we give the first definition of Betti groups for any spaces homeo- 
morphic to open sets lying in normal spaces. This definition hangs together 
with my old papers as well as with the paper of Steenrod referred to above, 
i.e., it defines the Betti groups of a space as limit groups of respectively the 
direct and the inverse spectra composed of Betti groups of the nerves of finite 
coverings of the given space by its open sets. For the sequel it is, however, of 
importance that along with the Betti groups which for normal spaces were. 
defined by Steenrod, we define also other groups taking particularly into ac- 
count those elements of the covering, the closures of which are bicompact. 


(*) Alexandroff, Diskrete Réume, Recueil Mathématique de Moscou, vol. 2 (44) (1937), pp. 
501-518. 

(*) See, however, Whitney, On matrices of integers and combinatorial topology, Duke Mathe- 
matical Journal, vol. 3 (1937), and On products in a complex, Annals of Mathematics, (2), vol. 39: 
(1938), pp. 397-432, as well as Steenrod, Universal homology groups, American Journal of Math-. 
ematics, vol. 58 (1936), pp. 661-701. 

(5) Pontrjagin, Uber den algebraischen Inhalt topologischer Dualitétssdtze, Mathematische- 
Annalen, vol. 105 (1931), pp. 165-205. 
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It is just these groups, for the first time introduced in the present paper under 
the name of inner Betti groups, that form the object of the duality law of 
Kolmogoroff. 

The same §7 contains the proof of a theorem (Theorem 7.41), in which is 
formulated all that I know in the direction of the duality law of Kolmogoroff 
in the case when the space R is not locally bicompact. 

In §8 we prove the duality law of Kolmogoroff for any locally bicompact 
normal space and closed A c R. 

In §9 is given a new definition of inner Betti groups based on the consid- 
eration of barycentrical subdivisions of finite coverings of R by open sets 
and is proved the equivalence of this definition with the old one. At the end 
of this paragraph we give a formulation of the conception of Betti groups 
which does not use any auxiliary conceptions except the conception of the 
finite covering and the spectrum (series of homomorphisms) of groups. 

In §10 is introduced the operation of multiplication of elements of Betti 
groups and in this way the complete Betti group (i.e., the direct sum of Betti 
groups of different dimensionalities) is turned into a ring (the connectivity 
ring). Although this definition of multiplication follows that of Alexander(®), 
it has in comparison with the latter an advantage consisting in the freedom 
from any special ordering of vertices which was applied in Alexander’s paper 
On the connectivity ring of an abstract space(*), as well as in the freedom from 
any special conditions by means of which the multiplication is introduced in 
the paper A theory of connectivity in terms of gratings(*). 


NOTATIONS 


Throughout this paper the following notations are of constant use: 
(i) A u B means the set theoretical sum, A n B means the set theoretical 


intersection of the sets A and B. 
(ii) U,Aq means the set theoretical sum and (\,A, the intersection of all 


sets A, of a given family of sets. 
(iii) A —B means the difference between the set A and the set B, i.e., the 


set of all elements of A not belonging to B. In this way 
A—-B=A-—-AnB, 


where is it not supposed that B is a subset of A. But if A is a commutative 
group and B a subgroup of A, then A—B means the factor (or difference) 
group of A with respect to B. 

(iv) A cB means that every element of the set A is an element of the 
set B (the identity A = B being not excluded). 

(v) ae A means that a is an element of the set A. 


(*) Introduced in the paper On the connectivity ring of an abstract space (see footnote 2). 
See also in that paper the references to Cech and Whitney. 
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(vi) If ¢ and ¢’ are simplexes, then ¢t’ < ¢ means that ?¢’ is a face of ¢t. The 
letter ¢ denotes a non-oriented as well as an oriented simplex. 


1. COMPLEXES 


1.1. By a complex we shall mean a finite simplicial complex K. 

For any two oriented simplexes # and 4~" of consecutive dimensionalities r 
and r—1 of a complex K we define the incidence coefficient (f, : t;~*) as follows: 

1°. (4: 47") =0, if 4~* is not a face of the simplex 4. 

2°. Let the vertices of % be éo, - - - , ¢, and the vertices of 4~* written in 
the order determining the given oriented simplex f~* be ¢;,, - - - , ¢:,, where 
€i,° are all vertices - - - , with the exception of one, say Then 


r 


where, as may be easily seen, the coefficient ¢«= +1 depends only on the ori- 
ented simplex 4~* (and the oriented simplex 4), but not on the special choice 
of the order ¢;,, - - - , ¢;, determining the oriented simplex 4~*. We put 


(iit ) 
It is obvious that 
(1.10) =(@: = G7"). 


Further, if 4=(eo,---, and +--+, €r), then 


(1.11) ) = 


1.2. The classical construction of combinatorial topology presupposes that 
a certain commutative group J (generally speaking topological) is given, and 
is based on consideration of functions f*(#"), the argument of which runs 
through the set of oriented simplexes #” of the complex K, and whose values 
are elements of the group J. Besides, it is assumed that always 


f(-—#) = — fre). 
These functions, called the r-dimensional functions on the complex K to the 
field of coefficients J (also the r-dimensional algebraical complexes or the r-di- 
mensional chains), form in virtue of the operation of addition defined in J a 
commutative group L'(K, J) which, if misunderstandings are excluded, we 
shall denote simply by L’(K). 

The topology defined in J defines a topology also in L’(K): we obtain a 
neighbourhood of the element fj e L*(K) by choosing any neighbourhood V of 
the zero element in J and defining V(fj) as the set of all functions f° satisfy- 
ing for all ¢ « K the condition 


— folt") 
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1.3. The boundary operators: the lower operator A and the upper operator 
V. To each element f* of the group L’(K) we correlate: the element Af* of 


the group L’*-'(K) and the element Vf" of the group L’+'(K) in the following 
manner: 


(1.304) af) = 

which in virtue of the adopted definition of incidence coefficients means 


where, as always in the sequel, 2, indicates that e¢, must be omitted. We have 


(1.32A) = 0. 


In fact, 
AAf"(e0,- = (ek, €0, °° * » = Dd fren Ck, €0, * 
k A,k 


But in the last sum for each term f*(ea, ex, €0, - - - , 2) we can find a term 

such that their sum is equal to zero. Also 

(1.32y) vf = 0. 

In fact, 


k 


k h<k 
k h>k . 


(since interchanging h and k we see that the terms of both sums differ only 
by the sign). 

From the definition of the operators A and V it directly follows that they 
represent homomorphic mappings of L’(K, J) into L’-(K, J) and into 
L'+1(K, J). In the case of a topological group J these homomorphisms are 
continuous. 
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DEFINITION 1.33. If Aft =0, then the function f* is called a A-cycle; if Vf" =0, 
then the function f* is called a V-cycle. 


In this terminology the theorems (1.32A) and (1.32V) may be formulated 
as follows: the A- and Y-boundaries of every function are respectively A- and 
V-cycles. 


DEFINITION 1.34. The cycle f* is said to be homologous to zero on K if there 
exists a function of which f* is the boundary (of corresponding denotation, 1.e. 
AoryY). 


From the above follows: the r-dimensional A-cycles form the kernel of the 
homomorphism A of the group L’(K) into the group L’-'(K). They form the 
group Z;(K, J) (or simply Z;(K)). Similarly, the r-dimensional V-cycles form 
the group Z5(K, J) or Z5(K)—the kernel of the homomorphic mapping V of 
the group L’(K) into the group L’+!(K). Hence and from the continuity of 
the homomorphisms A and VY it follows that Z{(K) and Z5(K) are closed sub- 
groups of the group L’(K). 

The image of the group L’(K) under the homomorphism A is the group 
H™—(K, J) or Hx-'(K) of all (r—1)-dimensional A-cycles homologous to zero 
in K. Similarly, the image of the group Z’(K) under the homomorphism V 
is the group J) or of all (r+1)-dimensional V-cycles homolo- 
gous to zeroin K. 

If the group J is bicompact, then so are the groups L’(K) and also its 
closed subgroups Z;(K) and Z3(K). The groups Hj(K) and Hy(K), being 
images of bicompact groups L*+!(K) and L*(K) under continuous homo- 
morphisms A and V are bicompact and, consequently, closed in Zs(K) and 
Z,(K) respectively. 


1.4. DEFINITION 1.4. The factor groups 


24(K, J) — Ha(K, J) = BA(K, J), 
J) — Heo(K, J) = Bo(K, J) 


(where H is the closure of the group H in the group Z) are called respectively 
the r-dimensional A- and Y-Betti groups of the complex K to the field of coeffi- 
cients J. If J is bicompact or discrete, then obviously H =H. 


Henceforth we shall consider only bicompact and discrete fields of coeffi- 
cients. 

1.5. Let X and & be two commutative groups dual in the sense that each 
of them is the group of characters of the other (see the Addendum at the end 
of the paper). Let X be discrete and © bicompact. We consider the functions 
and ¢* belonging respectively to L"(K, X) and L’(K, 2) and introduce the 
following notations: 
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DEFINITION 1.51. (The scalar products of functions.) 


of= 


tie K 


(tif (ti). 


Correlating to every function ¢’ e L’(K, 2) the element ¢’f* € x, we obtain 
for a given fixed f* e L’(K, X) a homomorphic mapping of the group L’(K, 2) 
into x. In other words, every f* « L’(K, X) may be considered as a character of 
the group L’(K, 2). 

Let us prove that, conversely, every character of the group L’(K, 2) is 
generated in this sense by an element of the group L’(K, X). 

Let a character h of the group L’(K, 2) be given. Take any simplex 4 « K 
and consider those functions ¢’ e L’(K, Z) which only on & are different from 
zero. The set of these functions completed by the function identically equal 
to zero forms a subgroup Lj of the group L’(K, 2) isomorphic to the group 2. 
The subgroup Lj is mapped by the homomorphism 4 into « and this mapping 
may be considered in virtue of the just established isomorphism between Lj 
and 2 as an element 


of the group X. Thus a function 
X) 


is defined. 
For any ¢; © Lj we have 


oh 


f (4s) = Ot) fi = ho; € K. 


If ¢° is an arbitrary element of the group L’(K, 2) and if ¢j is the function 
from Lj coinciding with ¢” on & and equal to zero on all other simplexes 
from K, then 


= Le = = = 4D = 


q.e.d. We have thus proved the following: 

THEOREM 1.521. The group L'(K, X) is the group of characters of the group 
L'(K, 2). 

Quite similarly is proved 


THEOREM 1.522. The group L"(K, 2) is the group of characters of the group 
L’(K, X). 


THEOREM 1.53. The homomorphisms A and VY are conjugate homomor- 


| 
| 
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phisms of the group L'(K, %) into the group L*-\(K, =) and of the group 
L*—'(K, X) into the group L"(K, X). 

In other words 
(1.53) = Ag" 


In fact, 


r, 


q.e.d. 


1.6. DEFINITION 1.60. Let M be any subset of the complex K (1.e., a set whose 
elements are simplexes of the complex K). We shall say that the function 
fe L'(K, J) lies on M and write f'c M, if for every simplex it cK—M we 
have f*(t") =0. 


The sum of two functions lying on M evidently lies also on M. 
In the sequel M will always be either a subcomplex Q of the complex K 
or the set K—Q complementary to a subcomplex Qc K. 


DEFINITION 1.61. The group of all r-dimensional functions f" « L'(K) lying 
on K—Q will be denoted by L'(K —Q). The group of all r-dimensional V-cycles 
lying on K —Q will be denoted by Z*(K —Q). 


Evidently 
— Q) = Zy(K) nL'(K — Q)¢L'(K). 
1.611. If L'(K—Q), then 
vf eZy (K — Q). 


This assertion follows directly from the fact that all faces of a simplex be- 
longing to Q also belong to Q. 


DEFINITION 1.612. A V-cycle ft © Z*(K —Q) is said to be homologous to zero 


on K—Q, 
on K-—Q, 


if it ts the V-boundary of a function 


The r-dimensional VY-cycles lying on K—Q and homologous to zero on 
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K—Q form the subgroup H;(K —Q) of the group Z"*(K —Q) (and of the group 
Hy(K)). 
The factor group 


— Q) — Ho(K — Q) 
will be denoted by BY(K—Q, J), or simply by B5(K—Q). 


DEFINITION 1.62. Let again Q be a subcomplex of K. The function f* is said 
to be a A-cycle modulo Q, if Af’ <Q. 


The r-dimensional A-cycles modulo Q evidently form a group; we shall 
denote it by Z,(K mod Q). We have 
Z,(K mod Q) >Z,(K). 


DEFINITION 1.621. Let f* be a cycle modulo Q. If there exists a function f**" 
such that 


= + u’, u’cQ, 
then we shall say that f* is homologous to zero modulo Q on K, 
ft’ ~ 0 modulo Q on K. 


The r-dimensional A-cycles modulo Q homologous to zero on K modulo Q 


form a subgroup Hx(K mod Q) of the group Z;(K mod Q). We have 


mod Q) > H3(K). 


The factor group 
Z4(K mod Q) — Ha(K mod Q) 

is denoted by BA(K mod Q) (or by BA(K mod Q, J)). 

Let again X and & be two groups dual to each other, X discrete and & bi- 
compact. 

THEOREM 1.63. The annthilator of the group Hj(K—Q, X) in the group 
L'(K, 2) is the group mod Q, 2). 

We have to prove two assertions: 

1°. If © mod Q, 2), ff cHy(K—Q, X), then =0. 

2°. If @’ e L’(K, 2) is a function not belonging to Z4(K mod Q, 2), then 
there exists such an f* e H}(K—Q, X) that 

Proof of 1°. By assumption 


Ad = vf, | Q, X); 
then 


< 
4 
4 
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r 


ef =ovf = = Dae ) = 0. 


Proof of 2°. Suppose that ¢” does not enter into Z,(K mod Q). Then there 
exist such a 4’ e K—Q that 


A¢'(x1 ) = a ¥ 0, 
Choose an a ¢ X such that aa +0 and put 


r—1, r—1 


f )= a, 
for & eK, i¥1. 
Then obviously e L’-'(K —Q). Putting we have 


f' © Hy(K —Q, X), 
and Theorem 1.63 is proved. 


THEOREM 1.64. The annihilator of the group Hx(K mod Q, &) in the group 
L'(K, X) is the group X). 


Proof. We prove, firstly: if 


feZo(K —Q,X), 


then 
¢’f" = 0. 
In fact, 
= + y’, 
= fr + = f" = 0. 
We prove, secondly: if the function f* e L’(K, X) is not a cycle lying on 
K-—dQ, then there exists a function Hj(K mod Q, &) such that +0. 


(a) Let f* be any function not lying on K—Q. Then there exists a f 20 
such that f*(#]) =a+0. Take such anae that aa¥ O%and}put 


(ti) =a, 
=0Q on other ty eK. 
Then we have 
¢ © H,(K mod Q, =), 
of =¢ (i) = aa ¥ 0. 
BOSTON UNIVERS 
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(b) Let ft e L"(K, X) lieon K—Q and not be a Y-cycle. Then for a certain 
e K—Q we have Vf"(f;*") =a 0. Choose a such that aa ~0 and put 


r+1, r+ 


(t1 ) =a, 


= 0 for other K. 


© Ha(K, Z) ¢ mod, 2), 
and Theorem 1.64 is proved. 

Putting in Theorems 1.63 and 1.64 

Q = 0, 
we have 

1.631. The annthilator of the group Hy(K, X) in the group L'(K, 2) is the 
group Z,(K, 

1.641. The annthilator of the group H{(K, 2) in the group L'(K, X) is the 
group Z,(K, X). 

From the theory of characters it is known that if two groups G and I are 
dual to each other and if the subgroup I) cT is the annihilator in I of the 
subgroup Gp ¢G, then, conversely, Go is the annihilator in G of the group Ty. 
On ground of this remark we deduce from 1.63 and 1.64 

1.632. The annthilator of the group Z,(K mod Q, =) in L*(K, X) is 
—Q, X). 

1.642. The annthilator of the group Z,(K-—Q, X) in L*(K, &) is 
mod Q, 2). 

1.7. Let A, B, C be three commutative groups, all three discrete or all 
three bicompact, and let 
(1.71) . ADB, A-—B=C. 

If we denote the groups of characters of the groups A, B, C respectively by 
A’, B’, C’, then one of the fundamental theorems of the theory of characters 
may be formulated as follows: C’ is a subgroup of A’, namely the annihilator 
of the group B in the group A’, and 

(1.72) B’ = A’ 

Or the annihilator of the subgroup B ¢ Cin A’ is C’. On ground of this theorem 
we deduce from 1.63 and 1.64 


; 
i 
Then 
4 
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1.73. The group Z,(K mod Q, 2) is the group of characters of the group 
L'(K, X) X). 


1.74. The group Z,(K—Q, X) is the group of characters of the group 
L'(K, 2) —Hy(K mod Q, 2). 


In the same way from 1.642 and 1.632 we deduce 


1.731. The group Hx(K mod Q, 2) is the group of characters of the group 
L"(K, X)—Z(K—Q, X). 


1.741. The group Hj(K—Q, X) is the group of characters of the group 
L'(K, —Z,(K mod Q, 2). 


Recall now the so-called second theorem on isomorphisms of Emmy 
Noether: If for commutative groups U, V, W we have the inclusion relations 
U>V>2W, then considering (in a manner easily understood) V—W as a sub- 
group of the group U—V, we have 


(U-W)-(V-W)=U-V 


(where ~ means isomorphic). 
Putting 


U=L(K,=), V=2Zs(KmodQ,=), W = Hs(K mod Q, 2), 
we find 


=) — mod Q, =)] — Za(K mod Q, — Ha(K mod Q, =) 
L'(K, = mod Q, =), 


wherefrom, on ground of 1.72, 


mod Q, =) — mod Q, =)] = x[L'(K, =) — Ha(K mod Q, )] 
— x[L'(K, =) — mod Q, 


and on ground of 1.74 and 1.741, 


mod Q, =) — H4(K mod Q, =)] Za(K — Q, X) — Hy(K — Q, X), 


i.e., 
(1.75) x[Ba(K mod Q, )] = By(K — Q, X). 
Putting Q=0 we obtain as a special case of formula (1.75) 


THEOREM 1.751. The Betti groups Bs(K, =) and By(K, X) are dual to each 
other. 


1.8. Consider separately the case r =0. 


v 
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Since a zero-dimensional Y-cycle cannot be homologous to zero, B$(K) 


=Z%(K). 
Let K be an arbitrary complex. Every function f° constant on K (i.e., as- 
suming for all null-dimensional simplexes ¢° « K one and the same value) is a 


V-cycle. 
In fact, for every one-dimensional simplex ¢! = (é, ¢:) we have 
= f(er) — = 0. 
1.80. If K is connected and f° 2 Z3(K), then f° is constant on K. 


In fact, if f° is not constant on K, then in virtue of the connectivity of K 
we may find a such that f°(e) ~f°(e,) and, consequently, Vf°(¢') #0. 

Thus on connected complexes the zero-dimensional constant functions and 
only they are cycles. 

Hence follows 

1.81. For every complex K the group Zy(K) consists of those and only those 
zero-dimensional functions which are constant on every component of K. 


1.82. The group BY(K, J) is a direct sum of groups isomorphic to J and the 
number of direct summands in this sum is equal to the number of components of 
the complex K. 

In the group Z2(K)=B9(K) is contained the subgroup Z%(K) of those 
cycles which are constant on the whole K. The factor group 


— Ze(K) 


we shall denote by BY(K). 


1.83. If K consists of p components, then BY(K, J) is a direct sum of p—1 
groups each of which is isomorphic to the group J. 


Defining the group Z%(K) as the group of those zero-dimensional func- 
tions, the sum of values of which extended over all vertices of K is equal to 
zero, we have in the group Z%°(K) a subgroup H3(K) of all zero-dimensional 
A-cycles homologous to zero. The group BY’(K) =Z%(K) —H}(K) is, as is well 
known, also a direct sum of p—1 groups isomorphic to J and, consequently, 
is isomorphic to the group BY(K). The groups BY(K, X) and B&(K, &) are 
obviously dual to each other. 


2. SIMPLICIAL MAPPINGS OF COMPLEXES 


2.1. Suppose that to every vertex e’ of a complex K* corresponds the ver- 
tex Se® =e* of a complex K* such that to vertices belonging to any simplex 
of the complex K® correspond vertices belonging to a simplex of the complex 
K-. This correspondence of vertices establishes a mapping S of the complex K* 


| 
4 
4 
| 
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into the complex K*: to every simplex 4=(&, - - - , &) of the complex K® 
corresponds a simplex St, of the complex K* with vertices S&, -- - , Sé& and 
the number of dimensions of Sts is less than or equal to the number of dimen- 
sions of the simplex és. The so-obtained mapping is called a simplicial mapping 
of the complex K® into the complex K-. 

In virtue of the mapping S, to an oriented simplex ts=(&, - - - , &) of the 
complex K® corresponds an oriented simplex (which may be degenerate) 


Sts = (Seo, Ser) 


of a complex K* of the same number of dimensions as fg. 
2.2. A simplicial mapping S of the complex K* into the complex K* gen- 


erates 
1°. A homomorphic mapping p of the group L’(K*) into the group L'(K?). 
2°. Ahomomorphic mapping ¢ of the group L’(K*) into the group L'(K*). 
Indeed, to every function L'(K*) corresponds a function L"(K*) 
defined by 


(2.21) falta) = (ta), 

the summation is extended over all such that To every 
function L’(K*) corresponds a function L’(K*) defined by 

(2.22) ofa(ts) = f (Sts). 


THEOREM 2.211. The homomorphism p preserves the lower boundary opera- 
tor A: 


(2.211) Apfs = pAfs. 


In fact, 


where the summation in the inner sum is extended over all such j, ji, -- + , 7, 
that Sf =e, =a, ---, =e. Hence 


B B 
Solei, Ciyy en), 


i 


8 


THEOREM 2.221. The homomorphism o preserves the upper boundary opera- 
tor V: 
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(2.221) Vof" = oVf". 


In fact, we have the inequalities 


r 8 


2.3. Let two sub-complexes Q* c K* and Q* c K® be given and let the sim- 
plicial mapping S be such that SQ* c Q*. Then from 


r 8 
follows 
pfac 
and from 
fac —Q° 
follows 
of.cK — 
Therefore we have the inclusion relations 


(2.311) pZ,(K’ mod mod 0’), 
(2.312) mod Q°) ¢ mod 
(2.321) — — 0), 
(2.322) — — 0). 


THEOREM 2.33. The homomorphism p generates the homomorphic mapping 
& of the group B,(K*® mod Q*) into the group Bi(K* mod Q*) ; the homomorphism 
ao generates the homomorphic mapping m of the group By(K*—Q*) into the 
group BY(K*®—Q*). 

2.4. Let, as always, Z and X be two dual groups, 2 bicompact, X discrete. 

THEOREM 2.41. The homomorphic mapping p of the group L'(K*, 2) into 
the group L"(K*, &) and the homomorphic mapping o of the group L'(K*, 2) 
into the group L'(K*®, X) are conjugated. 


In fact, for any L’(K®, Z) and « X), 


= 


b 

k 

k 
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or, denoting by 


the summation over all 4, such that S#, =, (and zero, if such 4%, do not exist), 


= >> | | faltas) 


= = pfa-fa- 
THEOREM 2.42. The homomorphic mapping & of the group B,(K*® mod Q*, =) 


into the group B,(K* mod Q*, 2) and the homomorphic mapping m of the group 
y(K®—Q*, X) into the group BY(K*—Q*, X) are conjugated. 


In fact, let e mod &), BY(K*—Q*, X) be chosen arbi- 
trarily. Choose the cycles $3 © £* and fz © 2*. Then @f* is an element of the 
group B,(K* mod Q*, 2) containing pg and 72* is an element of the group 
By(K*—Q*, X) containing of. We have 


8 a r r ror 8B 
= op-ofa = fa = 2, 
q.e.d. From the result just proved directly follows 


2.43. Let S and S' be two simplicial mappings of the complex K® into the 
complex K* such that for given subcomplexes Q°c K® and Q*c K* we have 
S(Q*) S’(Q*) Let both mappings S and generate one and the same 
homomorphism & of the group B,(K*® mod Q*, =) into the group B,(K* mod Q*, 2). 
Then the mappings S and S' generate one and the same homomorphism x of the 
group BY(K*—Q*, X) into the group BY(K*®—Q*, X). 


The dual formulation is, of course, also true. 
The following remark is essential for the sequel. Let the simplicial map- 
pings Sp and S, of the complex K® into the complex K* satisfy the condition 


2.44. Whatever be the simplex ts ¢ K® there exists a simplex t, ¢ K* having 
among its faces the simplexes Sots and Sits and if ts ¢ Q®, then we may suppose 
that t, ¢ 


In this case the mappings Sp and S; are evidently homotopic and if we 
denote by S,, 0Su<X1, the deformation of Sp into S,, we may suppose that 
for any u we have S,0* ¢ 0*. Hence it follows that Sy and S, generate one and 
the same homomorphism @ of the group Bj(K*® mod Q*, &) into the group 
Bi(K* mod Q*, 2). From 2.43 it follows that Sp and S; generate one and the 
same homomorphism 7 of the group By(K*—Q*, X) into the group 
K*® — X). 


2.45. If the simplicial mappings Sy and S, satisfy the condition 2.44, then 
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they generate one and the same homomorphism @ of the group Bi(K*® mod Q%, 2) 
into the group By(K* mod Q*, 2) and one and the same homomorphism x of 
the group BY(K*—Q*, X) into the group X)(*). 


3. SPECTRA AND THEIR LIMIT GROUPS 


3.1. A partially ordered set D shall be called unbounded, if for any two 
elements d,; and dz of the set D there exists an element d; following after d, 
as well as after ds: 


d; > dy, d3 > dz. 


Consider the unbounded partially ordered set A consisting of the groups 
H*; for the sake of simplicity we shall suppose that the indices @ are ordinal 
numbers (the order of which, however, must not be at all connected with the 
order in A). Suppose that for any two groups H* and H® which are elements 
of A and satisfy in A the condition H? => H* a homomorphic mapping && (pro- 
jection) of the group H® into the group H* is defined such that for Hy => H* = H+ 
we have always 


and @ is the identical mapping. 

The system of groups H« and mappings & is called the inverse spectrum 
and is denoted by 6]. 

Every inverse spectrum defines the limit group 


H = lim 


The elements of the group H are the threads of the spectrum [H*; &%], i.e., 
systems of elements 7 = {n} satisfying the following conditions: 

1°. Every n* is an element of the group H* and 7 contains only one ele- 
ment of each group. 

2°. If n* and 7» are elements of the thread and n* H®, then 

= n*. 

If m= { nt} and m= { ne} are two threads of the inverse spectrum 
[H; then n= is also a thread and we put 


7 =m + 


Fixing @ and correlating to every thread 7 the element 7* contained in it, we 
obtain a homomorphic mapping @, of the group H into the group H*. The 
inverse spectra are considered always under the assumption that the groups 
H* are bicompact. Then the group H =lim, [H*; 8] will be also topologized; 

(7) A purely combinatorial proof of this theorem has been given by Cech, Théorie générale 
de l'homologie, Fundamenta Mathematicae, vol. 19 (1932), pp. 149-183, especially pp. 158-159 
(§12). 


Wag = Wa 
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a neighbourhood of the thread o={7¢} is obtained, if we choose a finite 
number 7‘, - - - ,.9° of its elements, choose for each of them a neighbour- 
hood Ong! in H*‘ and take all threads 7={7*} satisfying the conditions 
for i=}, 2,---, s. The so-topologized group H proves to be bi- 
compact. 

3.2. Suppose that we have an unbounded partially ordered set D of dis- 
crete groups 3* and assume, further, for convenience that all elements h* 
of the group %¢ are different from the elements /* of the group 3°, if a¥8. 

Suppose further that for any two groups K*, 5° such that H*<H* in D 
is established a homomorphic mapping 7 (projection) of the group 5* into 
the group such that for S we have = 2% and is the identi- 
cal mapping. The system of groups 5* and homomorphisms 77 is called the 
direct spectrum [3*; 1g]. The set-theoretical sum U,3C* of all groups i* is 
called the spectral set of the given direct spectrum. Two elements of the spec- 
tral set, h* © 3C* and A’ € KX are called equivalent if there exists in the spectrum 
a group 3’ such that >35C and 

This notion of equivalence obviously possesses the properties of reflex- 
tivity, symmetry and, in virtue of the unboundedness of the partially ordered 
set D, also of transitivity. The spectral set U,3¢* falls therefore into classes 
of equivalence which we shall for the sake of shortness call the bundles of the 
direct spectrum [3¢*; xg]. The bundles possess the following obvious property: 
every projection of an element of any bundle is an element of the same bundle. 
Hence follows: If h* 5C* is an element of the bundle and 3¢*> then in 
5° there is an element /* of the bundle h. 

In any two bundles h,; and he, we may find elements hf and Az belonging to 
one and the same 3*. In fact, choose arbitrarily and h** © and take 
H*>H™. Then 


=heh, = hee he. 


Let 4; and hz be two bundles. From the above follows that we can find 
two elements Af € 1, hf & he belonging to one and the same group X*. We shall 
call the bundle h, containing the element h* = h{ +h3 the sum of the bundles /; 
and he. This definition does not depend on the choice of the elements hf € 
and € he. In fact, if he, then h°=h?+1§ belongs to the same 
bundle as h*. In order to prove this observe that since Af and hf belong to 
one and the same bundle, there exists such an X™, : 


Hn> K*%, W, 
that 


@ BB v1 


Similarly there exists an 3C7* such that 
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Take an X7 following after 3” as well as after %7*. Then 


"1,7 aa 6.8 2,7 aa 8.8 7 
hy = = = hy; hy = = = ho 


and, consequently, 
so that the equivalence of h* =h?+h$ and h® = +28 is proved. 

The so-defined addition of bundles is obviously associative. It turns the 
set of all bundles into a (discrete) group 3 =lim. [3¢*; 2$] which is called 
the limit group of the direct spectrum [5*; 1g |. The zero elements of all groups 
K* are all equivalent to each other and, consequently, belong to one and the 
same bundle—the zero bundle, which is the zero element of the group X. 

The elements —h* opposite to the elements h* of a bundle h form the 
bundle —h. 

Correlating to every element h* of the group X* the bundle containing 
this element, we obtain a homomorphic mapping z* of the group X* into 
the group 3X. For #*<K* we have 


a Ba 
x =F 


3.3. Let two spectra—the direct spectrum 

; 
and the inverse spectrum 

[3c ; 
—be given. If the groups H* and X* composing these spectra are dual to 
each other for every given a and the homomorphisms &§ and 7% are conjugate, 
then the spectra are said to be conjugate to each other. It is known that the 
limit groups H and & of two conjugate spectra are dual (Steenrod(*)) and 


that an element h of the group 3¢=lim. [3¢*; xg] realizes a homomorphism 
of the group H =lim. [H*; &$] in x according to the formula: 


= nthe, 


where 7* and h* are taken arbitrarily in 7 and h: it turns out that the so- 
defined homomorphism does not depend on the elements of arbitrariness in- 
volved in its definition. 

3.4. In the sequel we shall almost exclusively consider direct spectra; 
therefore by a “spectrum” without any adjective we shall understand a direct 
spectrum and in accordance with this omit the arrows in the formulae. 


4 
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3.41. Let two spectra 
x8], 
be given, the elements of which correspond to each other in one-to-one manner 


(U*=V*). For every a let there be given a homomorphic mapping $4 of the group 
U* in the group V*. If for every a, every U*, and every u* © U* the condition 
= 

is satisfied, then we obtain a homomorphic mapping of the group 
U=lim [U*; x§] in the group V=lim [V*; pg] as the mapping correlating to 
every bundle u of the spectrum [U*; x§]| the bundle v=qu of the spectrum 
[V@; ps | containing with an element u« © U* also the element $.u*. 

It suffices to show: from u*=u* (where = is the sign of equivalence) fol- 
lows $.u* =¢,u*. But if u*=u*, then there exists such a U7 that 

6 B 


aa 
= 


and, consequently, 


aa BB B B 
= = = , 


q.e.d. 
We add two remarks, the proofs of which may be left to the reader. 


3.411. If, whatever be a and v* V*, thereis a V8> Vanda such that 
8 aa 
= psd , 
then the mapping ¢ is a homomorphism of the group U on the group V. 


3.412. If from gu=0 it follows that ue U contains the zero element of some 
group U*, then > is an isomorphic mapping. 

3.5. A partially ordered set D is called a part of the partially ordered set 
D’, if every element of D is an element of D’ and if from d,>d, in D follows 
d,>d,z in D’ (but it is not demanded that from in D’, d, D, D, 
should necessarily follow d; >dzin D). 

A part D of an unbounded partially ordered set D’ is called cofinal to the 
whole D’ if D is unbounded and after every element of D’ in D’ follows an 
element of D. 

A spectrum I is called a part, respectively a cofinal part, of a spectrum II, 
if the spectrum I considered as a partially ordered set of groups, of which it is 
composed, is a part, respectively a cofinal part, of the spectrum II and if the 
projections in I coincide with corresponding projections in IT. 

Let now the spectrum I form a part of the spectrum II. It is obvious that 
two elements of the spectral set of I equivalent in the spectrum I are equiva- 
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lent also in the spectrum II. If I is a cofinal part of II, then, conversely, two 
elements of I equivalent in the spectrum II are equivalent also in the spectrum 
I. From the first assertion it follows that every bundle of the spectrum I is 
contained in a bundle of the spectrum II. From the second assertion it follows 
that in the case of cofinality of I and II every bundle of the spectrum II 
contains only one bundle of the spectrum I (that every bundle of II contains 
at least one bundle of I follows directly from the condition of cofinality). 
Thus we have 


3.51. If one of two spectra forms a cofinal part of the other, then both spectra 
have isomorphic limit groups. 


3.6. We shall also need the following proposition. 
3.61. Suppose that the spectra 


[u*; ms], 


satisfy the following conditions: 

1°. There exists an isomorphic mapping ¢2 of the group U** on the 
group U*. 

2°. If U, then U®> 

3°. For every u* ¢ U** we have 


ah Bu.—1 adr 
= (du) 


Then the limit groups lim [U*; 23] and lim [U*; x§] are isomorphic. 


For the proof construct first from the groups U* a partially ordered set D’ 
by putting always U®>U*, if in the spectrum [U*; 23] the inequality 
U®> U* holds. The partially ordered set D’ is evidently unbounded. 

We define now the projections 

Since 
Bu.—1 @ ad 


(6s) = (6s) = 


= (by) 
[U=*; p$.] is obviously a spectrum containing the spectrum [U**; 7$.] as its 
cofinal part. Therefore the groups lim [U**; and lim are iso- 
morphic. Identifying for every a the group U* with the group U™ isomorphic 
to it, we may also consider the spectrum [U*; 7$] as a part of the spectrum 
[U@; p$.] and even as a cofinal part. In fact, in order to obtain U* following 
after a given U* in the spectrum [U@*; p$] it is sufficient to take U® > Us in 
the spectrum [U*; x$]; evidently, U*:> in the spectrum [U**; 
Thus the group lim [U*; 4] is isomorphic to the group lim [U**; p3.] and, 
consequently, also to the group lim [U*; 13.], q.e.d. 


‘ 
a 
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4. THE FORMAL DUALITY 


4.1. Let there be given an unbounded partially ordered set R of complexes 
K+. Suppose that in every complex K* are given two subcomplexes Kj and 
C*. The complex C* is called a special subcomplex of the complex K~«. If 
K*>K-, then simplicial mappings S® of the complex K® into the complex K+ 
are defined, which are called projections of K* into K*; they satisfy the follow- 
ing conditions: 

1°. For any projection S% 


2°. If S® and S® are two projections of K® into K*, then for any simplex 
ts © K® the simplexes S%tz and S®t, are faces of a certain simplex ¢, © K* and, 
if tg e K® or ts € C®, then we may assume that correspondingly t. © K%, tz © C*. 

From the condition 1° it follows that every projection S% generates a homo- 
morphism o% of the groups 


Lik’-C), Ce’ -K-C)O 
respectively into the groups 


the homomorphisms o% generate further homomorphical mappings 7 of the 
groups 


(4.11) SAK 
into the groups 
(4.12) By(Ke—C),  By(K’ — Ko—C) 


and from the condition 2° it follows that all projections of the complex K® into 
the complex K* generate one and the same homomorphism 7% of the groups (4.11) 
into the groups (4.12). These homomorphisms are also called projections. 

Suppose that beside the conditions 1° and 2° the following condition is also 
satisfied : 

3°. If KY>K*®>K‘, then whatever be the projections S% and S} of respec- 
tively K* into K* and K’ into K®, the simplicial mapping S®S} of the complex 
K’ into the complex K* is a projection. 

From the condition 3° it follows that 


Ba@ 
= Ty 


and that we have the spectra 


(*) We recall that K¢ —C* means the set of all simplexes of Kg which do not belong to C, 
ie., 
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—C");  [By(Ko — x8], 
[By(K* — Ko — C*); a]. 

DEFINITION 4.10. A partially ordered set R of complexes K* satisfying the 
conditions 1°, 2° and 3° is called simply-connected with respect to the dimensional- 
ity r for given special subcomplexes C*, if the group 

lim — C*); xs] 
consists only of the zero element. 


The aim of the present paragraph is the proof of the following 


THEOREM 4.1. If is simply connected with respect to the dimensionalities r 
and r+-1, then the groups 


r+1 


lim [By(Ko —C*); x5], lim [By (K° — Ko —C’); 


are isomorphic. 


4.2. Preliminary remarks to the proof of Theorem 4.1. For the sake of 
shortness we shall write 
instead of L"(K*—C*), 
Lia instead of —C*), 
Lig instead of L'(K*—K¢—C*), 
Zoa instead of Z5(Kg —C*), 
Zia instead of Z4(K*— Kg —C*), 
Hj, instead of Ko —C*), 
7a instead of Hy(K*—Ky—C*), 
Bi. instead of —C*), 
B;,, instead of K>—C*), 
Bi, instead of lim [By(K¢—C*); 74], 
B; instead of lim [Bj(K*—Kg—C*); |. 
The elements of the groups 


Boa Ba, 
we shall denote respectively by 


r r 
Ua, u 


The elements of the groups 


r 


we shall denote respectively by 


4, 
r+1 r+1 
r+1 r+1 
By 
r 
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If some function f{ is given, we denote by f~ the function which is equal to 
fz on K¢ and is equal to zero on K*—K>; by Af, we denote the function fo, 
equal to on K>. 

If a function fj, is given, we denote by Efj, the function f{ equal to fi, 
on K¢ and to zero on K*— Kj. 

Let us now formulate some simple properties of the operators A and E: 


(4.21) 
(4.22) AEfoa = foe: 
From 
Loa 
follows 
(4.23) Aya = 0. 
If e Ke, then 
(4.24) VAfu(lon) = )s 
(4.25) VEfoa(tos ) = Vfca(toa )- 
Further, 
(4.26) VAfa = AVfa. 
In fact, if tit! e K%, then and AVfi(4t") coincide with 
If S® is any projection of K* into K, then 
(4.27) Aasfa = 
In fact, from tog © KG follows 


ar,f 


Aaafiltes) = opfaltos) = falSatos), = Afa(Satos) = fa(Setos)- 


Observe, finally, that from fj, Z}, follows VEfj.2 In fact, for 


VEfoa(tz ) = 0, 
since Li, and, consequently, & and for Ke, 
VEfoa(te Vfoalte ) = 0, 


since fy, & Zoa: 
4.3. We proceed now to prove Theorem 4.1. 
To each fi, © corresponds a definite namely VEfi- 
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4.31. The operator VE, applied to the group Z>,, generates an homomorphism 
da of the group By, into the group B;*". 


In order to prove this it is sufficient to show that if f, © Hj. then 


© 
Let Hj..; then 


foa = 
Put 
(4.31) fa = Efe 
For tH. © Kg we have 


(4.32) foa(toa) = Afa (toa). 


Put 

(4.33) halt.) = 0, if Ko, 

(4.34) halt.) = (te), if — Ko. 
From (4.32), (4.33), (4.34) follows 


ate) + Efoe(te) = Vf (ta) 


for any #, « K*, whence 


Vha + VEfoa 0, VEfoa Vhas 


1 
VEfta® 
Let us now show that for any uj, © Bj, 


(4.35) TsPata = Ua. 


Let there be chosen some projection S® of the complex K® into the com- 
plex K«. Choose arbitrarily fj, © u,. In order to prove the formula (4.35) it is 
sufficient to show that under the homomorphism o9 of the group Z,, into 
the group Zj, generated by the projection Sf we have 


(4.351) ~ VEopfoa in — Ko —C’. 
Having in view that 

osV = Vos, 
we may write (4.351) in the form 


(4.352) — fon ~ 0 


i.e., 

i 
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But (4.352) obviously follows from 
(4.353) op Efoa — Lop. 
We have thus only to verify this last formula. But 
osEfoalts) = Efoa(Sats), 
that is, 
o3Efea(ts) = 0, if 
= foa(Sats), if Size Ko, 
= 0, if — Ko. 
On the other hand, 


Eopfoalls) =0, 
Eo foa(ts) = foa(ts) = foa(Sets), if Kt, 
Eosfoalts) = 0, if se — Ko. 


If #5 or C*, then, respectively, 
Sipe Ko, 
Therefore for 
ise Ko, 
we have 
opEf oats) = Eas foalts); 
whence follows (4.353) and so (4.352), (4.351) and (4.35). 
From (4.35) and (3.41) follows 
4.32. The operator VE determines through the homomorphisms ¢. the homo- 
morphism of the group By into the group B,*". 


If u’ is an element of the group Bj, then take any element uj, of the bundle 
u’ and any cycle f% contained in the homologic class of u’. The element 1/** 
of the group B+! containing the cycle VEfz is contained in the bundle vt’, 
which is by definition the element ¢(u") of the group B;*". 

4.4. The homomorphism ¢ is a mapping of the group Bj on the group 
B;*". In order to prove this it is, on-ground of (3.411), sufficient to show that 


4.41. Whatever be a and v,,*' Bit", there is always a K*>K* and a Bog 
such that 


r @ 
= - 
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Let v*" be given. Take a g,*' e v,*". Since K is simply connected with re- 
spect to the dimensionality r+1, there is always a K* > K* such that 


one ~0 in 
Thus there exists such an fj that 


(4.41) Vis = 
Putting 

@ r+1 r+1 

(4.42) Osha = , 


we have 


(4.43) ge 


If e then 


r, r+1 


VAfa(ls ) = Vfalls ) = 0, 


Afs 
Observing that always EAf, =f;, put 
go = fs — EAf = fo — foe Lop. 
Evidently 
Ves = Vis — VEASs. 
Consequently, in view of (4.41) and (4.42), 
r+1 r 
‘gs ~AEAfs 
i.e. (on ground of (4.43)), 
VEAfge 
If e ug © Bj, then 
r 
= 
and 4.41 is proved. 


4.5. The homomorphism ¢ is an isomorphism. 


Lemma 4.51. If Z,(K*), then there exists such a K® > K* that 


Aosf.~0 


f 
i.e., 
Vall 6 
f 
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In fact, since K is simply-connected with respect to the dimensionality r, 
in some K*> K* there exists such an ¢ K*—C* that 


a r—1 
= Vis - 
Hence 
ar r—1 
Aosfa = AVfs =VAfe 


and Lemma 4.51 is proved. 
For the proof of the assertion 4.5 it is sufficient, in virtue of (3.412), to 


show that if 

(4.52) gu’ = 0 
and 

(4.53) fee & ue eu 
then there exists such a K* > K¢ that 


(4.54) 0 in Ko—C. 


From (4.52) it follows that (4.53) may be from the outset chosen in such 
a way that 
VEfta = Vga fa Lge 
Evidently Ef..—g, is a cycle and hence, in virtue of Lemma 4.51, we may 
choose K* > K¢ such that 
A(opEfea — 098.) ~ 0 


Since 
Aosge = 0, 
AosEfoa ~ 0 


AgsEfoa = = op fous 


so that the assertion 4.5 and with it the whole Theorem 4.41 is completely 
proved. 

4.6. Consider separately the case r =0. Suppose that all K* are connected 
complexes, so that the groups B?(K*) consist only of the corresponding zero 
elements. 

Suppose, further, that all C-=0 and that our system of complexes & is 
simply-connected with respect to the dimensionality 1. 


and since 
. 
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Instead of B?(K) we shall write Bg? and instead of lim [B%2; x3] we shall 


write simply 
The operator VE again correlates to every element fy, © Z), the element 


1 r 1 
= VEfoa eZ. 


Moreover, if fo, then H},. In fact, putting the function f2 on the 
whole K* equal to the constant value of the function ff, on K¢, we obtain on 


ground of 1.81 a cycle f°. Here 


0 0 0 
le Efoa + has 
where 
0 0 a a 0 a 
ha = fa on K — Ko, ha = 0 on Ko. 


Since f° is a cycle, 


0 = Uf. = VEfoa + Vhas 


i.€., 
VEfoa® Ha. 

Thus the operator VE applied to the group Z}., generates a homomorphism $a 
of the group Bx. into the group B},. 

Similarly, as in 4.3 we prove the formula (4.351), where now r=0 and the 
arguments are only simplified by the fact that C*=0; from (4.351) follows 
(4.35), where r=0 and u, denotes an arbitrary element of the group Bi?. Thus 
the operator VE determines through the homomorphisms $, a homomorphism 
of the group BY into the group B}. 

The reasonings of 4.4 remain in force and prove that the homomorphism @ 
is a mapping of the group Bg° on the group B). 

Let us finally prove that ¢ is an isomorphism. From the connectivity of K* 
and from 1.812 follows in the first place: 


Lema. If f° is a cycle, then 
AfatZe 

In order to prove that ¢ is an isomorphism, it is sufficient to prove that 
if u° e BS and, further, 
(4.61) = 0, 
(4.62) Soat® 
then 
(4.63) fou Zou 

From (4.61) it follows that (4.62) may be from the outset so chosen that 


4 
¥ 
Be 
{ 
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VEfoa = Vee; g.eL 


Evidently Ef?,—g® is a cycle and hence, according to the above lemma, 


A(Efoa — 8a) Zoe 
AEfoa 


fou ® 
Thus we have proved 
THEOREM 4.6. If there is given an unbounded partially ordered set of com- 
plexes K* connected and simply-connected with respect to the dimensionality 1 
and their subcomplexes K* satisfying the conditions of 4.1 for C*=0, then the 
groups 
lim [Be'(Ke); x3], lim [Bo(K" — Ke); 
are isomorphic. 
4.7. From Theorem 4.1 follows 
4.71. If C* and Kg have no common elements and each of the groups 
lim x], lim [By —C*); xp], 
lim xs], lim [By (K*); xs] 
contains only the zero element, then the groups 
By” = lim — Ko — 
and 
By = lim [By — Ke); 
are isomorphic. 


In fact, in our case KZ —C*=K% and both groups B;*' and are iso- 
morphic to the group 
lim [By(Ko); 
4.8. Remark. In what follows we often will have to do with unbounded 
partially ordered sets R of complexes K* with given subcomplexes C*c K-, 


and of simplicial mappings S® of K* into K* (“projections”), defined for every 
K*> K+. These projections will satisfy the conditions 1° and 2° of §4.1, with 


1941] eee 71 
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respect to C* and the condition 3°, so that there is a direct spectrum 
[Bo(K" — C*); x], 
being the homomorphism of Bj(K*—C*) into — C*), generated by 
Under these circumstances the limit-group 
By = lim [By(K* — C*); x3] 
can be defined in a particularly simple way. In fact, we shall consider the 
set Z’ of elements of all groups Z5(K*—C*), i.e., 


= C2) 
and call Z"(K*—C*) and Z"(K*® —C*) equivalent if a K7, 
K’ > Ky > Ké 


and projections Sz, Sj of respectively K7 and K* into K* can be found in such 
a way that 


ar Br 
in K —C, 


o*, 08 being the homomorphisms of Z"(K*—(C*) and Z"(K®—C*) in Z"(K7—C*) 
generated by SZ and Sj respectively. Thus Z’ is divided into classes or bundles 
of equivalent cycles and these bundles form a group, which, by definition, 
is the group By; the addition in By is defined in the following way: {j and & 
being two bundles, we take an z, © (| and a 2’ © & and call {+3 the bundle 
containing 2,+22’. It is an easy task to show that this definition of 


lim [By(K* — C*); xa] 
agees with the definition given in §3.2. 


5. COVERINGS 


5.1. In the present paragraph R denotes one and the same infinite set. 

An indexed subset e; is by definition a pair consisting of a certain subset | e;| 
of the set R and a natural number 7. Two indexed subsets e; and e; are consid- 
ered to be equal if the sets |e;| and |e;| are identical and the indices i and j 


are equal. 
By a covering of a set we understand such a finite system of indexed subsets 


(5.1) Q = {e,---,e} 
that 
le|u---ule|/=R 


A covering © is called simple if the identity |e;| =|e;| is realized only in 
the case of equality i=j, i.e., only in the case of equality e;=e;. Since in the 


[January 
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case of a simple covering the indexed sets e; correspond to the sets | es| in one- 
to-one manner, we may not distinguish between the first and the latter and 
consider the sets | e;| themselves to be the elements of the simple covering. 

The nerve of the covering Q= {e1, tee, e.} is the complex K with the 
vertices the vertices 


form a simplex of the complex K when and only when 


If a covering is denoted by the letter 2 with some indices, then we shall 
denote its nerve by the letter K with the same indices. For instance, the nerve 
of the covering {* shall be denoted by K-*, the nerve of the covering Q@* by 


etc. 
5.2. DEFINITION 5.21. A covering 
Q 


ts called a subdivision of the covering 


= fer}, 
if each of the | &| is contained in at least one of the | &| . 


DEFINITION 5.22. A covering OF follows after the covering Q+, 
> O-, 
tf OF is a subdivision of the covering Q*, but Qe is not a subdivision of the cover- 
ing 
This definition of “follows” turns the set of all coverings Q of a set R into 
a partially ordered set W%. Every part ¥ of the partially ordered set W is called 


a system of coverings of the set R. 
From Definition 5.22 follows 


5.221. If and is a subdivision of OF, then if OF is a sub- 
division of and Y, then Oe. 


For the nerves of the coverings we put K*>K-, if 2’>Qz-. 
Let a covering «= {ef} and its subdivision 0 = {#} be given. To each 
& we correlate some definite ef under the only condition that 


| ei] |e]. 


Such a mapping of the covering 0% into the covering {* and also the corre- 
sponding simplicial mapping of the complex K® into the complex K* shall be 


Sp, 
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called a protection and denoted by S& or, if no misunderstandings are to be 
feared, simply by S. 

5.3. Suppose that a certain system € of subsets of the set R called special 
subsets is singled out. We suppose that the system of special subsets satisfies 
the following condition: 


5.31. If E is a special subset and E'>E, then E’ is also a special subset. 


The element eéf of the covering Q* is called special, if | ef | is a special sub- 


set. 
Special elements of the covering {* define a certain subcomplex C* of the 


complex K* called the special subcomplex of the complex K-. 
From the condition 5.31 follows 


5.32. For any protection S8 of the covering QF into the covering Q* we have 
SEC8C Ce, 
Let Sand § be two projections of the covering 0% into the covering 0. If 
ts = (Cig, €;,) 
is any simplex from K*, then the vertices 


Sej, Se ; 5e;,, 5é;, 


define a simplex ¢. in K* having among its faces Sts as well as 5tg; if, moreover, 


ts e C®, then ¢, « C*. Hence all projections of the covering 2 into the covering 
Q« define one and the same homomorphism é of the group Bj(K* mod C*) 
into the group BX(K* mod C*) and one and the same homomorphism 7% of 
the group By(K*—C*) into the group By(K*—C*). 

If the system of coverings % is unbounded, then we obtain the inverse 
and the direct spectra 


mod C*); a2],  [BX(K" —C*); xs], 


the limit groups of which we denote respectively by Bj(¥, €) and By(B, Cf). 
From the investigations of Steenrod(*) it follows that the groups Bi(%, ©) 
and By(%, €) are dual to each other. 

5.4. Consider some covering, which we shall denote by 


Q° = {ein}; 


by , ea, are denoted all elements of the covering for which 
| =| | xn, , namely | =e;. The sets e; form a simple cover- 
ing denoted also by | 

To every element ey of the covering 2@* there corresponds an element e; of 
the covering 2 and this correspondence establishes a simplicial mapping D®* 
of the complex K@* into the complex K*, under which the special complex 
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C*\c K** is transformed into the special complex C*¢ K*. The simplicial 
mapping generates a homomorphism of the group B,(K** mod C*) 
into the group B,(K* mod C*) and a homomorphism o% of the group 
into the group By(K**— C=). 

5.41. The homomorphisms p® and o%, are isomorphic mappings of, corre- 
spondingly, mod C**) on Bi(K* mod C*) and of BY(K*—C*) on 
By(K=* — C=). 

For the proof observe in the first place that the subcomplex K™' of the 
complex K@* consisting of all simplexes of K** whose vertices have the form ej: 
is isomorphic to the complex K*. In virtue of this isomorphism between K**! 
and K* to the simplicial mapping D2 of the complex K@* on the complex K 
there corresponds a simplicial mapping D&., of the complex K** on K™' cor- 
relating to the vertex ey the vertex e; and, consequently, leaving all vertices 
and all simplexes of the complex K**! c K=* fixed. 

An arbitrary simplex 


tan = (Cigkgr » Cigk,) 


of the complex K™ and its image under the mapping D&,, 


are faces of a simplex 


(we write Ao instead of h;,, - - - , 4, instead of h;,) belonging to the complex K** 
and, moreover, if t., ¢ C**, then T., ¢ C**. Hence it follows that for 


fone Z,(K™ mod C”) 
we have 


~ fx modulo C™ 


i.e., for every homologic class 


fon By(K™ mod c”) 
we have 


ad r 
ad 
On the other hand every homologic class 
fore mod C™’) 
is contained in a uniquely determined homologic class 


tia © Ba(K” mod C”). 


in 
’ 
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It remains to show that the homologic class {%, contains only one homo- 
logic class (%;, i.e., that from 


mod C™), Ha(K™ mod 
follows 
(5.41) fare Hs(K™ mod C™). 
Since under our assumptions 
fons = 
we have 
faa = = = 


so that the inclusion (5.41) is proved. 

Thus p%” is an isomorphic mapping of the group Bi(K** mod C#*) on 
Bi(K* mod C*), consequently o%, is an isomorphic mapping of the group 
BY(K*—C*) on BY(K** —C). 

5.5. Let there be given coverings OF, connected by the rela- 
tions 


Then also 2>Q« and, moreover, if S& is a projection of 0 into 0, then 
we have a completely determined projection S$ defined by the formula 


(5.51) Shey = en = Da 

Denoting by p%, p§", 0%, of, the isomorphisms (defined in 5.4) generated 
by the mappings D2 and D§*, we see that apf" and p2 aft is one and the same 
homomorphism of the group Bj(K** mod C*) into the group By(K* mod C*) 
and, consequently, of,7§ and 2g.0%, express one and the same homomor- 
phism of the group B}(K*—C*) into the group By(K*— C*). Hence 


ah B a,e 
Tau = 


or, denoting by ¢@, gf the isomorphic mappings respectively inverse to the 
isomorphisms o%, and 


5.6. Suppose now that we have an unbounded system &% of coverings Q=* 
of the set R. Let the system 


|B] = 
where Q« =| | be also unbounded. Under these conditions we have 


| 
4 
i 
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5.61. The groups 
©) = lim [BY(K” — C”); xs], 
By(|B|, ©) = lim [By(K* — C*); x] 
are isomorphic. 


In fact, in virtue of (5.52) the conditions of 3.61 are satisfied. 

Let us establish an important particular case of 5.61. 

Let A be any subset of the set R. Suppose that, the condition 5.31 being 
satisfied, some subsets of the set A are singled out as special. Denote the sys- 
tem of special subsets of the set A by G. 

Let there be given an unbounded system &% of coverings {* of the set R. 
We construct for each 0« = { &} a covering A 2 of the set A in the following 
manner. The elements of the covering A 9 are the indexed sets 


(A n| e | dis 
which we shall simply denoted by Aé. 


If put A 28 >A The obtained system of coverings A we shall 


denote by A&. 

The system | consists of all simple coverings Qe| , where | A Q-| 
may be defined as the simple covering consisting of all non-void sets repre- 
sentable in the form A | where ef Q. 

From what has been proved above follows 


5.611. If for an unbounded system of coverings V of the set R and for a sub- 
set ACR the system | AS| is also unbounded, then the groups BY(AV, &) and 


| Go) are isomorphic. 
6. COVERINGS OF TOPOLOGICAL SPACES 


6.1. A covering of a topological space is called open if it is composed of 
open sets, and closed if it is composed of closed sets. 


6.11. Every two open (closed) coverings Q* and Y of a topological space R 
have a common simple subdivision Q. 


It is sufficient to take for the elements of the covering 7 the sets 
|ef| where ef e fe 


6.121. Let 


= {e}, ¢=1,2,-++, Sey 


be an open covering of a T;-space R. If at least one of the sets & contains more 
than one point, then there exists an open covering 0 = {&} following Q-, 


a, 


17 
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In fact, let, for instance, ef contain at least two points a and a’. Put 


8 a 
é; =e; — a for iS 


=e, — a for i=s.+1. 

The so-defined covering 0 = {e?}, i=1, 2,---, sa+1, is evidently a sub- 
division of the covering 2*. But {¢ is not a subdivision of 9%, since ef is not 
contained in any of the sets &. 


6.122. Let R be a T;-space consisting of an infinite number of points. Then 
every closed covering 
(6.1) = {e}, i= 1,2,---, Se, 
of R possesses a subdivision YY, containing an element with an infinite number of 


points not belonging to any other element of the covering YF. 


In fact, let us delete from (6.1) one after another all elements, all points 
of which with the possible exception of a finite number of them are contained 
in the sum of the following elements of the covering 2*. At every such deletion 
we lose not more than a finite number of points of the space R. Hence, if R 
consists of an infinite number of points, we shall at last reach such a first ele- 
ment e; that the set O; =e;—(e@i41 U - - - U @,,) contains infinitely many points. 
If at the preceding deletion we lost the finite set of points p1, --~- , Ps, then 


is the required subdivision of the covering 2. 


6.123. Let R be a T2-space consisting of an infinite number of points. For 
every closed covering 


(6.2) = #=1,2,---, Say 


of the space R there is a covering 


= 


following after Qe. 
In fact, we may suppose that {* satisfies the conditions of 6.122 and that, 
for instance, 


a a 
O=-a- VU 


contains infinitely many points. Take two points a and a’ of the set O; and 
choose such a neighbourhood O, of the point a that 


0. cO; — a’, 


% 
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Since O,; is an open set, such a neighbourhood may be found. Put now 


if S Sa, 
i= s+ 1. 


The covering = {é}, t#=1, 2,---, Sa+1, is the required covering. 
From what has been proved above follows 


6.12. The system of all open coverings of every T,-space consisting of an 
infinite number of points and the system of all closed coverings of every T2-space 
consisting of an infinite number of points are unbounded systems of coverings. 


6.2. From now on and until the end of the present paper we shall suppose, 
if the contrary is not explicitly stated, that R is a normal space consisting 
of an infinite number of points. By a covering of the space R we shall always 
mean an open covering. The system of all open coverings of the space R we 
shall denote by ©. 

By A we always denote a closed set lying in the space R. A itself is a nor- 
mal space, which, in general, cannot be asserted with respect to R—A. 

In every covering 2= {e:}, +=1,2,---, 5s, of the space R we distinguish: 

1°. Elements of the first kind, i.e., elements meeting A ; we denote them by 
°° * Cp. 
2°. Elements of the second kind, €p11, , not meeting A. 

The elements of the second kind are subdivided into boundary elements: 


** Ces 
satisfying the condition A % 2;#0,i=p+1,---, q, and inner elements: 
Certs Cor 

for which 2;¢ R—A,i=q+1,---,5. 

DEFINITION 6.21. A covering 

Q = {e;}, i= 1,2,---,5, 

of the space R is called regular with respect to A, if it satisfies the following con- 
wa i covering Q contains no boundary elements of second kind. 

2°. If for some elements of the first kind e;,, - +: , &:, we have 


Ane,n--- ne, =0, 


then 


Observe that from these conditions follows 
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3°. If for any elements ¢;,, - - - , €:, of the covering Q we have 
Ane,n---ne, =0, 
then 
Anég,n---né =0. 
6.22. Every covering 
= fe}, i=1,2,--- 
of the space R has a subdivision regular with respect to A. 
Proof. Consider the open covering 
(6.21) AQ = {Aex, , Aes] 
of the set A. Since A is a normal space, there exists a closed covering 
(6.22) 


of the set A similar to it and inscribed into (6.21). About the system of closed 
sets (6.22) we circumscribe a system of sets 


(6.23) Oa, --- , Oa, 
open in R and similar to it such that for j7=1, 2,-+-,p 


(6.24) a;¢Oa;Ce;. 
For each a; take a neighbourhood O’a; such that 
(6.25) O’a;cOa; 


and put 


(6.26) e; = O'a;, 


Take further a neighbourhood O’’A of the set A such that 


B 
O"Ac e i 


and denote the non-void sets among the e¢*—O”A by &, j=p+1, ---, Sp. 
These last exhaust all elements of the second kind of the covering 


= j =1,2,---+, Ss, 


and all these elements are evidently inner elements. 
Thus the covering satisfies the first condition of regularity with respect 


to A. 
Let us prove that the second condition of regularity is also satisfied. Sup- 


b 
& uary 
» Say 
a 
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pose that for certain elements of the first kind, which we shall for simplicity’s 
sake denote by &, - - - , &, we have 


Anen..- 

and, consequently, also 
Aen tee nAe = 0. 

Since a; ¢ Aé, we have also a, 9 - - - Ma,=0 and, consequently also 
Oa, n---nOa, = 0. 


And moreover 
O’a,n---nO’a, = 0, 


m---n = 0. 

Since 0 is by very construction a subdivision of 2%, (6.22) is proved. 

6.3. Consider in any covering * of the space R the set of elements of the 
first kind and of boundary elements of the second kind. These elements con- 
sidered as vertices of the nerve K* of the covering 9* define in K* a sub- 
complex Kt. By Kg we as always understand the nerve of the covering A 2 
considered as a subcomplex of the complex K*. Evidently we always have 
Kg ¢ KY. 

6.31. If a covering Q* is regular with respect to A, then K{ = Kg. 


In fact, from the first condition of regularity it follows that the complexes 
KY and K¢ have the same vertices, while from the second condition it follows 
that every simplex of KY is at the same time a simplex of Ko. 

At every projection of the covering 0 into the covering Q« the complex K% 
is obviously transformed into Kf; hence we may speak of the spectrum 


(6.31) [By(K* — Ki —C*); xs], 


where, as always, C* denotes the special subcomplex of the complex K~*. 

The elements of the spectrum (6.31) corresponding to coverings Q* regu- 
lar with respect to A form in virtue of 6.22 a cofinal part of this spectrum. 
Hence, having in view 6.31, we obtain 


6.32. The groups 


lim [By(K* — Ko — xa], 
lim [By(K* — Ki — C’); xs] 


are isomorphic. 
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7. BETTI GROUPS OF TOPOLOGICAL SPACES 
(FIRST DEFINITION) 


7.1. Let R be a normal space consisting of an infinite number of points. 
Let O= { 0*} be the system of all open coverings of the space R. By K* we 
always denote the nerve of the covering 0-. 


DEFINITION 7.11. The group(*) 
(7.1) lim [By(K*); xe], 


where ng is a projection of the group By(K*) into the group By(K*), generated by 
any projection of the covering ( into the covering Q* will be denoted by BR). 


7.2. Let G be a topological space consisting of an infinite number of points 
and homeomorphic to an open set of a certain normal space (in particular, 
for G may be taken any normal space). By a special subset of the space G we 
shall mean any set ECG whose closure in G is not bicompact. The system € 
of special subsets of the space G obviously satisfies the condition 5.31: any 
set E ¢G containing a special subset is itself special. By © = { 2*} we denote 
the system of all open coverings of the space G. Special elements of the cover- 
ing +, i.e., elements ef, for which | | is a special subset, determine the spe- 
cial subcomplex C* of the complex K*: the complex C* ¢ K* consists of sim- 
plexes of the complex K-*, all vertices of which are special elements of 2. 


DEFINITION 7.2. The group(*) 
(7.2) lim — C*); mp], 


where 1 is a projection of the group BY(K*—C*) inte By(K*®—C*), generated 
by any projection of the covering OF into the covering Q* is called the r-dimensional 
(inner) Betti V-group of the space G and is denoted by BY(G). 


7.3. The field of coefficients forming the foundation of the above defini- 
tions is, as always in the Y-theory, supposed to be a discrete commutative 
group X. If & is the bicompact group dual to X and 


B,(K*) = mod = B,(K* mod C’, 2), 
then the limit groups 


B3(R) = lim [By(K*); 


B,(R) = lim [Bi(K* mod 


(where a is the homomorphism of the group B,(K®) into B,(K*), respectively 
of the group B4(K* mod C*) into Bj(K* mod C*), generated by the projection 


(*) See 4.8. 


4 
i 
; 
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of K® into K*) are dual to, respectively, the groups By(R) and By(R); the 
group B4(R) is called the r-dimensional (inner) Betti A-group of the space R. 

Remark. The simple coverings obviously form a cofinal part of the system 
of all coverings. In the definitions just given we may therefore always assume 
that all coverings are simple. 


7.4. THEOREM 7.41. Let each of the groups B5(R) and By"(R) consist of the 


zero element only. Let A be a closed set of the space R. Then 8,(A) is isomorphic 
to the groups ; 


lim [By (K“ — Ko]; lim [By — xs], 


where the complexes Kg and KY are defined as in 6.3. ; 
Proof. In the first place, for € =0 in virtue of 6.32 the groups 


lim [BY — Ko); xs], lim [BY (K“ — xs] 
are isomorphic, and hence it is sufficient to show that $5(A) is isomorphic 


to the group 
lim — x3]. 


But in virtue of Theorem 4.1 this last group is isomorphic to the group 
y(AD). Thus, everything is reduced to the proof of the following 


7.411. The group is isomorphic to the group BU(AD). 


We begin the proof of Lemma 7.411 with the consideration of the case 
when A consists of a finite number of points. 

Consider coverings 2* of the space R satisfying the following conditions: 

1°. The covering 0 is a simple covering. 

2°. Every element of 2* contains not more than one point of A. 

3°. Two different elements of Q* containing points of A do not meet (in 
particular, no two elements of 2* contain one and the same point of A). 

It is easily seen that every covering of R has a subdivision satisfying the 
conditions 1°-3°, so that the system % of coverings satisfying these conditions 
forms a cofinal part of the system © of all coverings Q*. But if Q* satisfies the 
conditions 1°-3°, then A Q« has for its elements the points of A themselves, 
and the nerve K¢ of the covering A Q* is a zero-dimensional complex which 
may be identified with the same finite set A. Hence Bj(K>) = By(A); in the 


spectrum 

[Bo(Ko); xe] 
the projections 7g are identical mappings of Bj(A) onto itself and, conse- 
quently, the group Bj(AD), being isomorphic to Bj(A%), is also isomorphic 
to BUA). 
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Let now A be infinite. For ©) =0 in virtue of 5.611 the groups B5(AD) and 
(| AQ|) are isomorphic. Hence it is sufficient to show 


7.42. The group is isomorphic to the group By (| AQ| ). 


This proposition follows in its turn from 


7.43. The system of all simple coverings of the space A coincides with the 
system | AQD|. 


To prove 7.43 it is sufficient to show that every simple open covering 
= {a;}, t=1,2,---,5, 


of the set A is an element of the system | AO]. To this end choose for every 
a; Q4 a set e; open in R such that a;=A  e;. The sets e; in their sum form a 
certain neighbourhood OA of the set A. Choose a neighbourhood O’A such 
that O’A COA and put 


= R- OA. 


Denoting by Qe O the covering {e;}, i=1, 2, - - - , s, of the space R, we evi- 
dently have 
=| AQ, 
which proves 7.43 and, consequently, 7.42 and 7.41. 
7.5. Let now R be a locally bicompact normal space, A an infinite closed 
subset of the space R. Special subsets of the set R (in particular, of the set A) 
shall be as above sets, the closures of which are not bicompact. Let 


(7.51) Q= fer, ee} 
be a covering of R. An element e; © Q we shall for a moment call unregular 
if 2; is not bicompact and A " é; is bicompact and non-void. 

7.51. Every covering (7.51) has a subdivision not containing any unregular 
element. 

For the proof it is sufficient to construct for every covering Q containing 
unregular elements such a subdivision 2, that the number of unregular ele- 
ments in 9; should be by unity less than the number of unregular elements 


in 2. 

Let e; be an unregular element of the covering 2. Since A ® e, is bicompact, 
we may, using the local bicompactness of R, construct such a neighbourhood 
Uy of A %e, that Up is bicompact. The bicompact set UJ» may be again en- 
closed into a neighbourhood U; with a bicompact closure. Put 


éu = 4 éi2 = — Us, = 12, 


Since é, and éy are regular, 2, is the required subdivision. 


j 
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7.52. Let there be given a covering Q of the space R. As usual denote by K 
the nerve of the covering Q, by Ko the nerve of the covering AQ, and by C and Cy 
special subcomplexes of the complexes K and Ko. If the covering Q does not con- 
tain unregular elements, then Co=Ky © C. 


In fact, from 7.51 it follows that the complexes Cy) and Ky % C have the 
same vertices, which correspond in one-to-one manner to special elements of 
the covering 2 meeting A. Since in Cy as well as in Ky % C the vertices 
determine a simplex, if 


Aneg,n---ne, <0, 


7.52 is proved. 


DEFINITION 7.53. A locally bicompact space R is said to be simply connected 
with respect to the dimensionality r, if the group By(R) consists of the zero element 
only. 


THEOREM 7.54. Let R be a locally bicompact normal space simply connected 
with respect to the dimensionalities r and r+-1. Let A be a closed set of the space R. 
Then the group BY(A) is isomorphic to the groups 


lim [By'(K“— Ke —C*); xe], lim [By — Ki — CC’); xp]. 


Proof. Let first A consist of an infinite number of points. In virtue of 7.43 
the group Bj(A) is isomorphic to the group By(| AD| , &) (where © denotes 
the system of special subsets of the set A) and, consequently, on ground of 
5.611, to the group 


By(AD, Go) = lim [Bo(Ko — Co); me]. 
On ground of 7.51 and 7.52 for the cofinal part of the spectrum 
[Bo(Ke — Co); ms] 
(corresponding to the coverings {2* not containing unregular elements) 
Ko = Ko 


so that lim [Bj(K¢—C3); 1g] and consequently also Bj(A) are isomorphic to 
lim [Bj(K¢—C*); xg]. But this last group is isomorphic in virtue of Theorem 
4.1 to the group 


lim [By(K*— Ko — xa] 
and, consequently, on ground of 6.32, also to the group 


lim [By(K* — Ki — xa], 
q.e.d. 
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Let now A be finite. Then C)=0 and, by Lemma 7.411, 
By(A) = By(A) = By(AO). 
For coverings 2* not containing unregular elements we have 


so that the group B5(A) is isomorphic to the group 


lim [By(Ko — xe]. 


The rest of the proof is the same as in the case of an infinite A. 


7.6. THEOREM 7.6. Let R be a connected bicompact space simply-connected 
with respect to the dimensionality 1. For any closed set ACR the group BY(A) 
is isomorphic to the groups 

lim [By(K" — Ks); xs], lim [By(K* — K1); a9]. 

For the proof observe in the first place that from the connectivity of R 
follows the connectivity of all complexes K*. Noting this, we construct the 
proof of Theorem 7.6 precisely on the same lines as the proof of Theorem 7.54 
with the only deviation that instead of taking reference to Theorem 4.1 we 
now apply Theorem 4.6. 


8. THE DUALITY LAW OF KOLMOGOROFF 


8.1. By the duality law of Kolmogoroff we mean the set of the two follow- 
ing theorems, the proof of which is the object of the present section. 


THEOREM 8.11. Let r be a natural number, R a locally bicompact normal 
space simply connected with respect to the dimensionalities r and r+1. For any 
closed set ACR the groups By(A) and Brt'(R—A) are isomorphic. 


THEOREM 8.12. Let R be a connected bicompact normal space simply con- 
nected with respect to the dimensionality 1. For any closed set A the groups 
BY (A) and BY(R—A) are isomorphic. 


8.2. Put G=R—A. We begin the proof of Theorems 8.11 and 8.12 by the 
consideration of the trivial case when G consists of a finite number of points. 
As regards Theorem 8.12 in this case, from the connectivity of R it follows 
that the number of (necessarily isolated) points, of which G consists, cannot 
exceed 1, so that we have either the case when G consists of one point and A 
is void, or the case when G is void and A = R. Since in both these cases Theo- 
rem 8.12 is true, it is proved for a finite G. 

Let us prove Theorem 8.11 under. the assumption of a finite G. In this 
case By''(G) =0. But for r>0 the abstraction from the space R of a finite 


if 
% 
> 
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number of isolated points does not, as may be easily seen, affect Bi(R), so 
that the group By(A) =By(R—G) is isomorphic to the group By(R), which, 
by our assumptions, consists of the zero element only and hence is isomorphic 
to By(G). Thus for a finite G Theorem 8.11 is also true. 

Let now G consist of an infinite number of points. In virtue of Theorems 
7.54 and 7.6 for the proof of Theorems 8.11 and 8.12 it is sufficient to prove 
the following proposition: 


8.21. For any natural number r and any locally bicompact normal space R 
the groups BY(G) and lim [By(K*—Ki—C*); xg] are isomorphic. 


8.3. The proof of 8.2. 
DEFINITION 8.31. Let 
= {e1, ep, Ce} 


be a covering of the space R. Denote by oq the sum of all those sets é;, which are 
bicompact and lie in G. The covering Q is called regular with respect to G, if it 
satisfies the following two conditions: 

1°. No element of the first kind of the covering Q meets oo. 

2°. The elements of the second kind of the covering Q form a covering of the 
space G, which we denote by GQ: 


GQ = { e}. 
8.32. Every covering 
has a subdivision regular with respect to G. 
Proof. Denote all non-void sets of the form G N e; by 


they form a covering I of the set G. Denote by ¢r the sum of those among the 
the sets 2;¢G which are bicompact. After this consider the sets e;—@r, 
a=1,2,---, p, and denote them by 


€1,°** Cp’ 


The covering 


Q' = fei, ++, gat 


of the space R is a subdivision of the covering ©. Since ¢r =¢q’, 2’ is regular 
with respect to G. 


8.33. For every covering 
r= gn} 


88 PAUL ALEXANDROFF [January 


of the set G there is a covering Q of the space R regular with respect to G and such 
that 
GQ =TP. 
In fact, denote by ¢y the sum of those of the sets 2; which are bicompact 
and lie in G. The covering © consisting of all elements of I and of the set 


R-—®r is the required covering. 
Remark. Among the elements of the second kind of the covering Q (regular 


with respect to G) those and only those are special elements of the covering 
GQ which satisfy at least one of the following two conditions: 

1°. They are special elements in 2. 

2°. Their closure meets A. 

8.4. Consider the system Dg of all coverings 


= {ee}, 
of the set G. Denote by 
Q” = fer} u {gs}, #=1,2,---, pa, k= 


every regular with respect to G covering of the space R having I" for the set 
of its elements of the second kind, i.e., satisfying the condition 
= 


For convenience we shall sometimes write instead of gf also é*, where 
i=patk. The nerves of 2** and we denote respectively by K* and 
the special subcomplexes of K** and K* we denote respectively by C** and C=. 
By K? we denote, as usual, the subcomplex of K** determined by those ver- 


tices K® for which 
ad 
Ané #0. 


Let us prove the identity 


Let te K*—C*. The vertices of ¢ are some elements of the second kind 
K* suppose they are gf, g3, --- , We have 


gin--- ng, #0. 


Since ¢ ¢ C*, among these gf there is at least one, which is not a special element 
of the covering I’, i.e., has a bicompact closure lying in G; consequently ¢ can 
belong neither to Kj nor to C™, and so t e K**—K7*—C**. Conversely, if 


ad 


tek” ~ we 
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then among the vertices of ¢ there is at least one belonging neither to K> nor 
to C*, i.e., representing a certain ef* with a bicompact closure lying in G. 
In virtue of the regularity of 2** with respect to G all remaining vertices of ¢ 
are elements of the second kind of the covering (", i.e., elements of I'*, so 
that ¢ e K*. Since among the vertices of ¢ at least one has a bicompact closure 
in G, t ¢ C*, and, consequently, ¢ 

Since K« from 8.41 follows 


(8.42) uc” 


(which, by the way, follows also from the remark made at the end of 8.3). 

From (8.41) and (8.42) it follows that the groups L'(K*—C*) and 
L'(K**\—K2—C®) are isomorphic: a quite definite isomorphism between 
these groups is obtained if to every function ft e L"(K** —K?—C*) is corre- 
lated the function Gf" L"(K*—C*), where 


= fr(t) on all K+. 
It is easily seen that the isomorphism G is commutative with the opera- 
tor V: 
(8.43) VGfr (rt) = 


In fact, for any simplex #"+! « K* we have 


= = fe) = we, 


Gyf (i) = vir). 


From (8.43) it follows that the isomorphism G between the groups 
L'(K**—K?—C**) and L"(K*—C*) generates an isomorphic mapping $** 
of the group on the group By(K*—C*). 


8.5. LEMMA 8.5. Any two coverings 
= {eS }ufg}, = 
regular with respect to G have such a common subdivision 
a” = {gn} 


regular with respect to G that every element of the second kind gi, of the covering Q” 
4s contained in at least one element of the second kind of each of the coverings Q** 
and (fe, 


In fact, let 
2 = gat 
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be any common subdivision of the coverings 2°* and 9 regular with respect 
to G. Denote all non-void sets of the form gz n gf n g, thus: 


7 


£1, Sr, 
Since 
a 
Ug = Ugi = Ug, =G, 
we have also g?,=G. Denote by ¢, the sum of all bicompact g7 ¢ G and put 


= — by, #=1,2,---,p. 


For the covering 


7 


” 


not only Uigasag,=G, but also $o”=¢,; so that 2” is regular with respect 
to G. Besides, for every gi, there are gf, g’ and g, such that 


a 
gm = ge Vg, gy, 
and consequently 
7 a 
§m Sk» gm c £1. 


The limit group of the spectrum 


(8.51) — Kr’ -—C”); 
will not be changed if in this spectrum we retain only elements corresponding 
to coverings Q2@* regular with respect to G and put 24> only if 2% fol- 
lows after 2** and every element of the second kind of 2* is contained in 
some element of the second kind of Q@°. 

Thus, if — C%) > in the spectrum (8.51), 
then 


—C’) > By(K* —C’) 
in the spectrum 


(8.52) — C*); ms]. 


Let us, finally, prove that 

Bu ad @ ah 
(8.53) 8 = Mar 
for any element u of the group Bj(K**—Ky*—C). To this end denote by 
S& some projection of 2* into Q@* transforming every element of the second 
kind of 2 into an element of the second kind of 2%. Such a projection S& 
generates a projection S% of the covering I’ into the covering I. 
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We denote the homomorphisms of the groups L"(K**—K?—C) into 
L'(K* — — C) and L"(K*—C*) into L"(K®—C*) generated by the pro- 
jections S& and Sf respectively by og. and 0%. 

For the proof of (8.53) it is sufficient to show that for any element 
fae and any simplex c K* we have 


(8.54) Gos far(ts) = 09 Gfa(ts). 


The last assertion follows from 
ay 


= = far(Sents), 


if we take into account that for # e K® 


Sits = Seat. 


Thus the spectra (8.51) and (8.52) satisfy all conditions of 3.61 and there- 
fore their limit groups 
lim [B\(K™ — Ki’ —C”); xm], lim [By(K* — x5] 
are isomorphic. This proves 8.2 and, consequently, also the duality law of 
Kolmogoroff. 


9. THE SECOND DEFINITION OF BETTI GROUPS 


9.1. Let © be the system of all simple (open) coverings 2* of a space R. 
As always, denote by K* the nerve of the covering 2¢= { e#}. Special elements 
of the covering Q* we call those sets ef, the closure of which is not bicompact. 
The nerve of the aggregate of all special elements of the covering 2* we denote 
by C* and call it the special subcomplex of K-. 

The barycentric subdivision of the complex K* shall be denoted by K'*, 
the barycentric subdivision of the complex C*—by C*. 

The vertices of the complex K'* are expressions of the form 


a a 


(all ef, entering into e{* are different). An aggregate of certain vertices of the 
complex K'* defines a simplex of this complex if and only if for any two 
vertices 


(9.111) Ci = Cig 

(9.112) 

of this aggregate all factors in one of the two expressions (9.111) and (9.112), 
for instance, all factors é,, - - - , é, entering into the expression (9.112), enter 
also in the other expression, i.e., into (9.111). 


la a a 
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It is easily seen that the vertex 


la a a 


of the complex K'* belongs to the complex C'* (is a special vertex of K'*) 
if and only if all elements é,, - - - , ef are special elements. We introduce yet 
the following notation. For any vertex e*=¢,--- ef e K'* denote by 


9.11. Every projection S& of the complex K* into K« generates a simplicial 
mapping Si\® of the complex K** into the camplex K**; moreover, we have 


We obtain this mapping correlating to the centre of gravity of any simplex 
tg © K® the centre of gravity of its image S%, and observing that S8C* ¢ C. 


9.2. DEFINITION 9.20. A covering Q¢ is called multiplicative if the intersec- 
tion of any number of elements of Q* is either void or an element of Q+. 

9.21. Every covering Q* has a subdivision Q°, which is a multiplicative cover- 
ing. 

For 0 it is sufficient to take the covering consisting of all elements of 2 
and of all non-void sets, which are intersections of several elements of 0. 


DEFINITION 9.22. By a barycentric subdivision of the covering Q* we mean 
a complex K**, whose vertices are elements e{ of the covering Q* and whose 
simplexes are decreasing sequences 


a a a 


of elements of the covering Q-. 


The complex K** is evidently a subcomplex of the complex K*. Put 
C2« = K*« 9 C*; we call C** the special subcomplex of the complex K?*. 

Let us come to an agreement, which will enable us to consider K?* also 
as a subcomplex of the complex K'*. To this end observe in the first place the 
following: if for the vertices of the complex K' 


le a a la a a 
Ce = * * Cj = * Cie 


we have | e;*| =| ¢}*|, then, obviously, for e{* consisting of all different factors 
entering into e* or into e}* we shall have 


Jer | =| 


Therefore, among all expressions 
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la a a 
Co = * 


with one and the same set | ej | we shall have one longest, i.e., one consisting 
of the maximum number of factors. Correlating to every vertex e%* of the com- 
plex K*« the longest expression e}* satisfying the condition | e/*| =e?" and ob- 
serving that from ¢* > ¢* follows that all factors of ¢}* are contained among 
the factors of e/*, we obtain an isomorphic mapping of the complex K7* into 
the complex K}*. If we now identify ¢* with e/*, then we can consider K?* as a 
subcomplex of the complex K'+. 

On the other hand, correlating to every vertex e/* of the complex K'* the 
vertex |e{*| of the complex K**, we obtain a simplicial mapping Si of the 
complex K!* on K?*, which, /£ K?* is considered as a subcomplex of the com- 
plex K+, leaves all simplexes of the complex K?* fixed. Besides, S32(C!«) ¢ C?« 
and hence: 


9.23. The mapping Si of the complex K*« on the complex K*« generates an 
isomorphic mapping pir of the group BY(K'«* mod C'*) on the group 
By(K2* mod C?#) and an isomorphic mapping o% of the group B,(K**—C?*) 
on the group BY(K'*—C"'*). 


Correlating to every vertex 


one of the vertices of its bearer in the complex K* (i.e., one of the e,), we ob- 
tain a simplicial mapping S* of the complex K'« on the complex K* generat- 
ing, as we know, an isomorphic mapping p3* of the group B,(K'* mod C'!*) 
on the group B,(K* mod C*) and, consequently, an isomorphic mapping of, 
of the group B4(K*—C*) on the group By(K'!*—C'*). 

9.3. Let there be given two multiplicative coverings 2* and 2 of the 
space R, of which 28 follows after Q«. Construct the projection S% of the cov- 
ering 0 into the covering 2 in the following way: for every & e 2° we take 
for S$ the smallest e containing &,i.e., the intersection of all ef containing 
the given é. The so-constructed projection is called the canonical projection 
of the covering 0° into the multiplicative covering 2-. 


9.31. Under the canonical projection S$ of the multiplicative covering Q° into 
the multiplicative covering 0° the complex K** c K* is mapped into K** c K* so 
that C?* is mapped into C*. 


The second assertion follows from the first, since C?*=K?* 
= K28 and eC. 

For the proof of the first assertion of 9.31 it is sufficient to show 

9.311. If S& is a canonical projection of 2° into Q« and if >, then 
SE > 82. 
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In fact, 
8 68 8B 8 
eye Srey 
Since S#é is the smallest element of the covering 2* containing &, 
68 
Shes = Salis 


i.e., 


Solin 
q.e.d. 


Thus every canonical projection S® generates a homomorphic mapping 
of the group mod C?*) into the group mod C**) and a 
homomorphic mapping m3 of the group By(K**—C**) into the group 
BY(K** — C*). 

On ground of 9.11 we know, moreover, that S® generates through the sim- 
plicial mapping S*! a homomorphic mapping Gf} of the group mod 
into the group By,(K'* mod C'*) and a homomorphic mapping 7%; of the 
group C'*) into the group 

Let us now prove the formulae 


18 la.—1 18 
9.321 @1a = Pa 
(9.32) ) be) 18. 


(9.322) = 


B a.—l 
9.331 = 
(9.33) ) avers) 


(9.332) = (18) 
On ground of Theorem III (see the Addendum) it is sufficient to prove the 
formulae (9.32) which may be written in the form 


(9.341) pa Gia = Sapp 
18 
(9.342) = 


(9.34) { 


Observe that the homomorphism p!*a}8 is generated by the simplicial 
mapping S!*S¥8 of the complex K' into the complex K*; in the same way the 
homomorphism ap} is generated by the simplicial mapping SES)’ of the com- 
plex K'* into the complex K*. Hence for the proof of (9.341) it is sufficient 
to show the truth of the following assertion: 


9.32. For any simplex ty © K'* the simplexes Si*Siftig and S¢Sj°tis are faces 
of a certain simplex T, © K%; moreover, if tig © C'*, we may take T, © C*. 


In the same way (9.342) follows from 


9.33. For any simplex tig e the simplexes and S# Sifts are faces 
of a certain simplex T,, © K*; moreover, if tig © C'*, we may take T, & C*. 
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Proof. Let 
(9.35) hsp = eo. ese er; 
where g=q(u) depends on 


(9.36) Soe = 


(9.37) Sid, = |, 


so that 
(9.38) >| 6. |. 


If then C* and & C*. 
Let 
If e¥ C'*, then & 
Since 


a2 > |e |, 


we have 
la 16 18 18 
Sa > | Cn 
whence 


B 
> |e | #0, 
OSusr 


i.e., all SESje¥ and Si*Sifel* are vertices of a certain simplex T, ¢ K*. If all 
© then both and Si Sigel’ are vertices of and hence T, C*. 


The assertion 9.32 is thus proved. 
The assertion 9.33 is proved in the same way. In fact, in the first place we 


have 
28 


Swen =| | =e, =a >| |, 
Thus 
(9.391) > |e |. 
Let 


Again for we have C's, 


95 
18 B 8 
Cy = * 
a la la a 
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(9.392) > |e |, 

and if C'*, then C**. 
From the inclusions (9.391) and (9.392) we easily deduce (9.33). 
From the formulae (9.32) and (9.33) follow 


~17 ~ 28 _27 
(9.393) = @1a, = Bea, 


18 la la 2a 
(9.394) = Ty; = Tey. 


Thus we have the inverse and the direct spectra: 
[Bi(K"* mod [BA(K™“ mod 
r a a a r a a 2a 
mis], — was], 
the limit groups of which are, on the basis of 3.41 and the formulae (9.32), 
(9.33), isomorphic to the groups B4(R) and B5(R) respectively. 
9.4. On the basis of what has been proved we may now formulate the 


following new definition of the (inner) Betti groups of a space R. 
Consider the system © of all finite simple multiplicative coverings 


= {e}, #=1,2,--++, Say 


of the space R, whose elements are open sets. Consider the functions 


Ja Salligs €i,) 
with values from a given commutative group J defined for all possible de- 
creasing sequences 


a a a 
Ci, 9 Ci, eee > 


consisting of r+1 elements of the covering 2°. By assumption fz(éef,, - - - , ef) 
may be different from zero only when the sequence 


is strictly decreasing (i.e., when for x=0, 1, -- - ,7—1). The functions 
f. form the group L'(Qz¢, J). The boundary operators are defined thus: 


The lower: 

(where the summation is extended over all ef for which there exists such an ef, 
that ef_, > ef > ef). 

The upper: 
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(Remark. It is easily seen that applying the operators A and V to functions 
satisfying the condition to which the functions f; were just subjected, we ob- 
tain functions satisfying the same condition (i.e., vanishing for all sequences 
&,> -:* 2e containing equal elements). This assertion is obvious for the 
operator A. Let us prove it for the operator V. If in the sequence e,> -- - >ef,, 
there is more than one pair of coinciding elements, then in each of the se- 
quences --- Def, there is at least one pair of co- 
inciding elements; but then the left-hand side, and consequently the right- 
hand side of the equality (9.4) vanishes. If, on the other hand, in the sequence 
there is only one pair of coinciding elements, say 


ei, 
then on the right-hand side of the equality (9.4) only two terms can be differ- 
ent from zero, namely 


but these terms differ only in the sign and their sum is zero, so that again both 
sides of the equality (9.4) vanish.) 

Let, as always, X and & be two groups dual to each other, of which X 
is discrete and Z bicompact. In the group L’(Q*, =) we consider the following 
subgroups: The subgroup of relative cycles Z,(Q*, Z) consisting of all functions 
fz satisfying the following condition: if --- and --- , 0, 
then é is not bicompact. In the group Z4(2*, =) we consider the subgroup 
Hx(Q+, 2) of relative cycles homologous to zero: by definition Hx(Q*, =) con- 
sists of functions f{ satisfying the following condition: there exists such a 
function fz*' e L'+4(Q*, Z) that the function Af{t'—fZ vanishes for all 
> 2ef with bicompact 

In the group L’(Q*, X) we consider the subgroup Lj(Q*, X) consisting of 
all functions f; satisfying the following condition: if 


and é@ is not bicompact, then 


Further we consider the group Z;(Q*, X) of all Y-cycles contained in 
X), i.e., of all functions e X) satisfying the condition Vf; =0. 
In the group Z,(Q*, X) we consider in its turn the subgroup H7(Q*, X) of 
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cycles homologous to zero, i.e., the subgroup consisting of functions ff for 
which there exist such functions f7~' e X) that =fz. 

(Remark. In the case of a bicompact R all these definitions may be simpli- 
fied: Z,(Q2, Z) becomes the group of all cycles, i.e., functions ff e L*(Q*, Z) 
satisfying the condition Af; =0; Hi(Q*, X) becomes the subgroup of all cycles 
homologous to zero, i.e., the subgroup of those functions f7 e L*(Q*, Z) for 
which there exist with the group Lj(Q*, X) coincides with 
L'(Q2, X); the group Z7( 22, X) is the group of all V-cycles, i.e., of all functions 
fi with Vfi=0; HZ(Q*, X) is the group of all V-cycles homologous to zero, 
i.e., of those functions for which there exist f7~* with Af.~* 

The factor groups 


J) = Z4(2", J) — Ha(2", J), 
By(2", J) = J) — J) 


are called, respectively, the Betts A- and Y-groups of the covering Q*. 

For a bicompact R and r =0 we define, besides, the groups Z,°(Q*, J) and 
Z%(Q2, J). The group Z%(Q22, J) is the group of all functions f%, the sum of 
values of which is equal to zero; the group Zy’(Q*, J) is the group of all con- 
stant functions (observe that the group Z}(Q*, J) is the group of all functions 
constant on every component of the covering 0°). 

The groups BY(Q, J) and BY(Q, J) we define by the equalities 


Bs (Q", J) = J) — HA(a", J), 
By (Q", J) = Z,(0", J) — J). 


If the covering 2° is a subdivision of the covering 2*, then we make corre- 
spond to every element of the covering 2° the smallest element of the cover- 
ing Q* containing it. The so-obtained mappings of the covering 0 into the 
covering 2 we denote by S® and call them canonical projections. To a decreas- 
ing sequence of elements of the covering 2° under a canonical projection cor- 
responds a decreasing sequence of elements of the covering 2* and we have 
the following homomorphisms: 

1°. The homomorphic mapping pf of the group L’(28, Z) into the group 
L’(Qe¢, Z) defined by the formula 

8 


where the sum is extended over all &,> --- >& such that She =e. 
2°. The homomorphic mapping o§ of the group L’(Q*, X) into the group 
L( 08, X) defined by the formula 


asr,8 8 r 8 88 


The homomorphisms pf and preserve respectively the lower and the 


1941] COMBINATORIAL TOPOLOGY 99 


upper boundary operators and generate, correspondingly, the homomorphism 
& of the group By(2%, 2) into the group Bi(Q*, Z) and the homomorphism 
mg of the group X) into the group X). 

If & is, as always, a bicompact topological group, then the groups 
Bi(Q*, 2) are also bicompact and we have the inverse spectrum 


=); oa] 
with a bicompact limit group Bj(R, =) called the r-dimensional A-group of 


the space R to the field of coefficients &. 
Let X be a discrete group; the limit group of the direct spectrum("*) 


[By(a", X); xs] 


is called the r-dimensional Y-group of the space R to the field of coefficients X 
and is denoted by BY(R, X). 


9.41. If X and & are dual groups and X is discrete and = bicompact, then 
the groups BY(R, X) and Bi(R, 2) are also dual. 


9.42. In the case of a normal R the just-defined Betti groups remain the same 
up to an isomorphism, if instead of the system of all open coverings of the space R 
we consider the system of all closed coverings. 


The proposition 9.41 follows from Theorem 6.1 of Steenrod’s paper cited 
in footnote 4. 

The proposition 9.42 may be deduced by the following considerations. The 
equivalence of the two definitions of Betti groups, namely of the definition 
given in the present paragraph and the definition given in §7, is proved in 
the case of open coverings precisely in the same way as in the case of closed 
coverings; indeed, in the present paragraph we made nowhere use of the fact 
that the coverings Q* consist of open sets. But as regards the equivalence of 
the definition given in §7 with the analogous definition based on closed cover- 
ings, it was proved by Cech(’). 

Remark. If the multiplicative coverings 27, 2°, Q« follow one after an- 
other, 


a> 


and Sj, S%, Sy denote the corresponding canonical projections, then the equal- 
ity 

(9.4) SS; = Sz 
may not be true in spite of the fact that (9.393) and (9.394) always hold. 


7 


(*) Here again the definition of the limit-group can be given in a simplified form analogous 
to that of 4.8, 
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However, it may be easily shown that the equality (9.4) always holds, if 2° 
is a so-called exact subdivision of Q* and 7 is an exact subdivision of 0°. 
We say that a subdivision 2 of the covering {* is an exact subdivision if 
it satisfies the following condition: for any ef e 2+, & & 0, the set ef 9 & is an 
element of the covering 02°. 

In the first place it is easy to prove that if 27 is an exact subdivision of 28 
and 2 is an exact subdivision of 27, then 27 is an exact subdivision of Q-. 
In fact, let ef e Q* and ef e€ QY be chosen arbitrarily. Take any é > ej. Then 


a a 8 7 B 
ene, =e, = enne, = ex. 


For the proof of the equality (9.4) in the case of exact subdivisions consider 
some ej ¢ 27 and put 


17 8 8 a a 
= Cj, Ste, = Salk = 


Evidently ef ¢ ef and hence it is sufficient to show that ef ce;. To this end 
consider the set ef 9 ef. Since 0 is an exact subdivision of 27, we have 


3 6 6 
e;n = ee 
and (since = ej ¢ ef) 


8 8 8 
e;ne; = 


6 8 


On the other hand 
8 8 a 8 a 6 
= e;ne,ce;ne; = e;; 


hence 
8 8 a 
ej; = e:Ce&, 
and consequently ef ¢ &, q.e.d. 
Observe that any two multiplicative coverings 2* and Q2* have a common 
exact subdivision 27. In fact, it is sufficient to take for 27 the covering con- 
sisting of all sets of the form ef 9 &, where ef € Qe and Fe OW. 


10. THE CONNECTIVITY RING 


10.1. The definition of the Betti groups given in the preceding paragraph 
enables us to transfer to these groups the operation of multiplication defined 
by Alexander(*). The advantage of the so-obtained theory in comparison with 
Alexander's theory consists in the independence of our constructions from any 
arbitrary ordering of the vertices. 
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Let then be given a commutative ring J (the ring of coefficients), a multi- 
plicative covering 


Q = {fe}, $= 1,2,---,5, 


of the space R and two functions f?(e;,, - - - , e;,) and f%(e;,, - - - , satisfying 
the conditions of 9.4. Construct the function f?+¢= [ f-f¢] putting for any 
decreasing sequence 


Dein, 
of p+q+1 elements of the covering 2 


In the same way as Alexander we deduce by means of simple computation 
that this multiplication is associative and distributive with respect to addition 
and that it possesses the following fundamental property: 


10.11. V[fe-fe] = 
From 10.11 immediately follows 
10.12. The product of two cycles is a cycle. 


10.13. The product of any cycle with a cycle homologous to zero is equai to 
zero. 


Hence in its turn it follows that the operation of multiplication of func- 
tions generates the operation of multiplication of elements of Betti groups: 
if 2? e J), BY(Q, J), then by [z?-2*] we denote the class of 
homologies e B»+#(Q, J) containing the cycle = [f?-f«], where f? and f¢ 
are arbitrary cycles belonging respectively to the homological classes 2” and z¢. 

10.2. Let now be given two elements of the groups B(R, J) and BE(R, J), 
i.e., two bundles u? and wu? of the spectra 


[By(2", J); xs], [Bo(a", J); xe]. 


Choose in every bundle an element, u2 © u’,u‘ eu‘ (with the same a in both 
cases) and denote by [u?-u*] the bundle ut? e B2**(R, J) containing the 
element [u2- uf]. 

Let us prove that the so-defined product [u”-u*] does not depend on the 
choice of the elements u2 © u? and uf € u*. To this end we prove in the first 
place 

10.21. If 2°>Q* and of is a mapping of the group L"(Q*) into the group 
L*(Q*) generated by some projection S® of the covering Q° into the covering 2+, 
then 


os [fa-fal = [osfa-osfal- 
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In fact, 


= 
From 10.21 follows immediately 
10.22. [u2- uf] = agus 


Let now beside u2 ¢ u? and uf e u* be chosen ug e u?, ug e u*. We shall prove 
that [u2-uf] and [uZ-ug] belong to one and the same bundle. 
From our assumptions follows the existence of such a covering Q7 that 
27> QY> 08 and 
ap Bp Ba 
= Tyta = 
Hence, on ground of 10.22, 


whence indeed it follows that [u2-u£] and [ug-u$] belong to one and the same 
bundle. 


DEFINITION 10.23. The direct sum of the groups BY(R, J), r=0, 1, 2, - 
is denoted by BY(R, J) and is called the complete Betti V-group of the space R. 


From what has been proved it follows that the established operation of 
multiplication of elements of the group By(R, J) transforms this group into a 
commutative ring. This ring is called the connectivity ring of the space R. 


ADDENDUM. ON CERTAIN PROPOSITIONS OF THE THEORY OF GROUPS 


1. The theory of characters of commutative groups is taken for granted 


in the present paper. 

If of two groups X and &, of which X is discrete and & is bicompact, one 
is the group of characters of the other, then the groups X and & are called 
dual or conjugated. For any x e X, © Z we have in this case that 


&(x) = x(€) 


is en element of the group x denoted by x =xé. The group of characters of a 


group G we denote by aG. 
2. Let there be given two groups A* and A® both discrete and both bi- 


compact; their groups of characters we denote by X* and X*. Let there be 
given a homomorphic mapping ¢f of the group A® into the group A*. To 
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every element x, © X* we correlate in the following manner an element 
xp=fgx. of the group X*: by definition, the character xs e X*® of the group 
A® maps every element age A* on the element x.¢£as of the group x. In 
other words, the character xs=fgx. of the group A® is determined by the 
equation 


(1) fo = 


The mapping ¢f of the group A® into the group A* and the mapping fy 
of the group X* into the group X®° are called conjugated mappings. The rela- 
tion of conjugateness of two mappings is a symmetrical relation. 


THEOREM I. Let there be given two isomorphic groups A* and A®; denote 
by $8 any isomorphic mapping of A* on A*. Then the homomorphism ff con- 
jugated to the isomorphism ¢8 is an isomorphic mapping of the group X*=xA* 
on the group = 

Proof. The mapping ff is defined by the formula (1); in order to prove 
that ff is an isomorphic mapping it is sufficient to show that for x, © X%, 
we have also i.e., that at least for one ag A® 


fatads 0. 


Since x.0, there exists such an a, © A* that x,a,0. Since ¢f is an isomor- 
phism, there exists such an ag~0 (and, moreover, a unique one) that ¢£as = az. 
Then 


fe = Labads = Xela ~ 0, 


and our assertion is proved. ; 

Thus ff is an isomorphism. Let us prove that fg maps X* on X*. Let there 
be given xg e X*, x30. We have to find an x, ¢ X* such that for any age A® 
fe = = 

Since ¢f is an isomorphism on A®, for every a. € A® there exists a unique 
ag © A* such that ¢£as=a.. Putting 


Lala = Xpdg, 


we determine the required x,. 
Theorem I is thus proved. 


THEOREM II. Let there be given two groups A* and A® respectively dual to the 
groups X* and X®, an isomorphism ¢8 of the group A® on A* and the isomor- 
phism $5 of the group A* on A® dual to the isomorphism 8: 


$s = ($e) 
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Denote by fz and f® the isomorphisms conjugated to the isomorphisms ¢f and $5. 
Then 
fe = (fe): 
Proof. The isomorphisms fs and f° are determined by the equations 
Let 
= = ($a) Ga, = 


For any a, € A“ and any xge fgx. © X* we have 


a a 8 
= Xpbsda = = = = Xela, 


(fs) = (fe) = tale, 


a. —1 
(fs) XpGa, 
q.e.d. 
THEOREM III. Let the groups 

X*, T¥ 
be dual respectively to the groups 

A*, A, Ala, A’, 
Let there be given isomorphic mappings pi* and pj’ of A‘« and A‘ on A* 
and A® respectively. The conjugated isomorphisms we denote by o%,, and ofg. Let 
there be given, besides, homomorphic mappings Gf and a8 correspondingly of 
A® into A« and A‘ into and the conjugated homomorphisms and 


Let it be known that 


_1 la,-1_8 18 
(2) Pla = (Pa WaPp - 


Then 
a .-l 


le 8B 
= 


Proof. For the proof it suffices to show that 


@.-l 


18% (C14) 


satisfies the functional equation 


la _ 
WipXiadig = VaWialig 
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determining 7%, i.e., it is sufficient to prove that for any x:2 and aig we have 


8B a,a,.—l 
(3) 018% (01a) = 
Let us prove this. To this end, replacing (o%,)—'x1. by x2 and @/8 by its 
expression (2), we write (3) in the form 
B a la,—1_8 18 
(4) = XialPa) 1p. 
But (pi“)-! and (o%,)—! are conjugated isomorphisms and hence 
la, —1 
= Xi1a(Pa Ga. 
Thus 
la,—1 a.-l 
X1a(Pa ) ae = (1a) = 


Substituting this into (4), we obtain as the equality to be proved the fol- 
lowing: 


(5) O1g%p Xalig = XaWaPs 


But 
a a x’ 
= Tela = 
and a3, and p,’ are conjugated isomorphisms. Therefore the left-hand side of 
the equality (5) may be transformed to the form 
8B 
= XaWapp 218, 


i.e., may be brought to coincidence with the right-hand side of the same equal- 
ity. The equality (5) and Theorem III are thus proved. 


Moscow, U.S.S.R. 


= 
} 


PRODUCTS OF NORMAL SEMI-FIELDS 


BY 
ALBERT NEUHAUS 


1. Introduction. The normal rings considered by Teichmiiller(*) are a gen- 
eralization of normal fields. They are commutative semi-simple algebras with 
a group of automorphisms whose order is the order of the algebra. Since they 
are direct sums of isomorphic fields, Albert(*) called these normal rings semi- 
fields. In case the group is cyclic he called them cyclic semi-fields. 

Albert considered the direct product of two cyclic semi-fields 3 and 9) of 
order over the reference field. If [G] and [H] are the defining cyclic auto- 
morphism groups of 3 and ¥) respectively he defined the sub-algebra Q; of all 
quantities of 3X9) unaltered by [GH*], for any integer k, and proved 


8XY=3X BW. 


These factorizations of 3 XJ) may be thought of as being determined by the 
factorizations 


iG] x = x [4] 
of the group [G] x [H]. 


In the present discussion we shall consider normal semi-fields S with an 
arbitrary group @. We shall show that we can obtain other direct factoriza- 
tions of © XX with group @ X @* if G contains a normal divisor M, such that 
G/N is equivalent to a subgroup $+ of the centrum of @*, the group of T. 
We shall generalize Albert’s cyclic systems to normal systems (©, @). Then 
we shall see that the set 2 of all normal systems with group © with the prop- 


erty 
G/N = H. 


(_ a subgroup of the centrum of @) is closed under multiplication, and that 
this multiplication is associative if © is the direct product of M and §,. Finally 
> is an abelian group if © is abelian. 

Furthermore as in the case of cyclic systems we shall consider crossed 
products of normal systems with their groups, and shall derive a connection 
between the properties of direct products of two such crossed products and 
the corresponding properties of normal systems. 

Presented to the Society, September 8, 1939; received by the editors April 15, 1940. The 
author wishes to take this opportunity to express his gratitude to Professor A. A. Albert for 
his helpful criticism and guidance during the writing of this paper. 

(*) Deutsche Mathematik, vol. 1 (1936), pp. 92-102, 192-238. 

(?) Albert, A. A., Annals of Mathematics, (2), vol. 39 (1938), pp. 669-682, and Structure 
of Algebras, American Mathematical Society Colloquium Publications, vol. 24, 1939. 
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2. Normal semi-fields. A separable semi-field S of order m over the refer- 
ence field & is known(?) to be the direct sum of ¢ separable, isomorphic fields 
O, of degree s over &, that is, 


(st = n). 
We make the 


DEFINITION. Let © be a separable semi-field of order n over R and let 
@G=(Gi, Ge, ---, Ga) be a group of automorphisms of S. Then we call S a 
normal semi-field with automorphism group © if Sg=(e%, - - , e%) over 
Q for a field 2 over R and pairwise orthogonal idempotents e%>. 


This is exactly the definition of a normal ring as given by Teichmiiller(*). 
Diagonal algebras are trivially normal semi-fields and normal fields also are 
normal semi-fields. 

A normal semi-field S with group @ is G-irreducible(*), for the diagonal 
algebra Gg is irreducible since @ is transitive with respect to the e%. From 
Albert’s lemma(*) it follows that 6 =O X€ with € =(e*, e%,---, e%) fora 
set of g, of G. Teichmiiller proved(®) that © is a normal field over R, whose 
automorphism group is the subgroup § of © which leaves the elements of € 
unaltered. 

We prove a result which, for the case where © is a field, is a part of the 
well-known fundamental theorem of the Galois theory(°). 


THEOREM 1. To every normal divisor N of G corresponds a normal sub- 
, semi-field S(N) of S consisting of all elements of S unaltered by the automor- 
phisms of N, and having G/N as a group. The order of S(N) is the order of G/N. 


For ©(®) is a sub-algebra of a commutative semi-simple algebra and is 
therefore also commutative and semi-simple, hence S(J) is a semi-field. The 
group @/X is a group of automorphisms of S(J) since all elements of a coset 
of MR induce the same automorphism in @(). It is normal since the scalar 
extension ©(J)e is the diagonal sub-algebra of Gg unaltered by MN and 
S(N)e has --- +e%)™ (u=1,---, 7), as a basis, with 

Teichmiiller proved this theorem in a different, more difficult way(’). 

The converse, that to every normal semi-field of order j of S corresponds 
a normal divisor of order 4 of G, does not hold in general as the following ex- 
ample shows. Let © be diagonal with G, the non-abelian group of order six, 
as an automorphism group. Then © consists of the elements 7, s, ¢, t?, st, st? 


(*) Deuring, M., Algebren, 1935, p. 96. 

(*) Albert, A. A., Structure of Algebras, p. 78. 

(®) Teichmiiller, p. 98. 

(*) Albert, A. A., Modern Higher Algebra, 1937, p. 174. 
(7) Teichmiiller, p. 203. 
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where i is the identity, s and ¢ of orders two and three respectively, and 
ts =st®?. Then © has a normal basis e’, e*, e', e*” of orthogonal idempo- 
tents. The diagonal algebra T with (e‘+e*), (e'+e**), (e+e**’) as basis is a 
normal sub-semi-field with (i, ¢, #?) as automorphism group. But @ does not 
have a normal divisor of order two. 


THEOREM 2. If @ is the direct product of two subgroups N, H, then S ts the 
direct product of their corresponding normal sub-semi-fields. 


For, if ©6=NXH the N and §H are normal divisors of G. If n, i, j are the 
orders of G, MN, H respectively, then n=ij7. Now G(MN) has order j, S(H) 
order i, hence S(M)S(H) has order less than n if and only if S(N) and S(H) 
have elements other than those of the reference field R in common. But such 
elements are elements of © unaltered by all automorphisms of J and §, hence 
of G, and they lie in R; S(N)S(H) has order n and is equal to S(N) KX S(H) 
= 6, 

3. Factorizations of direct products of groups. As we indicated in the in- 
troduction, Albert considered direct factorizations of direct products of cyclic 
semi-fields determined by factorizations of the direct products of their groups. 
In our later considerations of the direct products we shall generalize the cyclic 
case by considering subsets of direct products of normal semi-fields unaltered 
by a subgroup Gp» of GX @*, the direct product of their groups such that 
@ X G* = G, X G*. Before doing so we wish to know about the possibility of 
such factorizations of the direct products of two groups. The required result 
is given by 


THEOREM 3. Let @ and @* be any two finite groups. Then there exist fac- ; 
torizations © X G* = Go X G* for a subgroup Gox G of G X G* if and only if there 
exists a normal divisor N of © such that G/N is equivalent to a subgroup HF of 
the centrum of ©*. The group Go is equivalent to G and is contained in ©H+. 


For, since Go is a subgroup of GX @* its elements must be products of 
elements in @ with elements in @*, 


go = gh* (go in Go, g in G, h* in @*); 


on the other hand every element go must be commutative with every ele- 
ment g* of 


8" 80 = 
and 
gtgh* = gh*g*. 
Since the elements of @ are commutative with those of @*, we have 


gg*h* = gh*g*, 
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hence 
gth* = h*g* for every g* of G*. 
It follows that h* is in the centrum of G*. 

Let g, (v=1, 2, -- - , m) be the elements of G, and c,* be elements of the 
centrum of @*. Then we know that every go of Gp» is uniquely expressible as 
the product of an element g of @ and an element c* of the centrum of @*, 
so that 

So = = 
It follows that Go is equivalent to G under the correspondence go«+g. Since Go 
is a group, we have then 
Soho = = (gh)o = (gh)chn. 
This holds if and only if c,*cf =c},. Now it follows that there must exist a 
homomorphism 
Hence these c,* must form a group §* which, since the c,* are in the centrum 
of @*, is a subgroup of this centrum. Thus © is homomorphic to a subgroup 
$+ of the centrum of G*. Consequently(*), there exists a normal divisor N 
of G, such that G/N is equivalent to H*%, G/N&HF. 

Conversely, if G has a normal divisor Jt such that G/N is equivalent to a 
subgroup of the centrum of @*, that is, if - - - and 
$2 = - - - , c#), there is a one-one correspondence g¥t<+c;* and hence a 
homomorphism between @ and that is, if R=(m,---, ij=m, 
n,g,—c,*. We define 

Lore = Mr (v=1,---,i;u=1,---, 9). 
These go form a group @o. For, since Jt is a normal divisor of the group @ 
we have 

gn’ = Zoho = = nn" ghe 
and 
nn''gh > 
But G/M is a group and there exists in Jt an element m’ such that 
ngn'h = mg (the unity of @), 


= = hei = ho. 


The elements of Go are commutative with the elements of G*, and Gp» and @* 


(8) van der Waerden, B. L. Moderne Algebra, vol. 1, 1930, p. 35. 
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have only the unity element in common, hence 
X G* = G X G* 


and This proves our theorem. 
4. Direct products. In our discussion of direct products of normal semi- 


fields we shall use 


THEOREM 4. A normal semi-field S with group ©=(G,; u=1,---, ) has 
a normal basis 
S = (u%, 
over R. 


For 6=9 X€ with Q a normal field of degree s over R and € a diagonal 
algebra of order ¢ over &, st =n. It is well-known(*) that © has a normal basis 


with £ in O and the h, the elements of the automorphism group § of OQ. On 


the other hand § is the subgroup of © whose elements leave the elements of € 
unaltered as we noted in §2. There we saw that € has a basis 


of orthogonal idempotents, with e in € and the g, a set of ¢ elements of G. 
Hence the elements e%#£ (u=1, --- ,t;v=1,---,s5) of S forma basis of S. 

Define u=e"&", Then for any element G, of © the quantity u%« is a cer- 
tain in By taking all different G of we get all elements 
Thus u=e"£™" and its conjugates form a normal basis of S. 

We now let §¥=@XT where S and TF are normal semi-fields of order m 
and n, and with groups @ and @* respectively, and prove 


THEOREM 5. The direct product ¥=©@ XT is a normal semi-field of order mn 
with group © X 

For, since S and & are normal semi-fields there exist two fields 2’ and 2’’ 
over &, such that Sp = (e%, e%,---, e%) and Tp =(f%, f%, ---, f%) over 
2’ and 2’’ respectively. Let 2 be a composite of 2’ and %’’ over R. Then since 
contains 2’ and a field equivalent to 2’’ we have 

Sg = (e%, e%,---, e%m), (f%, f%, 
G,G* (u=1,---, m; v=1,---, m) are the elements of © X@G* and hence 
¥=GxXT is a normal semi-field with G X G@* as automorphism group. 


Let us now assume that @ has a normal divisor % such that G@/N2H¥F, a 
subgroup of the centrum of @*. We know from Theorem 2 that G©@x@* 


(*) Deuring, M., Mathematische Annalen, vol. 107 (1932), pp. 140-144. 
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=@ XG* where Gp has the structure given in Theérem 2. Since the group 
of is GK G* = X G*, Go is a normal divisor of © X@G*. Hence from 
Theorem 1 it follows that §=@XT contains a normal sub-semi-field BW of 
order » whose elements are unaltered by Go and whose group is G*. We prove 


THEOREM 6. The direct product §=GSXT=SX®B. 


For by Theorem 2 $ is the direct product of $(G*) and $(Go) since 
G X G* = Go X G* and $(G*) =S and $(G_.) = W. We also see that Gp can be 
considered as the group of ©. 

For later use we shall construct a basis of %. Let G=(G,, Ge, - - - , Gm) 
have the normal divisor !t=(m, m2, ---, ms) consisting of i elements of G 
and let G=g:N+g.N+ --- +2M, tj=m, G*=(GF, G#,---, G*) with 
c#,--- , a subgroup of the centrum of G*, and G/N=(giN, 
gM, ---, gMN)LH*. Then every element of @ is of the form n,g, and every 
element of @* is a product of a G* and a c,*. The group Gp consists of elements 
(v=1,---, 4; w=1,---, For brevity we write 
where ng is in gM and c,* is the element of $* corresponding to g¥t. Let u 
and v generate normal bases of S and f respectively. Then the m elements 


. where g runs over a system of representatives of G@/2, form a normal basis 
of % for all G* of G*. For every w™ is unaltered by any Hp =hc;* of Go if w is. 


But 


since gn=n’g and (u™+u™-+ --- +u™%)" =(u™+u"-+ --- +u%). Now gh 
corresponds to ¢,*c;* and c,*cx* gives all j elements of $+ if c,* runs over all j 
elements of $*. Hence 

wee = yw, w® in BW. 


The m elements w™ are linearly independent. For the linear combination 


(2) kow®, ke in &, 


is a linear combination of the mn elements u%v™" in ¥ with the kg as coeffi- 
cients, since these elements form a basis of $, (2) can only be zero if all 
kge=0. Thus the elements w® of are linearly independent and since 
has order m they form a normal basis of W. 

Now G/M and §% are abelian groups. If g¥t«+c,* is an isomorphism be- 
tween G/N and GF, so is gi+>(c,*)* for an arbitrary integer o. For if 


} 
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gNAN = = (c,*cx*)". Each of these isomorphisms 
yields a Go, and a factorization © X G* = Go, X G*. Consequently § =S XT 
=SxX@W., where W, is the normal sub-semi-field $(Go,) and has a basis 
we => for all G* of G*. 

For every S and Tf we shall call the set W_, defined by SXT=SXW_s 
the product of S and Tf. Then we prove 


Lemna 1. The product of S and W_; is 


For @o-1, the group of S, has a normal divisor RN, such that Go1/N 
Go 1 "N+ "N+ - - - and the resulting 
= for all m and g) is equal to since 
= ng(c,*)~*. We shall make the induction part of this result later. 

5. Normal systems. We now make the 


DEFINITION. Let S and GS’ be normal semi-fields of order n with respective 
groups =(G) and =(G’). Then the pairs S, and S’, are called equiva- 
lent, if GW’ and if there exists a simple isomorphism 

ses’ (s in S, s’ in S’) 
of S and S’ such that 
(s0)" = 
for every s of S. . 


If the respective pairs S, G and SG’, G’; T, G* and T’, G*’ are equivalent, 
the pairs XT, GX G* and S’ KT’, G’ G*’ are equivalent. 

The class of all equivalent pairs S, & shall be designated by (©, G) and 
be called a normal system of degree » with group G. Then it follows that 
if (S, G)=(S’, G’) and (I, G*) =(TX’, G*’), the corresponding systems 
(W., G*) and (W/, G*’) of the previous section are equal, if we consider in 
forming W/ the normal divisor 9M’ of G’ which corresponds to N of G in 
the isomorphism 


THEOREM 7. The set = of all normal systems with the same group ©, having 
a normal divisor N such that 


G/N = 
§. a subgroup of the centrum of @, is closed with respect to the operation 
(3) (S, G)(T, G*) = G*) 


and 
(4) (W_,, G*) = (S, G)*(T, G*). 


The system (€, G), € a diagonal algebra, is a left unit in > and every element in 
= has finite order. 
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For, using our hypothesis of @, we can form the product in the given sense, 
and this product is unique if we take a fixed normal divisor N of G. Note that 
while the product (%8_:, G*) is unique there can exist other systems (G’, G) 
such that (S’, G)(X, G*) = (W_s, G*). From the structure of W_, it is obvious 
that the product is not necessarily commutative. 

We have (%_1, G*) =(S, G)(T, G*). Assume (4) to be correct for all 
therefore (W_(-_», G*) =(S, G*). Then (S, G) =(S, G’) 
with @’ =(n,c-“-Y), and the product of S and W_,-_1 is W_, from Lemma 
1, (S, G*) =(W_,, G*) =(S, G)"(T, G*). 

Let (€, G)(S, G*) =(W_s, G*). Then if E=(e%), S=(u"), 


Let e™+ --- +e%=f; then f@ is a set of j orthogonal idempotents. But S, G* 
and %&_,, G* are equivalent. For u®<«+w® gives us this equivalence. Let 


g h 

= L 

=> po) (fo) 
Fe g 

= po 
Pye 


Hence (©, G*) =(¥W_s, G*) and G, G)(S, G*) =(6, G*). 

From (4) we have 

(W_;, @*) GC, @) G*); 

W_; consists of all elements of S XT unaltered by ng(c,*)—‘. But j is the order 
of and (c,*)~/ is the unity of W_;=T, (I, G*) =(S, G)4(T, G*). Hence 
every element has finite order in 2. It does not follow, however, that (©, G) 
is equal to (€, G). For let 2) be a normal semi-field such that 2) =9)($.) XF¥ 
with § a diagonal algebra and 9)(.) an arbitrary normal semi-field with group 
®; then a simple computation shows that (J, G)(X, G*)=(T, G*) for all 
G*) of Z. 

THEOREM 8. ‘The associative law holds in the set = of Theorem 7 if and 


only if 
= 
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For let 
(S) [(S, G)(T, G*) ](M, G**) = G*)(M, G**) = (Wo, G**). 


Then Wp is the normal sub-semi-field of ©XT XR unaltered by the group 
(ng(c,*)-!) X On the other hand 


(6) (S, G) [(T, G*) G**)] = (GS, G) (Wi, G*) = (Wis, G*). 


Yio is the normal sub-semi-field of GXIXR unaltered by the group 
X 

The associative law holds if (Wo, G**) = (Wi, G**), in other words if 
Wo, G** is equivalent to Wio, G**. For this Wp» must be isomorphic to Who. 
Let us consider the special case where ©, T, R are normal fields whose inter- 
sections are R. Then Wo and Wo are normal fields since they are sub-fields of 
the field ©XIXR. Then we have Wp» isomorphic to Who if and only if the 
subgroups of G X G* X G** whose elements leave their elements unaltered are 
conjugate subgroups of @ X G@* X G**('"). But these subgroups are normal di- 
visors of © X G* X G**, hence WoWo if and only if their corresponding groups 
are equal and = Wo. The equality of the groups (mg(c,*)—") X (m*g*(c#*)—*) 
and (ng(c,;**)—') X(m*g*(ch*)—) includes, of course, the equivalence of Wo, 
@** and Wo, G** in general. Thus the associative law holds in = if and only if 


(7) X = (mg(cg*)—) X 
If (7) holds we have g(c,*)—! in the left member of (7) and 
= 


Hence m and n* are the unities of and N* respectively, (ch*)—'=c,**, 
h* =g*-', and g(c,*)-!=gg*-' and consequently 

(8) ce = gt. 

But this means G=aq,N+e2N+ - - - +c,;N. Since the c, are in the centrum of G 
and ij=n, i, j, m the orders of NM, §., @ respectively, it follows(!") that 
G=NX H.. 

Our necessary condition (8) is sufficient. For if (8) holds, Wo in (5) 
is the subset of unaltered by (ncc*-') and Wie 
the subset unaltered by X(n*c*’c**’-!). But 
= ncc**—1n*(c*—1c*’) [c**(c**’)—]; hence the groups are equal and therefore 
(Wo, G**) = (Wio, G**). This proves the theorem. 

As an immediate consequence we have the 


Coroiiary. Let ©6=NXGH.; then (S, G)! ts a left and right unit of (S, G). 


(**) Albert, Modern Higher Algebra, p. 176, Theorem 6. 
(#) Ibid., p. 127. 
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For the associative law holds and 
G) = 6, GB) = C6, BCG, GG, G) = CG, BG, 


In general there does not exist a right unit for all elements in 2. For if 
(B, G@*) were a right unit, (S, G)(V, G*) = (S, G*) for all (S, G), we would 
have in particular (€, G)(V, G*) = (E, G*); but (E, G)(V, G*) = (VB, G*) ; hence 
(€, G*) would be the right unit. Now let S be a field. Then (SG, G)(E, G*) 
=(_1, G*), and if 6=(u%), E=(e*), W_1 =(w™), then 


wre = > + 


and 


=0 


since every e~'e*’~'**=0. Thus Q_, contains divisors of zero and cannot be 
equivalent to the field S; (€, G) is not a right unit—a contradiction. 

Let now © be abelian. Then @ is its own centrum and we can consider the 
factorization 6 XT = S X _, deriving from the isomorphism G@2G*. We do 
this and have 


THEOREM 9. The set = of all normal systems of order n with the same abelian 
group © forms an abelian group with respect to the operation 


6, G)(T, G*) = G*) 
and 
(W_., G*) = G)*(F, G*). 


The identity element in = is the system (€, ©) where E is diagonal and every ele- 
ment of = has finite order. 


We only have to show that the multiplication in 2 is commutative, for all 
the other properties are then immediate consequences of Theorems 7 and 8. 
Let S=(u%), T=(v%). Then W_si=(w®) with and from this 
it follows that (S, G)(T, G*) = (T, G*)(S, G). 

This theorem can also be derived as a consequence of the cyclic case. 

Let now © be cyclic of order . G = [S] has the identity as normal divisor 
and @ = [I] X [S] and we can form products of two normal semi-fields with © 
as group. Albert discusses this case(!*). But in case the order ” of @ is nota 
prime, n =ij, we have a subgroup [5S*] of G, which is, of course, a normal divi- 


(*) Structure of Algebras, 1939. 
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sor of order j of Now = [S‘]+S[S‘]+ - - - +S*[S‘] and G/[S‘]=[S*]. 
Consequently we can consider groups Go, _,, =1, - - - ,4—1, arising from this 
relation. Go,_, consists of elements of the form S*S*S*-i*, It is easily seen 
that Gpo,_. is a cyclic group of order m generated by SS*-‘*. Hence Go,_, is 
the same as the group @},_;. arising from the isomorphism © = G@/ [I]=G*, 
and we do not get any new direct factorizations S XW by considering Go,_.. 

Note that we considered only factorizations 6 XT =©S XW which origi- 
nated by factorizations of the group © X G@* = G, X G*. But there can exist 
different factorizations of 6 XT. Since we are dealing with a generalization 
of the cyclic case, that is, direct factorizations of S XT associated with direct 
factorizations of the group @ X @*, there remains the problem of finding all 
other possible factorizations. 

6. Generalized crossed products. Teichmiiller defined crossed products of 
normal semi-fields with their groups similarly to the definition of crossed pred- 
ucts of normal fields("*). 

Let S be a normal semi-field of order m and @ an automorphism group of 
S. To every two elements G, H of @ there shall correspond an element a¢,xz 
of S such that 


H 
(9) Gr = 


Furthermore, to every_.G of G there corresponds a symbol x¢ satisfying 
(10) = (s in S), 
(11) = 


Then the set 


A = (3, G, a) = Sxe 


is a normal simple algebra of order n? over R(*), and A =(G, G, a) is called 
the crossed product of © with its group @ and factor set a. 
Teichmiiller proved that if 6=O 


(S, G, a) ~ (Q, §, 2@’) 
with § the subgroup of @ belonging to © and a’ the subset of a corresponding 


to pairs of elements of §. Since the crossed product of a normal field with its 
group is a total matric algebra if the factor set a =i, that is, all a¢,7=1, we 


have 
(S, G, i) ~ (Q, H, i) ~ 1. 


It is easily seen that all theorems which hold for factor sets of crossed 


(4) Teichmiiller, p. 93. 
(*) Ibid., p. 96. 
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products of normal fields('*) hold for those of normal semi-fields. In particular 
those about associated factor sets and that (S, G, a) X(S, G, b)~(S, G, ad) 
with the equivalence of algebras, that is, A~S if Y= BX M where M is a total 
matric algebra, and ab is the factor set ceg*,z7r+=d¢,nbx-, r+ hold. 

From a theorem by Teichmiiller(#*) we know that, for two crossed products 
A=(G, G, a) and B=(T, G*, b) of normal semi-fields S and T with their re- 
spective groups & and @*, the direct product J =A XB is a crossed product of 
the normal semi-field 6 XT with its group G X G* and the product ab of the 
factor sets a and ba factor set: 


J=AXB=G6G,G, a) X = © XT, G K G, ad). 


Note that what we have called the factor set ab =d in © XT is that factor 
set consisting of dx,1 =a¢,nbz+,r+ for every K =GE*, L=HF* in © XG*, with 
G, Hin @ and E*, F* in @*. 

Let @ and @* now be as in Theorem 6. Then we know from Lemma 1 
that Y_, is contained in J. Let us consider the possibility of a factorization 
of J as direct product of crossed products of S and Y_,; with their respective 
groups @» and @* with 6 as factor set for W_,, that is, a factorization 


J= A; B, = (S, Go, c) 4 (W_1, G*, b). 


From Teichmiiller’s theorem we know that 


(S, Go, c) Xx (W_1, G*, b) = (S Go > 4 @*, cb) 


(12) = (S X X G*, abd) 
= (S, G, a) X (T, G*, 5). 


THEOREM 10. Let J=(G, G, a)X(X, G*, 5) and G, G* be as in Theo- 
rem 6. Then J has the factorization 


(13) J = (S, Go, c) Xx (W_1, G*, b) 


if and only if 
(a) the factor set b is in T(H*) =T 
(b) there exist n elements rg, in S XT, such that 


(14) in S, 
with 

(16) = (cz), (cg) 
where 


(4) Albert, A. A., Structure of Algebras, chap. 5. 
Teichmiiller, p. 100. 
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Ho 
TG 1H, 


(17) = 


That the factor set b in [ must consist of elements in T  Q_, is trivial since 
its elements must lie in Y_, in order that the crossed product (YW, G*, d) 
has meaning. But %_, consists of all elements of 6 XT unaltered by Go. The 
automorphisms of @» are products of automorphisms of @ with automor- 
phisms of $7. Since the elements of E are unaltered by G, T © W_, consists of 
all elements of T unaltered by $*. 5% is a normal divisor of G@*, and from 


Theorem 1 we have @_, 9 T=T(GF). 

To prove that the conditions for the factor set c are necessary let us assume 
that there exists a factor set c such that (13) holds. Let (S, Go, c) = (u%zy,), 
(S, G, a) =(u%xxz), (X, G*, b) =(v where the u, 2; u, x; v, y; a, b, 
satisfy formulas similar to (9), (10) and (11). Then we have the following 
equations in J 


(18) = WEG, = Zq,W. 
Now an arbitrary element of Go has the form ng(c,*)—' and we write ng(c,*)—! 
= Go; then we have in J 
and hence since v is in ©6X@W_4.=SXf, 
Consequently 
(19) = ro, in S X 
since the only elements of J commutative with all elements of 6 Xf are in 
©xXT. From (19) it follows that 

Now 

= 

= XngV (cg) hy (ch) Hy 

Hence we get (16) 


(3), (eg) 


[January 
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The fraction Rg,,z, designates merely the result of a transformation of the 
basis in J. The c’s form a factor set since we can derive them by a transforma- 
tion of a basis of J. But the sets c and a are in S and we have (14) 


in S for all Go, Ho. 


In addition, since we want to form the direct product (S, Go, c) K (Q_1, G*; d) 
we must have 


(20) = Yala, = XngVicg) = (cg) 


The x and y are commutative and consequently we have (15) 


The conditions are sufficient. For with c as in (16) we have (©, Go, c) 
X (Wu, G*, b) =(SXW_1, GX G*, ch) and cb is a factor set in 
=©XTZ associated with ab and therefore (S, Go, c)XK(Wi, G*, 5) 
=(SX Wi, Go X G*, ch) =(S XTX, GXG*, ab) =(S, G, a) G*, b). This 
proves Theorem 10. 

Note that the factor set c consists of elements which are products of ele- 
ments of a with elements of that part of b which corresponds to pairs of auto- 
morphisms of $+. By a change of the basis of J these products are multiplied 
by Re,,z, such that c isin S. 

In case G@* = R*’ X HF we have T=T(N*’) XX(G*). Then the factor set 
may be such that G*, =(T(N*’), HF, b’) X(XT( HF), N*’, b’’). But if the 
factor set } satisfies the first condition, the b’ are in &, since they are in 
X(N*’) and T(H*) and their intersection is R. This gives 


THEOREM 11. If G=MN*’X HF, G/NLHF is as in Theorem 6, the factor 
set b is in and (X, G*, b) =(I(MN*’), H*, b’) N*’, then 
J = (SG, G, a) X G*, b) = (S, Go, c) X G*, 5) 

with 
= (cg), (cp). 

We can consider the crossed product (©, G, a) as defined by the normal 
system &= (G6, G), if the factor set a is in the intersection of all S in Y. Now 
we know from Theorem 8 that if 6 =(u%, y=1, - - - , m) with group @ having 
normal divisor % such that G©/MLH., a subgroup of the centrum of G, and 
S* =(v%), v=) feu‘), fe a set of j orthogonal idempotents, then the pairs 
S, G and S*, G* are equivalent: An easy computation shows that the inter- 
section S 9 S* is S(G.), the sub-semi-field of S unaltered by §,. Thus it is 
at least necessary that the factor set a is in S(G.). 

It follows that if @ is abelian the intersection of all S in YA must be S(@) 
and is therefore &. 
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In this fashion we write (UY, a) with & a normal system (S, G) andaa 
factor set in the intersection of all S in &. We say for brevity that a is in W. 
Then as a consequence of Theorem 10 we have 


THEOREM 12. Let A and B be normal systems with the same group © having 
the property of Theorem 7. Suppose that a and b are respective factor sets in 


and B such that 
(a) the factor set b is in B and AB, 
(b) there exist n elements rq, in AB, such that 


beg), is in U, 


and 


G 


with the factor set c as in (16). 
Then 


(A, a) X (B, b) = (CA, c) X (AB, 4). 
Coro.iary I. If the factor set b is in the reference field, and 
then (2, a) X(B, b) =(%, c) X(AB, b) with c= 
CGy,Hy = (ca), (egy. 
II. Let 


= 


Then 
(A, a)? = (A, co) X a) 
with c= { 


We now discuss the case where © is abelian. Then we saw that in order to 
form a crossed product of the system & with its group @ the factor set must 
be in R. We then have 


THEOREM 13. Let U and B be abelian systems with group G, a and b two 
factor sets in the reference field, and 


(21) = 
then (A, a) X(B, 6) = (A, K (AB, 


This follows from Theorem 12, for the three conditions are satisfied with 


As a consequence we have 


) 
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THEOREM 14. If YU is an abelian system and 
(22) = 44,6; 
then 
(23) (A, a)? ~ a). 


For from Theorem 14 we have (UH, a)? = (A, aa-") X (A*, a) with a¢,nagn=1 
and hence (4, aa~") is a total matric algebra; this is (23) for ¢o=2. In general 
(23) follows then by repeated use of this argument. 

If the group G of & is abelian and the direct product of not more than two 
cyclic groups we can show that the crossed product (Y, a) is the direct product 
of two cyclic algebras. It is not known whether a similar statement can be 
made for the case where the group of % is the direct product of more than two 
cyclic factors unless (22) holds, and hence that hypothesis seems to be neces- 
sary in order that a result of the type given above may be obtained. 
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THE ACCURACY OF THE GAUSSIAN APPROXIMATION 
TO THE SUM OF INDEPENDENT VARIATES 


BY 
ANDREW C. BERRY 


1. INTRODUCTION 


The sum of finitely many variates possesses, under familiar conditions, an 
almost Gaussian probability distribution. This already much discussed “cen- 
tral limit theorem”(') in the theory of probability is the object of further 
investigation in the present paper. The cases of Liapounoff(?), Lindeberg(*), 
and Feller(*) will be reviewed. Numerical estimates for the degrees of ap- 
proximation attained in these cases will be presented in the three theorems 
of §4. Theorem 3, the arithmetical refinement of the general theorem of Feller, 
constitutes our principal result. As the foregoing implies, we require through- 
out the paper that the given variates be totally independent. And we consider 
only one-dimensional variates. 

The first three sections of the paper are devoted to the preparatory Theo- 
rem 1 in which the variates meet the further condition of possessing finite 
third order absolute moments. Let Xi, Xo, - - - , X, be the given variates. For 
each k (k=1, 2,- m) let and us(X;) denote, respectively, the second 
and third order absolute moments of X;, about its mean (expected) value ax. 
These moments are either both zero or both positive. The former case arises 
only when X; is essentially constant, i.e., differs from its mean value at most 
in cases of total probability zero. To avoid trivialities we suppose that 
Me(Xx) >0 for at least one k (k=1, 2,---, m). The non-negative square root 
of u2(X;) is the standard deviation of X; and will be denoted by o;. We call 


Xx), if ¥ 0, 
0, if po(Xx) = 0, 


the moment-ratio of Xx. If X; is essentially bounded(5) and its bound, meas- 


(1) MX) = { 


Presented to the Society, February 24, 1940; received by the editors May 8, 1940. 
(*) H. Cramér, Random Variables and Probability Distributions (Cambridge Tracts in Math- 
ematics, no. 36), Cambridge University Press, 1937, pp. 56-64. 

(?) A. Liapounoff, Nouvelle forme du théoréme sur la limite de probabilité, Mémoires de 
l’Académie des Sciences de St-Petersbourg, (8), vol. 12 (1901). (Cramér, loc. cit., p. 60.) 

(*) J. W. Lindeberg, Eine neue Herleitung des Exponentialgesetzes in der Wahrscheinlich- 
keitsrechnung, Mathematische Zeitschrift, vol. 15 (1922), pp. 211-225. (Cramér, loc. cit., Theo- 
rem 21.) 

(*) W. Feller, Uber den sentralen Grenzwertsats der Wahrscheinlichkeitsrechnung, Mathe- 
matische Zeitschrift, vol. 40 (1935), pp. 521-559. (Cramér, loc. cit., Theorem 22.) 

(®) The author originally developed the early sections of this paper for the case of bounded 
variates, and is indebted to W. Feller who urged the study, in these sections, of the case of finite 
third order absolute moments. 
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ured from its mean value, is denoted by /(X;), then, as can be verified easily, 
(2) (Xx) S 


We set 
(3) A = max {(X1), MXz)}. 
The familiar inequality(*) that the square root of the second order absolute 


moment cannot exceed the cube root of the thitd order absolute moment 
readily yields the set of estimates: 


(4) on SA, 
Consider, now, the variate sum 
(5) X= Xi+ + Xn. 
It has the mean value 
(6) + an, 
and, in virtue of the independence of the given variates, the standard devia- 
tion 
(7) c= (or +03 + 


The formula which we are going to derive involves the two numbers A 
and o, respectively the maximum moment-ratio of the individual variates and 
the standard deviation of their sum. Our assumption that the variates are not 
all constant implies that these numbers are both positive. We introduce their 
ratio 


(8) e= A/c. 


It is this ratio which serves as a convenient measure of the extent to which the 


sum X fails to be Gaussian. 
The Gaussian (or Laplacean) distribution function 


1 z 
2/2 
(9) G(x) dt, <x< 
characterizes the law of probability obeyed by a normal variate of mean value 
0 and standard deviation 1. For every x, G(x) is the probability that such a 
variate assume a value less than x. A normal variate of mean value a and 
standard deviation ¢ has the distribution function G((x—a)/o). Let the vari- 
ate sum X have the distribution function F(x). The least upper bound, 


(10) M= |F(x) —G((x —)/o)|, 


(*) Hardy-Littlewood-Pélya, Inequalities, Cambridge, 1934, p. 157. 
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of the modulus of the difference between F(x) and the associated normal dis- 
tribution function constitutes a precise measure of the “abnormality” of X. 
A theorem of Liapounoff, about which we shall have more to say in §4, implies 


(11) lim M = 0. 
e0 


Our first goal, an arithmetical refinement of (11), reads: 
THEOREM 1. MS(1.88)e. 


We postpone the proof. The theorem shows that the ratios M/e arising 
from admissible sets of variates constitute a bounded aggregate of real num- 
bers. Let , 


(12) C = sup M/e. 


Then, for each admissible set of variates, it will be true that Ms Ce. In addi- 
tion, corresponding to each positive C’<C there will exist an admissible set 
of variates having M>C’e. By Theorem 1, CS1.88. We shall now prove the 
following 


THEOREM 2. C21/(2m)'”. 


Proof. Let » be an odd positive integer. Let X:, X2,---, X, be totally 
independent but similar. Indeed, let each X, have only the two possible values 
+1 and —1, each with the associated probability 1/2. We see that «=1/n"?. 
The variate sum X has the (n+1) possible values +1, +3,---, +m. Its dis- 
tribution function F(x) is a step-function which is constant in each interval 
free of these possible values. By symmetry, F(x) =1/2 throughout —1<x <1. 
Clearly, 

Mz lim |F(x) —G(ex)| = — GO). 
z—1 (2<1) 
If we assume C <1/(27)!/* we can determine m correspondingly large so as to 
force 
M_ G(e) —G(0 
- GO 


€ € 


This, because 


G(e) — G(0) 
—0 € 


But the variates under consideration form an admissible set and so have 
M sCe. The contradiction establishes the theorem. 

Remark. If, for a given »>0, we denote by C, the least upper bound of 
those ratios M/e which arise from admissible sets of variates having ¢<7, it 
is clear that C, is a monotone increasing function of 4. In particular, C, SC 


= G’(0) = 


= 
i 
| 
wy 
24 
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for all n. Since, in the proof of Theorem 2, we may replace a satisfactory by 
any larger odd integer, we infer that C,21/(27)'” for all 7. 

Reduction to the case (R). We now take advantage of the fact that mo- 
ments have been measured about mean values, the fact that A and o enter 
Theorem 1 only in their ratio ¢, and our claim that C £1.88. We shall say that 
we have the case (R) if the given variates meet the additional requirements: 


(13) a, = 0, (k=1,2,---,m), 
(14) o = i, 
(15) 

€ + 

1.88 

The corresponding case of Theorem 1 we shall call Theorem 1(R). We are 
going to show that the general theorem is a corollary of its own special case. 
Noting that distribution functions assume only values between 0 and 1, hence 
that the inequality M <1 is always valid, we see that Theorem 1 is trivial when 
(15) is false. We may confine our attention, therefore, to the case (15). If, 
however, the original variates of Theorem 1 do not also satisfy (13) and (14), 
we introduce the associated variates 


1 
Xi = — (Xi — az), 


These have M’=M, e’ =e, and satisfy in detail the hypotheses of Theorem 
1(R), all of which can be demonstrated without difficulty. Since the inequali- 
ties M’ <(1.88)e’ and M<(1.88)¢ are equivalent, Theorem 1 is a consequence 


of Theorem 1(R). 

Elementary properties of F(x) —G(x). In the present case (R), the sum X 
is a reduced variate: its mean value is 0 and its standard deviation is 1. The 
Bienaymé-Tchebycheff(") inequality for a reduced variate reads: 


Pr {| X| = x} S 1/2’, (x > 0). 
Interpreting this in terms of F(x), and equally well for G(x), we infer 
(16) | F(x) — G(x) | 


It follows that a sequence of points x on which the modulus | F(x) —G(x)| 
tends to its least upper bound M forms a bounded set. An easily constructed 
argument establishes the existence of a finite point x =b for which either 


(17) F(o +) — = M, 

or 

(17’) F(o —) — G(b) = — M. 
(7) Cramér, loc. cit., p. 21. 
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LemMA 1. There exists a number a such that one of the inequalities 
6— 2x 
(18) + — Gla +) & 


(18’) F(x + a) — G(x + a) =p 


holds throughout the interval —5<x <5 where 


(19) 
2 


Proof. In case (17) write a=b+6. Then, for all x>8, 


x—b 
F(x) 2F(6+), G(x) SG(b)+ 
the first because F(x) is non-decreasing, the second since G(x) is differentiable 
and G’(x) Whence, 


for all x >b. This implies (18) for all x > —6, a fortiori for —i<x <5. In case 
(17’) a symmetric argument employing a=b—6 establishes (18’) in 
—b<x<. 

2. THE PROOF OF THEOREM 1(R) 


Our proof, which rests on the calculation to be presented in §3, utilizes 
the characteristic functions 


(20) o = f 


(- 
(21) = f = 


of the distributions under discussion. In (21) the indicated evaluation is fa- 
miliar. Since G(x) is a differentiable function, the Stieltjes integral can be 
written as an ordinary integral: 


Thus, ¥(t) is the Fourier transform of e~*"/*. That this is e~**/? can be verified 
readily. 

We are interested primarily in the difference 


F(x) — G(x) = M 
x) —G(x% 
(2m)1/2 


1941] THE SUM OF INDEPENDENT VARIATES 


From (16) we infer that F(x) —G(x) is absolutely integrable over — © <x< © 
and tends to 0 when x—>+ ~. These facts justify the integration by parts 
which yields 

— vii 
(23) f {F(2) — G(x) 


It is known(*) that if the difference (22) is uniformly small in some finite 
interval about ¢=0, then M is small. This fact suggests the following pro- 


cedure. 
In (23) we replace x by x-+a (the a of Lemma 1) and obtain 


o(t) — 


{F(x + 2) — G(x + a) 


(24) 


We confine ¢ to the finite interval 
(25) —-Tsisf, 


by employing a weighting factor w(t) which vanishes outside this interval. 
We choose 


(26) w(t) = when — T St ST. 


The Fourier transform of w(#) is, except for a missing constant factor, 


(27) W(x) = 2(1 — cos Tx) 


—T x? 


The Parseval theorem in the theory of Fourier transforms assures us of the 
validity of the equality 


(28) W(x) {F(x + a) - G(x + a) }dx = 


it 

This may be derived directly by multiplying (24) throughout by w(t), inte- 
grating over (25), and inverting the order of integration in the resulting iter- 
ated integral. The last step is justified by the absolute integrability of the 
product w(t) { F(x+a) —G(x+a) } over the strip —TStsT, 

Since, as a brief inspection of (22) shows, the modulus | p(2) —y(2)| is an 
even function of ¢, we can derive from the Parseval equality (28) the inequal- 
ity 

(8) P. Lévy, Théorie de l’ Addition des Variables Aléatoires (Monographies des Probabilités), 
Paris, 1937, p. 49. Cramér, loc. cit., p. 29, Theorem 11. 
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1 — cos Tx 


Noting that | F(x) —G(x)| <= M=6(2/7)*/? for all x, we find 


(f+ — + a) —G( + 0) 
x 
° 1— cos Tx 


2(2/x) f ———— dx. 


(29) 


On the other hand, Lemma 1 ‘ equally in its two cases, 


cos Tx 


1 — cos Tx 


These two estimates, the standard evaluation 


the triangle inequality 


8 —5 
and certain obvious reductions enable us to deduce from (29) the following: 


0 


where 


“1—cos2z 
(31) A(u) = (2/x)*/?-u- {3f rt. 


x 


In §3, for the particular choice T=1.1/e, we shall prove that the right 
member of (30) does not exceed 
1.1 


1.1 
A (= s) < 0.2298. 
€ 
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1—cosx 
f 
0 x? 2 
Thus, 
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Granting this for the moment, we employ the Taylor inequality 


and make the calculation: 


(33) A(2.59) > 0.2298. 


Now, at least when it is positive, A(u) is an increasing function. It follows that 


2.59 
(34) M = (2/m)"2-8 < (2/n)"2- < (1.88)e. 
We have completed the proof of the fact that Theorem 1(R) rests on the cal- 
culation to be presented in the next section. 


3. THE CALCULATION 


The individual distribution functions. We must return to the individual 
variates X;, X2,---, X, of Theorem 1(R). The corresponding distribution 
functions F;(x), F2(x),---, F,(x) all increase monotonically and have the 
common limits 0, 1 when x extends respectively to — ©, + ©. The hypotheses 
of Theorem 1(R) require, for each k (k=1, 2,---, 7), 


= 0, = on 


Inequalities (4) here read: o,<¢. We shall feel free to use the foregoing facts 
without further explicit reference. 
The individual characteristic functions. The variate X;, has the character- 


istic function 
= f = 1 — fou? +--+. 


The constant term and, better, the two indicated terms of the formal Taylor 
expansion will be employed as approximations. We shall need estimates for 
the errors 


(35) =¢(/)-—1= f — 1 — ixi)dF;(x), 


(36) = — 1+ = fie — 1 — ixt + 


129 
2 4 8 
2! 4! 8! 
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The elementary inequalities 
| — 1 — ixt| | — 1 — ixt + 


which are valid for all real x and #, at once yield 


(38) | | < 
We now confine our attention to the interval 
21/2 


(39) Oost<—) 
€ 


in which, by virtue of (37), we may be certain that || <1. In this interval, 
then, ¢,(¢) is never 0 and we may define 


“k dz 
(40) log ¢:(#) = log (1 + u) = f ’ 
0 1 + 4 
for example by employing as the path of integration in the complex plane the 
straight line segment joining z=0 to z=,. For the difference 
“k gdz 


ra = log (1+ ff way 


we obtain the estimate 


| uel xdx xdx d 
0 1—<x 0 1— <x 0 1— oLy 


ef? 


If we write 


1 x x 
(41) (Sx <2"), 
6 x 


and observe that 
log = — + 1% + rk, 
we find that we have proved 
LEMMA 2. Throughout the interval (39), 
log = — + ons, 
where, for each k (k=1, 2,---,m), |Ax| St*-h(ed). 


2 
22 t /2 ydy 
Seo 
0 1— 
iy 
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The characteristic function of the variate sum. We now encounter the 
essential reason for the hypothesis that the given variates be totally inde- 
pendent. This hypothesis guarantees the relation 


(42) = - - - 


This implication is well known(*). With a suitable determination of the loga- 
rithm of the product, we can now derive from Lemma 2 


LEMMA 3. Throughout the interval (39), 
log = — 3+ A, 
where 
| A| < #-h(d). 
Recalling that y(t) =e-*/2, and observing that 
o(t) — v(t) = — 
we obtain from Lemma 3 the final 
Lemma 4. Throughout the interval (39), 


The integral B. We are now in position to calculate an upper bound for 
the integral which constitutes the right member of the inequality (30). For 
the choice T =1.1/e it is clear from Lemma 4 that this integral is dominated 
in magnitude by the integral 


ef Met) — 4 
0 € t 


We shall divide the calculation into three major parts by writing 
(44) B= B, + Bz + Bs, 


where, in terms of the abbreviation c=0.75, 


e 
0 € 


4 


€ 
€ t 


(*) Cramér, loc. cit., p. 36. 


SC 
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The term B,. With the aid of a few integrations by parts, and standard 
evaluations, we find we can write B, in the form 


B ~f {a 1 + =} 
= —) -—-— A- — —pe* 


The factor in braces in the integrand is an increasing function of ¢. At pre- 
cisely this point we use the hypothesis (15). This implies that ¢>(1.88)c in 
the mentioned factor. We infer that this factor is positive. Hence, 


€ 


The term B,. We begin with the observation that, for each fixed positive 
tSc/e, 


6 


is an increasing function of ¢ throughout 0<e<c/t. This can be proved, for 
example, by differentiating with respect to « and employing 1 Se"**® and 
4=h’'(0) Sh’(et), to show that this derivative is positive. It follows that 


ele /1.1 ct?) 
0 


€ 


Let us increase the upper limit of integration from c/e to 1.1/¢ thus replacing 
Bj by a still larger number, say By’. An integration by parts then shows that 


e et? Ale) ct? 
[1 — 2h(c)]*/2 3 


The computation 0.2121 <A(c) <0.2122 proves c[1—2h(c) ]”?<6h(c) and so 
demonstrates that the factor in braces in the last integrand is an increasing 
function of #*. Since this factor is positive at ¢=0, it follows that we may 
neglect the integral. Thus, 


(47) Bz S (0.134)e. 


The term B;. From the numerator in the middle factor of the integrand 
in Bs; we reject the term —1. The resulting larger integral we call Bj. This 


can be written 
1 1171.1 
ed. 


q 
: 
9 
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where 
H(u) = — h(u)}. 


It can be seen that H(u) >0 in the interval of integration. This permits us to 
employ the elementary inequality 


S 1/e, (0 < 2), 


e f''/1.1 du 
Bj s <f -1 . 
ed. u H(u) 


An examination of the derivative 


and find 


shows that H(u) increases in cS uu’ and decreases in u’Su<1.1 where u’ 


is the unique root of H’(u) in the interval of integration. We find 0.85<u 
<0.851. Since H(1) <H(0.75) we infer that 


(H(1) > 0.14010 when 0.75 < u <1, 
H(u) = { H(1.05) > 0.10814 when 1 < u < 1.05, 
H(1.1) > 0.05674 when 1.05 S$ u < 1.1. 


By dividing the interval of integration into the three indicated parts and by 
replacing the reciprocal of H(u) in each part by its upper bound in that part, 
we obtain the estimate 


(48) B; S (0.195)e. 


Summary of calculation. We have proved 


1.1/7\'/ 1.1/7\'/? 
(49) Bs (=) + e(— + 0.134 + 0.195) <=(5) 
6 \2 6 \2 
This shows that (32) is a valid consequence of (30) and so completes the argu- 
ment establishing Theorem 1(R) and its dependent extension Theorem 1. 


4. GENERALIZATIONS 


Let Xi, X2,---, X~» be totally independent variates with the respective 
distribution functions Fi(x), Fe(x),---, Fa(x). Let and a, +--+, dn 
be any real numbers. We wish to compare the distribution function F(x) of 
the variate sum X=Xi+X2+ --- +X, with the distribution function 
G((x—a)/s) of a normal variate of mean value a=ai+a2+ --- +a, and 
standard deviation s. We put 
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M= |F(x) —G((x —)/s)|. 


—a<z<@ 


For a given ¢>0 we introduce the three quantities 


€0 Pr {| > s}, 
k=l 


1 n Gktes 
€2 | 1-—-—- > a,)*dF ,(x) 


a,—e8 


Feller (loc. cit.) has proved that if these three numbers are small then M is 
small. We shall now establish 


THEOREM 3. If e9S€, a 2 Se, then 
M < (5.8)e. 
More generally, whenever e? +€,<1, we have 


Cle + €:) €1 + 1 1 


where C (31.88) is the constant furnished by Theorem 1. 

Proof. Without loss of generality we may confine our attention to the 
special case 
(R) =a, = 0. 
(We have but to introduce = (1/s)(X,—ax) and to set s’=1, af =a/ = --- 
=a,’ =0, e’ =e in order to discover, first, that M’= M, ef ef =a, ef =@ 
and, therefore, that the theorem is equivalent to its special case.) 

We use a familiar device(!®). We approximate the given variates by the 
associated bounded variates 


if | X.| 
To these totally independent variates we are going to apply Theorem 1. Now, 
X; has the mean value 


This is easily verified. Next, since 
(%) Lévy, loc. cit., pp. 104-110. 


al 
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(50) D | a| = 4, 


k=l 
we see that the bound of X;,, measured from the mean value, does not exceed 
e+e, Recalling (2) we find 
(51) Aset+a, 


where A is the maximum moment-ratio of the variates X,. The sum, X, of 
these variates has the standard deviation ¢ given by 


xdFi(x) > a. 
kal —e k=l 


The second term of this difference is non-negative and, by (50), not greater 
than Thus, 


(52) ses (ite)”. 


By Theorem 1, 
(53) Ce + «) <x < @), 


where F(x) denotes the distribution function of X, and @ its mean value. 

Next, we observe that X differs from X at most in those cases in which 
for at least one k, | X;| >e. These cases have a total probability of occurrence 
not greater than €9. Hence, 


(54) | F(z) — F(2)| < (- © 


If we combine (53) and (54) we obtain an inequality sharper, in some respects, 
than that announced in the theorem. But we must pass from G((x—&)/¢) to 
the reduced normal distribution function G(x) desired in the present case (R). 
Since, by (50), | a| <, and since e~“/?<1, we have 


(55) |G(x) —G(x—a)|s <x < 


And the elementary inequality |te-*/*| <1/e/* yields, for all x, 

—@ log ¢ 1 1 
) | | log 

The general inequality of the theorem is an immediate consequence of the in- 
equalities (53)—(56). 
Finally, we consider the special case ¢9S€, 6: S€, 6: Se. Since it is always 


true that M<1 we may assume that ¢<1/5.8, the desired inequality 
M<S(5.8)e being trivial in the contrary case. Thus, the condition ¢+e<1 


(56) | G(* — a) — 
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is met generously and we may apply the already established general inequal- 
ity. This yields 

M 3.76 1 1 1 

— +1+ 


It is easily seen that the right member is an increasing function of € in 
0<e<1/5.8 and is less than 5.8 when e=1/5.8. This proves the theorem. 

The case (L). Let the standard deviation of each X;, be finite. Let s =a, 
=, d2=Q2, , dn Where the a’s are the mean values of the individ- 
ual variates and @ is the standard deviation of their sum. If these conditions 
are met we shall say we have the case (L). In this case we can express € and €2 
in the convenient forms: 


These imply ait 


Lindeberg (loc. cit.) has proved that if € is small then M is small. We shall 
now establish 


THEOREM 4. In case (L) if aSe*, then MS (3.6)e. 

Proof. We shall assume ¢<1/3.6 since the theorem is trivial in the con- 
trary case. By (57), we have €9 S¢, ¢: S¢*. The general inequality of Theorem 3 
yields 
M 1.88)(1 1 1 1 

€ (1 — «4 — €(2mre)*/? (1 — — 


The right member is an increasing function of ¢ in 0<¢<1/3.6 and has a 
value <3.6 when ¢=1/3.6. This proves the theorem. 

Finally, we consider the subcase in which for some (not necessarily inte- 
gral) m>2, each X; has a finite absolute moment (about its mean value) of 
order m: jim(X,). We put 7 =(1/o™)>-3_ Liapounoff (loc. cit.) proved 
M small when 7 is small. 


THEOREM 5. 


Proof. We define ¢ = 7/"*», For this € it is easy to prove & S«*. The present 
theorem thus follows from Theorem 4. 
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MINIMAL POSITIVE HARMONIC FUNCTIONS 


BY 
ROBERT S. MARTIN 


Introduction. One may ask how great generality in a domain is to be per- 
mitted if we are to have for. this domain a formula possessing the more signifi- 
cant features of the Poisson-Stieltjes integral formula for the circle or the 
sphere('). Even if there is agreement as to what the more important conse- 
quences of the formula are, there are two approaches, differing not so much in 
content as in emphasis, along which partial answers to the question lie. The 
first consists in determining hypotheses, as weak as possible, upon a domain 
under which all, or substantially all, of the important features of the formula 
admit of extension. The second consists in attempting to determine for each 
of the important consequences of the formula the’ class of domains for which 
it holds. While this sounds very much like the distinction between obtaining 
sufficient and obtaining necessary conditions for an extension of the formula 
together with all of its important features, actually it goes a little deeper, since 
the second viewpoint involves implicitly the notion that what a significant 
extension of the formula is may depend upon what it is going to be used for. 
It is a particular consideration from the viewpoint of the second approach 
which leads to the concept of a minimal positive harmonic function with 
which we are concerned in the present article. 


A function positive and harmonic in a given domain we shall call mini- 
mal(?)—for this domain—if it dominates there no positive harmonic function 
except for its own constant submultiples. An important instance of this kind 
of function occurs in connection with the principle of Picard(*), whose relation 


Presented to the Society, October 26, 1940; received by the editors May 10, 1940. 

() For the two-dimensional case the possibilities have been rather fully discussed by 
G. C. Evans, The Logarithmic Potential, American Mathematical Society Colloquium Publica- 
tions, vol. 6, New York, 1927, esp. chaps. 5 and 6. For the three-dimensional case under hy- 
potheses related to bounded curvature of the boundaries, see C. de la Vallée Poussin, Propriétés 
des fonctions harmoniques dans un domaine ouvert limité par des surfaces @ courbure bornée, 
Annali della R. Scuola Normale Superiore di Pisa, (2), vol. 2 (1933), pp. 167-192; George A. 
Garrett, Necessary and sufficient conditions for potentials of single and double layers, American 
Journal of Mathematics, vol. 58 (1936), pp. 95-129. An approach from a different viewpoint is 
given by A. J. Maria and R. S. Martin, Representation of positive harmonic functions, Duke 
Mathematical Journal, vol. 2 (1936), pp. 517-529. A significant extension of the last results has 
recently been given by J. W. Green, Harmonic functions in domains with multiple boundary 
points, American Journal of Mathematics, vol. 61 (1939), pp. 609-632. 

(?) It is scarcely necessary to mention that the present use of the term minimal bears no 
direct relationship to its use in connection with the problem of Plateau. 

(*) See G. Bouligand, Fonctions Harmoniques, Principes de Dirichlet et de Picard, Mémorial 
des Sciences Mathématiques, no. 11, Paris, 1926; also, Etude des singularités de certains champs 
scalaires, Annales de |’Ecole Normale Supérieure, (3), vol. 48 (1931), pp. 95-152. 
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to a fairly general form of the integral formula has been discussed by Maria 
and the author(‘). The general notion of a minimal function arises naturally 
when one considers from a more or less algebraic standpoint the way in which 
the integral formula represents the positive harmonic functions. 

In space for a unit sphere with center at the point O, the formula in ques- 


tion is(5) 


u(P) = f Pdu(es) (OP <1), 


where F(.S, P) =(1—OP?)/SP*, and where y(e) is a finite, non-negative, com- 
pletely additive function of Borel sets (mass distribution function) on the sur- 
face of the sphere. The function u(P) defined by this formula is always posi- 
tive (non-negative) harmonic, and every such harmonic function is represented 
in this form by exactly one p(e). 

So far as the form of this representation is concerned, the two important 
features present are these: (1) A fixed family of functions, or basis, in terms 
of which the positive harmonic functions of the domain (sphere) are repre- 
sented. This, of course, is the family of functions F(.S, P), where S plays the 
part of a parameter or index. (2) A linear process, or rather, a positively homo- 
geneous and additive family of such processes analogous to and having as in- 
stance the formation of finite linear combinations with positive coefficients 
of functions from thé basis. This is realized as the process of integration with 
respect to the mass distribution. Because of the properties of the Stieltjes 
integral with respect to a “point mass” distribution, this family of linear proc- 
esses must contain all “unit combinations”—that is, all combinations of the 
form of a positive multiple of a single element of the basis—and the unit 
combinations, and only those, must be non-expressible as the sum of two 
linearly independent combinations(*). In terms of these notions, there is a 
one-to-one representation of the posit?ve harmonic functions of the domain as 
(generalized) positive linear combinations of functions from the basis. 

Now the point to this formulation is that within the limitations described 
there is essentially only one basis that can be used in a representation of this 
type, namely, a suitably normalized family of minimal harmonic functions. 
More precisely, it can be shown that all functions of the basis must be positive 
harmonic and minimal in the domain and that exactly one positive multiple 
of each minimal function in the domain must occur in the basis. This is what 
the basis must be like, but it is, of course, not evident a priori that in a given 


(*) Maria and Martin, loc. cit. 

(®) See H. E. Bray and G. C. Evans, A dass of functions harmonic within the sphere, 
American Journal Mathematics, vol. 49 (1927), pp. 153-180. 

(*) Without this restriction it would seem that formal resemblance to the Stieltjes integral 
is for the most part destroyed. The point need not be pressed, since it is relevant only to the 
motivation of the present developments and not to the developments themselves. 
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domain minimal functions will exist, or, if they do, will exist in sufficient num- 
ber to form the basis for such a representation. This leads to 


Pros_eM A. Ina given domain, is the class of minimal functions sufficiently 
wide that, with a suitable normalization and a suttable definition of the linear 
process involved, it contains a basis for the positive harmonic functions of the 
domain? 

A central result of the present article is to give a general affirmative answer 
to this question; that is, to show that the answer is in the affirmative for an 
arbitrary domain. It is also shown that the linear process can always be real- 
ized by an integral of the Stieltjes type, and further, that every positive 
harmonic function of the domain is the limit of functions which are finite 
linear combinations with positive coefficients of minimal functions. Thus, in 
so far as the properties outlined above are considered indispensable to what 
ought to be considered a significant extension of the Poisson-Stieltjes integral 
formula, the present analysis, in view of its general applicability, serves as a 
background against which to examine critically the possibility of obtaining 
extensions which preserve other important features of the integral formula. 

The arguments employed do not involve in an essential manner the di- 
mensionality of the Euclidean space in which the domain is supposed to lie. 
Thus though the results here are explicitly for the three-dimensional case, 
only obvious modifications would be necessary for the others. For unbounded 
domains in the plane, the exceptional behavior of the logarithmic potential at 
infinity necessitates minor changes in some of the statements. 

We sketch briefly the scheme of the argument. Returning for a moment to 
the Poisson-Stieltjes integral formula, we recall that the function F(S, P) 
occurring there is actually the normal derivative at the point S of the Green’s 
function G(M, P) for the sphere. This normal derivative, not only in the case 
of the sphere but also in the case of any domain with a sufficiently smooth 
boundary, is equal (neglecting a positive factor independent of P) to the limit, 
as M approaches S, of a quotient of the form G(M, P)/G(M, Po), in which Po 
has been chosen as some fixed point of the domain. Approach here is not re- 
stricted to be along the normal at S; in fact, the quotient may have a well 
defined limit for all modes of approach to a boundary point even though at 
that point there is no normal. In the case, however, of a sufficiently irregular 
domain, there wil! be boundary points at which the limit of the quotient is 
not determinate. This suggests the introduction of ideal boundary elements. 
Speaking roughly, we identify an ideal boundary element with the totality of 
modes of approach to the boundary for which the quotient has a specified 
limit. This procedure is carried out in §2. With these ideal elements adjoined 
to the domain, we are able to obtain a convenient limiting form of the Riesz 
representation of superharmonic functions and, through it, an integral repre- 
sentation of positive harmonic functions bearing certain features of analogy. 
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with the Poisson-Stieltjes formula (§3). The feature which this representation 
lacks is uniqueness; there may be more than one distribution representing a 
given harmonic function. The failure of the uniqueness is shown in §4 to be 
connected with the presence of non-minimal functions among the quotient 
limits. In the same section minimal functions are characterized, and it is 
shown that among all representations of a given harmonic function there is 
always exactly one (called canonical) which involves only minimal quotient 
limits. In this sense we recover the uniqueness of the representation and com- 
plete the answer to Problem A. In the concluding §5 certain applications and 
examples are treated. 

1. Auxilliary results on superharmonic functions. We begin by recalling 
a number of results concerning the solution of the generalized Dirichlet prob- 
lem("). Let T be an open set in three-dimensional space; let ¢ be its boundary. 
If P is a point of T, we denote by mr(e, P) =m/(e, P) the mass distribution 
function resulting from sweeping a unit mass located at P out of 7. P being 
fixed, m(e, P) is a finite, non-negative, and completely additive function of 
sets e measurable Borel. The total mass is located upon #, more precisely upon 
the boundary of that component (maximal open connected subset) of T in 
which P lies, and is, in case this component is bounded, equal to unity; if P 
lies in an unbounded component of 7, the total mass may be less. For fixed e, 
m(e, P) is a non-negative harmonic function of P in T. 

Let #(Q) be a function defined for Q in ¢, measurable Borel, and summable 
over ¢ with respect to m(e, P) for each(*) P in T. The integral 


(1.1) u(P) = f $(Q)dm(ca, P), 


taken in the sense of Radon-Stieltjes-Lebesgue, defines a harmonic u(P) in T. 
We speak of this u(P) as determined in T by the boundary function ¢(Q). In 
particular, if ¢(Q) is continuous and, in case ¢ is unbounded, approaches zero 
at infinity, the function u(P) is identical in each component of T with the 
harmonic function determined there by the sequence solution, in the sense of 
Wiener, of the generalized Dirichlet problem for the boundary values ¢(Q). 
Also under these circumstances u(P) takes on continuously the boundary 


(7) A rather complete bibliography of work relevant to this problem, together with an 
expository account, will be found in G. C. Evans, Dirichlet problems, American Mathematical 
Society Semicentennial Publications, vol. 2, New York, 1939, pp. 185-226. We shall cite: 
N. Wiener, Certain notions in potential theory, Journal of Mathematics and Physics (M.I.T.), 
vol. 3 (1924), pp. 127-146; C. de la Vallée Poussin, Extension de la méthode du balayage de 
Poincaré et probléme de Dirichlet, Annales de I'Institut H. Poincaré, vol. 2 (1932), pp. 169-232; 
G. C. Evans, Potentials of positive mass, parts | and I1, these Transactions, vol. 37 (1935), 
pp. 226-257, and vol. 38 (1935), pp. 201-236; O. Frostman, Potentiel d’ Equilibre et Capacité 
des Ensembles, avec Quelques Applications a la Théorie des Fonctions, Thesis, Lund, 1935. 

(*) Summability of the function for some one point P in each component of T is, of course, 
sufficient. 


1941] MINIMAL POSITIVE HARMONIC FUNCTIONS 141 


values ¢(Q) except possibly at the irregular points of ¢, and approaches zero 
at infinity. The irregular points of ¢ form at most a set of capacity 0(*). 

Now let D be an arbitrary domain (open connected set) with boundary d. 
We shall assume in the sequel that D is fixed. Certain results concerning the 
positive superharmonic functions in D will be useful in the developments that 
follow. 


THEOREM I. Let u(P) be positive and superharmonic in D. Let o be a subset 
of D relatively closed in D. There exists uniquely a function u,**(P) defined in D 
such that: 

(a) u*(P) is superharmonic in D. 

(b) u*(P) =u(P) at all points of o except possibly for those belonging to a 
subset of zero capacity. 

(c) In D—o, u*(P) is identical with the function harmonic in D—o de- 
termined by the boundary function $(Q) =¢(c, u; Q), where 


u(Q), when Q is a boundary point of D — o lying in D, 
0, when Q is a boundary point of D — a ind. 


4; Q) = { 


It is convenient to introduce the following notation: if f(P) is defined in D, 
non-negative and Borel measurable there, we denote by f(a; P) the function 
defined as f(P) for P in a, and for P in D—@ as the value at P of the harmonic 
function determined in D—@ by the boundary function ¢(¢, f; Q). It follows 
from this definition and the properties of an integral, in particular the integral 
of (1.1), that(?*) if f,(P) T f(P), or fa(P)—f(P), then correspondingly we have 
fa(o; P) t f(o; P), or fa(o; P)—f(o; P), provided only in the latter case that 
there is a summable majorant for all the boundary functions involved. 

Assume for the moment that the theorem is true. Consider the function 
u(o; P). This function and u,*(P), assumed to exist, agree except possibly 
on a subset of o of zero capacity, a fortiori almost everywhere in D(?*). It 
follows that for P in any bounded subdomain completely interior to (contained 
with its boundary in) D, and for all sufficiently large n, A,u(o; P) =A,u*(P), 
where for an integrable f(P) we denote by A,f(P) its integral mean (volume 
average) over a sphere of center P and radius 1/n. Since u,“(P) is super- 
harmonic(!?), A,u*(P) u*(P); hence A,u(o; P) u*(P). Thus for a proof 


(*) Capacity is used here in the sense of de la Vallée Poussin. In this sense, a set is of zero 
capacity if every distribution of positive mass which is positive on the set generates an un- 
bounded potential. 

(°) The symbols 1, |, and — will denote respectively increasing, decreasing, and un- 
specified convergence of sequences of numbers, functions, or point-sets. Context will determine 
the sense. 

(*) Sets of zero capacity are necessarily of zero spatial measure. 

(#) For a connected exposition of various known properties of super- (sub-) harmonic func- 
tions the reader is referred to the tract by T. Radé, Subharmonic Functions, Ergebnisse der 
Mathematik und ihrer Grenzgebiete, vol. 5, no. 1, Berlin, 1937. 
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of the theorem we are led to investigate the existence and properties of the 
limit of the sequence {A,u(o; P)}. Incidentally, the argument just given 
proves that if u,*(P) exists it is unique. 

Suppose now that we have shown that (i) u(¢; P) is lower semicontinuous 
at all points of D except possibly for a subset of o of capacity zero, and that 
(ii) u(a; P) dominates its integral mean over any sphere of center P contained 
with its boundary in D. If D, is a bounded domain completely interior 
to D, there follows from (ii) for all P in D, and all sufficiently large n, 
u(o; P)2A,u(c; P). For these m and for all P in a second domain D, 
completely interior to D;, we then have for sufficiently large m, A,u(o; P) 
2AnA,u(o; P)=A,Anu(o; P). Thus A,u(o; P), since continuous, is super- 
harmonic in D:. From this it follows, in particular, that if »<p, then 
AnA,u(o; P)=A,Amu(o; P)SA,Anu(o; P)=AnA,u(o; P). On making 
m— in the first and last members of this relation and using the continuity 
of the average functions, we obtain A,u(o; P)SA,u(o; P) (n<p). Since D, 
and D, are at our disposal, we have in D, A,u(o; P) | u’(P) Su(c; P), where 
u’'(P) is superharmonic and where it is understood that approach of the pre- 
scribed type holds from some on in any bounded domain completely interior 
to D. Now since the lower limit of the sequence of its average functions clearly 
dominates a function in any of its points of lower semicontinuity, it follows 
from this last relation and (i) that u(o; P) and u’(P) are identical except 
possibly on a subset of-¢ of zero capacity. Thus u’(P) satisfies the require- 
ments for u,*(P). To prove the theorem it therefore suffices to demonstrate (i) 
and (ii). 

Now let u(P) and a be as in the statement of the theorem. Let f(P) bea 
function which is non-negative, continuous in D+d, zero on d, nowhere in D 
greater than u(P), and which approaches zero at infinity if D is unbounded. 
Let 2’ be a bounded open subset of 2 =D—eo completely interior to D and 
having only regular boundary points. Write ¢’ = D— 2’, and consider f(¢’; P). 
From the definition of a superharmonic function follows f(o’; P) Su(P). If 2’ 
runs through an increasing sequence whose sum is 2, then f(o’; P)—f(c; P). 
This is Wiener’s result mentioned above. Thus we have f(a; P) Su(P). Now 
u(P), being non-negative and lower semicontinuous in D, may (e.g. by defin- 
ing it as zero on d) be extended so as to have these properties on the closed 
set D+d. It follows from this that u(P) can be approximated in D by an 
increasing sequence of functions satisfying the conditions imposed upon 
f(P) above. Allowing f(P) to run through such a sequence, we obtain 
f(o; P) 1 u(o; P)Su(P). At all points of D except possibly those irregular 
boundary points of 2 which are in D—and these form at most a subset of ¢ 
of zero capacity—the functions f(a; P) are continuous. Hence, with exactly 
the same possible exceptions, u(¢; P) is lower semicontinuous in D. This es- 
tablishes (i), and proves, incidentally, that u(¢; P) Su(P). 

To prove (ii), it is convenient to write v(P)=u(o; P). Let 2’ be any 
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bounded open set completely interior to D having only regular boundary 
points; write o’’=D—2Z’’. We prove that v(P) 2v(c’’; P). Assume that f(P) 
is continuous in D, non-negative, and not greater than v(P). From the defini- 
tions and v(P) su(P), it follows that the difference w(P) =v(P)—f(c’’; P) is 
non-negative in ¢+o’’. In the remaining poirits of D, those of the open set 
z-2’’, the function w(P) is harmonic and bounded from below. Since a 
boundary point of -2’’ is in ¢+o’’, w(P) has a non-negative lower limit in 
any such boundary point which is also a point of lower semicontinuity of v(P). 
As this means all boundary points except possibly those of a set of zero ca- 
pacity, w(P) is also non-negative in 2- 2’’("); that is, o(P) >f(c’’; P). Now 
v(P), though not necessarily lower semicontinuous, could be made so by modi- 
fying it on a set of zero capacity(“). Thus we can find an increasing sequence 
of continuous functions approaching v(P) except on a set of zero capacity. 
On allowing f(P) to run through such a sequence and observing that sets of 
zero capacity are null sets with respect to the swept-out mass in (1.1), we 
obtain for P in f(o’’; P) v(0’’; P). This proves that v(P)2v(c’’; P), 
since the equality holds by definition in o’’. 

Now let P; be any point of D; let S, be the open sphere of center P; and 
radius p, where p is less than distance (P:, d). Denote by s, the boundary of S,. 
If we take 2’ above as S,, the function v(¢’’; P) =v(D—S,; P) is given for P 
in S, by Poisson’s integral with the boundary function »(Q) on s,. In particu- 
lar, for P=P, 


o(P:) 2 — S,; Pi) = 


O40, 


4p? 


where integration is with respect to area. On multiplying the first and last 
members of this relation by 4xp* and integrating with respect to p between 
the limits 0 and r, where r is less than distance (P1, d), we obtain 


2 f o(P)4P, 
8, 


integration now being with respect to volume. This establishes (ii), and com- 
pletes the proof of Theorem I. 

In the next theorem are listed a number of useful elementary properties 
of the function u,*(P) defined above. In the statement of the theorem, u(P), 


(4) If not, then for some negative number the set of boundary points at which the lower 
limit of the function does not exceed this number is of positive capacity. Cf. O. D. Kellogg, 
Foundations of Potential Theory, Berlin, 1929, p. 335. It may be noted that Kellogg uses the 
term capacity in the sense of Wiener, but for closed sets this coincides with the present usage. 

(4) For example, this could be done by redefining the function as its lower limit at those 
points where it fails to be lower semicontinuous. These points form at most a set of zero ca- 
pacity. Since the lower limit is not decreased in any point by this process, the modified function 
must be lower semicontinuous. 
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v(P), etc. will be understood to denote non-negative superharmonic functions 
in D; ¢, 7, etc., will be subsets relatively closed in D. 


THEOREM II. 

(a) u(P) 2u*(P) 20, for all P in D. 

(b) Lf u(P) 2v(P) at all points of o except for a subset of zero capacity, then 
u*(P)20*(P) for all P in D. 

(c) (u+v)A(P) =u*(P)+04(P). 

(d) (c:u)*(P) =c-us(P), c being a non-negative number. 

(e) If un(P)—u(P) at all points of o except for a subset of zero capacity, 
and if there exists a majorant U(P) to the u,(P), where U(P) is superharmonic 
in D, then (tn) “(P)—us(P) in D, except for a subset of o of zero capacity. Lack- 
ing the majorant U(P), we may still assert that lim inf... (un)*(P) 2u*(P) at 
all points of D—a. 

(f) Ifa Sr, then (u*)*(P) (u*)*(P) =u,"(P). 

(g) If then u*(P)sSu*(P). More generally, if on, then ut (P) 

(h) u3,(P) 


It is pertinent to make the obvious remark that if u(P) and v(P) are super- 
harmonic, and u(P)2v(P) at almost all points of D, then consideration of 
volume averages extends the inequality at once to all points of D. Thus (a) 
holds, since it was established almost everywhere in the proof of Theorem I. 
The statements (b), (c), and (d) are easy consequences of the definitions and 
the remark just made. 

For (e), a point P of o where (u,)4(P)—u,*(P) fails must be a point where 
un(P)—u(P) fails, where u*(P)# u(P), or where, for some n, (un) 
All such points form at most a subset of o of zero capacity. In D—g, in case 
the majorant U(P) exists, the boundary functions ¢(¢, u,; Q) are dominated 
by the summable function ¢(¢, U; Q), and the result is a consequence of 
Lebesgue’s convergence theorem. If U(P) fails to exist, we may still apply a 
well known lemma of Fatou. 

Turning to (f), we observe that when o 7, u,*(P) and u(P) agree at all 
points of o except those of a set of zero capacity. From (b) then follows 
(u;*).*(P) =u.*(P). Using this result in conjunction with (a) and (b), we obtain 


(ue)? (P) & = (ue)e(P) = us(P) & (us)s(P), 


which proves the other half of (f). 

The first statement of (g) follows from (f) and (a). For the more general 
statement, write v,(P) =u%,(P). Then v,(P) o(P), where v(P) is superhar- 
monic and not greater than u(P). In any point of o where, for some n, 
v,(P) =u(P) holds, thus in all points of o except for a set of zero capacity, 
v(P) =u(P). From this and (e) it follows that (v,)4(P)—u/(P) in D except 
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for a subset of o of capacity zero. From (f), however, (v,)4(P) =v,(P). This 
implies (with the aid of the remark at the outset of the proof) that u,*(P) 
=v(P) in D. Thus we have v,(P) Tf u*(P). 

For (h), write v(P) =u/(P)+u,*(P). It is clear from the non-negative 
character of the functions and from the definitions that u(P) Sv(P) at all 
points of o+7 except for a set of zero capacity. Thus using (b), (c), and (f) in 
succession, we have 


= (tbe) tone) (P) + (ter) (P) 


= us(P) + ur(P). 

We conclude the present section by obtaining for a special case the Riesz 
representation of the function u/(P). It may be recalled that the general- 
ized Green's function G(M, P) for D is defined as 1/MP minus the harmonic 
function vy(P) determined in D by the boundary function ¢(Q) =1/M0. 
G(M, P), thus defined for M and P in D, is non-negative and symmetric in 
its arguments. For fixed M it is harmonic in P except at P=M and ap- 
proaches zero at every regular point of d; it also approaches zero at infinity 
if D is unbounded. 


THEOREM III. Jf u(P) is non-negative, superharmonic, and continuous in 
D, and if o is a bounded closed subset of D, then(?*) 


(1.2) us(P) = f G(M, P)dv,(em), 


where v,(e) is a finite, non-negative and completely additive function of Borel sets 
having its total mass in a. 

It is convenient to take Riesz’s result in a form due to Frostman("*), who 
proved that the functional 


J(v) = J eur. P)dv(em)dv(ep) — J 


under the same hypotheses upon u(P) and @ as in the statement of the present 
theorem, is minimized by a unique v(e) =»,(e) among all non-negative mass 
distributions v(e) whose total mass is in ¢. The function v(P) given by 


oP) = f P)dre(ew) 


(8) The hypotheses here are obviously unnecessarily restrictive, but the result in its present 


form is adequate for our purposes. 
(**) O. Frostman, La méthode de variation de Gauss et les fonctions sousharmoniques, Acta 
Litterarum ac Scientiarum Regiae Universitatis Hungaricae Francisco-losephinae, Szeged, 


vol. 8 (1936-1937), pp. 116-126. 
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is equal to u(P) at all points of o except possibly for those of a subset of ca- 
pacity zero, and nowhere in D exceeds u(P). The proof of the present theorem 
reduces to showing that v(P)=u/(P). 

The function v(P) is superharmonic in D, harmonic in D—@o and ap- 
proaches zero at every regular point of d and also at infinity in case D is 
unbounded. From the inequality v(P) Su(P), the continuity of u(P), and the 
lower semicontinuity of v(P), follows the continuity of v(P) in any point where 
v(P) =u(P). Thus in D—o the function »(P) approaches boundary values 
¢(¢, u; Q) at all boundary points of D—o except possibly for a set of zero 
capacity. The function u,*(P) satisfies exactly the same boundary conditions 
in D—g, and, since both functions are bounded, they are identical there. In 
o the functions differ on at most a set of zero capacity; hence they are identical 
in D. 

2. The ideal boundary elements and the metric p. In this section we de- 
fine for D a set of ideal boundary elements and derive certain properties of 
the domain with these elements adjoined. 

Let Po be a point of D chosen arbitrarily but fixed for the ensuing discus- 
sion(!7). We denote by G(M, P) the generalized Green’s function for D, and 
define for M and P in D 


G(M, P)/G(M, Po) (M # P»), 
K(M,P)={0 (M=Po;P # Py), 
1 (M=P=P)). 


The function K(M, P) is for fixed M a non-negative harmonic function of P 
except at P = M; its value at P= Py is 1. For fixed P, K(M, P) is continuous 
as a function of M except at M=P. 

Consider now a sequence { M,} of points of D having no point of accumu- 
lation in D. In any bounded closed subdomain of D, the functions K(M,, P) 
form, from some on, a bounded sequence of harmonic functions of P—thus 
a normal family('*). A subsequence of these functions, therefore, is convergent 
in D to a positive harmonic function. A sequence {M,} of points of D having 
no accumulation point in D, for which the corresponding K(M,, P) have the 
property of the subsequence just mentioned—that is, converge to a harmonic 
function in D—will be called fundamental. We have just seen that any se- 


(?") As will be seen presently, the particular choice of this point makes no essential differ- 
ence in the structure of the ideal boundary or in the theory that follows. In fact, the only effect 
of a change in the choice is to multiply the functions K(M, P) by a factor 1/K(M, P), where 
P is the new normalizing point. 

(#8) The normalization at Po entails the boundedness both from above and positively from 
below of the function K(M, P) for P in a bounded domain containing Po uniformly in M when 
M is kept more than a fixed positive distance from this domain. Kellogg, loc. cit., pp. 263-265. 
The normal family property is a well known consequence of Harnack’s inequality and the 
theorem of Ascoli. 
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quence of points of D without accumulation point in D has a fundamental 
subsequence. Two fundamental sequences are called equivalent if their corre- 
sponding K(M, P)’s have the same limit. This has the usual properties of an 
equivalence relation. 


DEFINITION 1. The class of all fundamental sequences equivalent to a given 
one determines (or, simply, is) an ideal boundary element of D. The set of all 
ideal boundary elements of D will be denoted by A, and the set D+-A, by D. 


The domain of definition of K(M, P) may now be extended by writing 
K(M, P) = lim K(M,, P) (M in A; P in D), 


where {M,} is any fundamental sequence determining M. For M in A, 
K(M, P) is thus a positive harmonic function of P in D having the value 1 
for P = Po. 

Evidently the function K(M, P) is characteristic of the point M in the 
sense that the identity of two points of D is equivalent to the equality of their 
corresponding K(M, P)’s as functions of P. Thus, in view of the possible 
application pf the normal family theory, it is to be expected that D can be 
given a topology with respect to which it is compact and with respect to 
which K(M, P) as a function of M possesses certain continuity properties. 
This may be shown more explicitly by introducing a metric. Actually, the 
precise analytic form of the metric we choose to introduce is not of great im- 
portance in the present developments but has some technical advantages. 


DEFINITION 2. Select a fixed sphere = completely interior to D having, say, 
Po for center. For M and M’' in D we define(**) 


| K(M, P) — K(M’, P)| 


(2.1) p(M, M’) -{ 
z 1+|K(M, P) — K(M’, P)| 

in which integration is with respect to volume and in which the integrand is de- 

fined conventionally if P= M or M’. 


THEOREM I. The function p(M, M’) ts a metric in D. With respect to it D 
is complete and compact, D is open, and A is the boundary of D. The relative 
topology in D arising from the metric is equivalent to the original topology there. 


That p(M, M’) is finite, non-negative, symmetric, and that it satisfies 
the triangular inequality and vanishes if M=M”’ is clear from (2.1). If 
p(M, M’)=0, the integrand in (2.1), since non-negative, must vanish in 
every point of 2 at which it is continuous. Hence, K(M, P)=K(M’, P) for 
all P in = except possibly P = M or P= M’. Harmonic continuation extends 


(*) Taking the integrand in this form is, of course, a purely technical device for obtaining 
a bounded integrand. Cf. S. Banach, Théorie des Opérations Linéaires, Warsaw, 1932, pp. 9-10. 
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the equality to all P in D. Thus p(M, M’)=0 implies M=M’. This estab- 
lishes the first statement of the theorem. 

The remainder of the proof will be carried out in a number of brief steps. 
A sequence { M,} of points of D convergent to a point M in the sense of the 
metric p will be called p-convergent to M. 

(i) A sequence { M. a} of points of D convergent to a point M of D is p-conver- 
gent to M. For, if in (2.1) M is taken as the present M, and M’ is replaced 
successively by M,, M2, ---, the integrands are bounded and converge to 
zero except possibly at a single point. 

(ii) A fundamental sequence { M,} determining a point M of A is p-conver- 
gent to M. This follows from the same argument as in (i) and the definition 
of a fundamental sequence. 

(iii) A sequence {M,} of points of A has a subsequence p-convergent to a 
point M of A. Let Fi, Fe, --+ be an increasing sequence of bounded closed 
sets whose sum is D. Consider a fixed M,. A fundamental sequence determin- 
ing M, has at most a finite number of points in F,. We can, by (ii), select from 
such a fundamental sequence a point which is not in F, and whose p-distance 
from M, does not exceed 1/n. Call this point M,’. We thus obtain a sequence 
{ M, } of points of D which, since M,! is not in F,, can have no accumulation 
point in D, and for which p(M,, M,’) S1/n. A subsequence of { M, } is funda- 
mental, and determines an M in A. Application of the last inequality, the tri- 
angular inequality, and (ii) shows that the corresponding subsequence of 
{ M,.} is p-convergent to M. 

(iv) Any sequence { M,} of points of D has a subsequence p-convergent to a 
point M of D. If an infinity of points of { M,} are in D, and these have an ac- 
cumulation point M there, a subsequence consists of points of D and con- 
verges to M. We then apply (i). If an infinity of points of {M,} are in D but 
there is no point of accumulation there, a subsequence is fundamental, and 
we apply (ii). This leaves only the possibility that an infinity of the M, are 
in A; (iii) applies here. 

(v) A sequence {M A of points of D which is p-convergent to a point M of D 
is convergent in the ordinary sense to M. For, if the sequence { M,} did not 
converge to M, it would either have a subsequence convergent to an M’# M 
in D, or would have a fundamental subsequence. In the first case (i), and in 
the second (ii), would imply a contradiction. 

The various statements of the theorem now follow at once. (iv), as the 
statement of self-compactness, implies completeness and compactness. That 
A is p-closed follows from (iii). D, as the complement of A in D, is p-open. 
From (ii) and the fact that a fundamental sequence consists only of points of 
D, it follows that every p-neighborhood of a point of A contains points of D. 
The equivalence of the two topologies in D is a consequence of (i) and (v). 


THEOREM II. The function K(M, P), for fixed P, is p-continuous as a func- 
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tion of M in D, except at M=P. More generally, if F is a bounded closed subset 
of D and if G is a p-closed subset of D—F, then K(M, P) is uniformly continuous 
in both arguments for M in G and P in F. 


The first statement, when MM is in D, is a consequence of the equivalence 
of continuity and p-continuity in D. Suppose that M is in A, and let { M, 
be any sequence of points of D p-convergent to M. For a subsequence { M,/ 
of {M,}, we have K(M,!, P)—>v(P), where v(P) is harmonic in D. If in (2.1) 
M is taken as the present M and M’ is replaced successively by Mi, MZ, -- -, 
then the condition p(M, M,’)-—0 implies that the integral in (2.1) with 
K(M’, P) replaced by v(P) has the value zero. Thus o(P) = K(M, P) for all 
P in 2, and harmonic continuation extends this equality to all P in D. In 
other words, { M,} has a subsequence { M,’ } such that K(M,, P)—K(M, P). 
Since the same argument applies to any subsequence of { M,}, it follows that 
K(M,, P)—-K(M, P). 

For the second statement, consider the K(M, P) with M in G as a family 
of harmonic functions of P in D—G. They form a family uniformly bounded 
near any point of D—G; thus, since harmonic, they are equicontinuous at 
any such point, in particular at any point of F. Hence, for M in G and P in F, 
K(M, P) is continuous in M and continuous in P uniformly in M. Continuity 
in both arguments follows from this and the compactness of the ranges of M 
and P. 

The notions of p-closed and p-open sets arising from the metric p in D 
extend in a familiar manner to that of a p-Borel set. A system of sets in a space 
is customarily called a Borel field if it contains the empty set, contains with 
each of its sets the complement, and contains with each sequence of its sets 
the sum(?*). The system of p-Borel sets of D is defined as the smallest Borel 
field consisting of sets in D which contains all p-open sets. 


THEOREM III. The p-Borel subsets of D are identical with the subsets of D 
measurable Borel in the ordinary sense. 


Consider the system © of sets of D whose intersection with D is a Borel 
set. S is clearly a Borel field. Since the intersection of a p-open set with D 
is p-open and, hence, by Theorem I, open, © contains all p-open sets, and 
thus all p-Borel sets. It follows that every p-Borel subset of D is Borel. 

Conversely, a similar consideration of the system ©’ of all sets in space 
whose intersection with D is p-Borel shows that SG’ contains all Borel sets in 
space. In particular, every Borel subset of D is p-Borel. 

Relative to any Borel field there are definable the notions of a completely 
additive function of sets of the field, of measurability of a point function with 
respect to the field, and of an integral of a measurable point function with 


(*°) See, for example, S. Saks, Theory of the Integral, 2d revised edition, translated by 
L. C. Young, Warsaw, 1937, p. 7. Saks uses the term additive class. 
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respect to a completely additive function of sets(#'). In particular, we shall 
make use of these notions relative to the system of p-Borel sets. Since D is 
p-compact, the theory of such an integral does not differ essentially from that 
a Radon-Stieltjes-Lebesgue integral over a bounded closed portion of Eu- 
clidean space. 

We shall have occasion to use only those completely additive set functions 
which are finite and non-negative, and shall use the terms mass distribution 
or mass function only in reference to such. The notion of weak convergence of a 
sequence of mass distributions is of considerable importance, and may be re- 
called. If F is a closed and compact set in a metric space, a distribution y(e) 
over F is called the weak limit of a sequence { pale) } of distributions over F, 
if the condition 


(2.2) lim f(S)dyn(es) = f(S)dules) 


holds for every function f(.S) which is continuous over F. The most important 
feature of weak convergence is the 


SELECTION THEOREM(?*). A sequence of distributions over a closed compact 
set F in which the total masses are uniformly bounded has a subsequence weakly 
convergent to a distribution over F. 


3. The function u,(P) and the representation. Throughout this section 
and the next we shall employ the metric p in D. Thus, the terms, open, closed, 
distance, etc., will be understood, in the absence of specific mention to the con- 
trary, in the sense of this metric. If G is any set in D, we shall denote by [G] 
the intersection of D with the p-closure of G. [G] is a relatively closed subset 
of D in the sense of the ordinary topology of D. 


(*) The integral most convenient for our present purposes is one of Stieltjes type; that is, 
one whose dependence upon a mass distribution is explicit. The theory in the extended form 
needed here may be found in Saks, op. cit. 

(#) The definition of weak convergence given above is copied after that of J. Radon, 
Theorie und Anwendungen der absolut additiven Mengenfunktionen, Sitzungsberichte der 
Akademie der Wissenschaften, Vienna, 1913, p. 1337. All that is really essential for the ex- 
tension of the result is the observation that, since we are in a metric space and F is compact, 
there is a countable neighborhood system covering F. It may be noted that the condition (2.2) is 
equivalent to three: (i) the un(¥) are bounded independently of m; (ii) lim inf,... un(e) [u(e), for 
subsets e open in F; (iii) lim sups.. un(e) Su(e), for closed subsets e of F. It is possible to imbed 
the countable neighborhood system of F in a system of sets $, also countable, containing with 
each of its sets the complement in F, and with each pair of its sets the sum and intersection. 
By the “diagonal process” we can determine a subsequence of the mass distributions having a 
limit \(p) for each set p of $. A(p) is additive in the restricted sense for sets in $, and can be 
used to generate a Carathéodory outer measure expressible in a familiar fashion in terms of 
coverings by sequences of sets from $. The measure function of this outer measure, when re- 
stricted to Borel sets, satisfies the requirements (ii), and (iii) for u(e). 


4 
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DEFINITION 1. Let u(P) be a non-negative harmonic function in D, and let A 
be a closed subset of A. The function ua(P) is defined as the greatest lower bound 
of uj@(P) as G ranges over all open sets containing A. 


Lemma 1. Let u(P) and A be as in the above definition. Let Gi, G:,--- bea 
descending sequence of open sets which contain A and whose closures have A as 
their intersection. Then uj'o,)(P) | ua(P). 


Obviously, the sets [G,] form a descending sequence having a void inter- 
section. The functions u/%,)(P) form a descending sequence and, from some n 
on, are non-negative harmonic in any bounded closed subset of D. Thus, 
uj’c,:(P) | v(P), where v(P) is non-negative harmonic in D. From Definition 1, 
we have v(P) 2ua(P). On the other hand, corresponding to any point P and 
any positive ¢, there is an open set G containing A such that, for this particu- 
lar P, we have uj@(P)Suas(P)+.. But, since G will contain all but a finite 
number of the sets G,, we have ujt)(P)20(P). Combining these inequalities 
and using the arbitariness of €, we obtain v(P) = ua(P). 

We now derive a number of elementary properties of the function u4(P). 
In the statement of the following theorem, u(P) and v(P) will denote non- 
negative harmonic functions in D; A, B, etc. will be closed subsets of A. 


THEOREM I. The function u(P) is non-negative harmonic in D. It has the 
following properties(*) 

(a) u(P) 2ua(P) for all P in D. 

(b) If u(P) =v(P) for all P in D, then ua(P) 204(P). 

(c) (u+v)a(P) =ua(P)+04(P). 

(d) (c-u)a(P) =c-ua(P), where c is a non-negative number. 

(e) ua(P) =u(P). 

(f) If A 2B, then (Us)a(P) =us(P). 

(g) If A 2B, then us(P)2uzp(P). More generally, if A, | A, then us,(P) 
| ua(P). 

(h) Sua(P)+ua(P). 


That u,(P) is harmonic was shown incidentally in the proof of Lemma 1. 
Statements (a), (b), (c), and (d) are immediate consequences of Lemma 1 and 
the corresponding statements in Theorem II of §1. 

To prove (e), suppose that G is an open set containing A. D—G is a subset 
of D, is p-closed and, therefore, is closed in the ordinary sense. It is also 
bounded. If it were not, there could be selected from it a sequence of points 
having no point of accumulation in D; this sequence would contain a funda- 
mental subsequence determining a point of A. This is impossible. From this 
it follows that D—[G] is a bounded open set completely interior to D. In 


(*) Several of the statements here are shown by Theorem III, §4, and its Corollary 3 to 
admit of considerable strengthening. 
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every boundary point of D—[G], u(P) is harmonic; thus it is determined in 
D-—[G] by its own boundary values. It follows that in D—[G], uj)(P) =u(P). 
(e) now follows if we let G close down upon A through a sequence of the type 
prescribed in the statement of Lemma 1. 

To prove (f), let G and H be open sets containing A and B respec- 
tively, and assume that G2H. From (f) of Theorem II, §1, we have 
(un) *4(P) =ufin(P). If we keep G fixed and allow H to run through a 
descending sequence of sets closing down upon B as in Lemma 1, we ob- 
tain, with the aid of (e) of Theorem II, §1 (using u(P) for a majorant), 
(us) (\(P) =usz(P) for all P in D—[G]. (f) now follows as the limiting form 
of this last relation when G is allowed to run through a descending sequence 
of sets closing down upon A. 

The first statement of (g) follows from Definition 1 and the fact that any 
open set containing A also contains B. For the more general statement, the 
functions u4,(P) form a descending sequence having a harmonic limit v(P), 
which clearly must dominate u4(P). On the other hand, since any open set G 
containing A contains all but a finite number of the A,, we have, for such G, 
uje(P)2v(P). It follows that ua(P)2v(P), and therefore that ua(P) 
=v(P). 

To prove (h), let G and H be open sets containing A and B respectively. 
From (h) of Theorem II, §1, we have, writing K =G+H and observing that 
[K]=[G]+[HA], (P) Sufe)(P) +ufn(P). If now G and run simultane- 
ously through descending sequences of sets closing down respectively upon A 
and B, K runs through a sequence closing down upon A+B, and (h) follows 
as the limiting form of the last inequality. 


THEOREM II. If u(P) is non-negative harmonic in D, and A is a closed 
subset of A, then there exists a mass distribution wa(e) over A such that 


(3.1) us(P) = K(M, P)dua(ew) 


for all P in D. The total mass, ua(A), is equal to the value of the function us(P) 
at the point Po. 


It should be remarked that the uniqueness of the distribution pa(e) is not 
asserted in this statement. As we shall see later, there may actually be more 
than one distribution satisfying the requirements of the theorem. 

Let G be an open set containing A and having the point P» as an exterior 
point. Denote by G the p-closure of G. Let o be a closed subset of [G]. o is 
then closed and bounded (cf. the proof of part (e) of Theorem I of the present 
section) in the ordinary topology of D. If we now transform the integral of 
(1.2), and use the fact that G(.M, Po) as a function of M in a is continuous and 
positive, we obtain 
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us(P) = f G(M, P)dv.(eu) 
(3.2) 


f K(M, P)-G(M, Po)dve(ex) = f K(M, P)due(eu), 


in which 
= f car, Po) dv_(em). 


Since yu,(e) is a Borel mass distribution vanishing outside o, it may, by the 
result of Theorem III of §2, equally well be interpreted as a p-Borel mass 
distribution over o. Since ¢ ¢ G, the result of (3.2) may be written 


(3.3) ul(P) = f _K(M, 


The total mass of u,(e), calculated by writing P=Pp, in (3.3) and recalling 
that K(M, Po)=1, is u*(Po), and thus does not exceed u(Po). 

If now ¢@ is allowed to run through an ascending sequence of sets whose 
sum is [G], then, since the u,(e) have total masses not exceeding u(Po) and 
lying in the closed compact set G, we have for some subsequence of {,(e) = 
and we may assume it already extracted—a weak limit distribution y¢(e) 
having its total mass (also not greater than u(P»)) in G. From Theorem II, 
(g), §1, we have u3(P) T uj,(P). Using the weak convergence of the distribu- 
tions and the continuity of K(M, P) as a function of M in G when P is in 
D—[G], we obtain as the limiting form of the equation (3.3) 


(3.4) wio(P) = f_K(M, P)dua(ew) (P in D — 
G 


Now allow G to run through a sequence closing down upon A in the man- 
ner prescribed in the statement of Lemma 1. From the result of Lemma 1, by 
an argument similar to that of the preceding paragraph coupled with the ob- 
servation that a weak limiting distribution, w(e), of the uz(e) must have its 
total mass in every G and thus in A, we obtain (3.1) as the limiting form of 
(3.4). The last statement of the theorem is immediate if we put P = Po in (3.1). 

We now have a representation theorem: 


THEOREM III. If u(P) is non-negative harmonic in D, then there exists a 
distribution y(e) over A such that 


(3.5) u(P) = f K(M, 
A 


for all P in D. Conversely, for any distribution y(e) over A, the integral in (3.5) 
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represents a non-negative harmonic function u(P). The total mass, (A), is equal 
to the value of u(P) at the point Po. 


The first and last statements follow as corollaries of Theorem I, (e), and 
Theorem II of the present section if A is taken as A in the latter theorem. 

For the converse statement, since K(M, P) is continuous as a function 
of M in A, the integral in (3.5) can be approximated by means of Riemann 
sums. Indeed, in view of Theorem II, §2, the approximation is uniform for P 
in any bounded closed subset of D. The approximating sums are finite positive 
linear combinations of K(M, P)’s with M in A, and, as such, are non-negative 
harmonic. The result is now immediate. 

4. The minimal functions and the uniqueness problem. As has been indi- 
cated before, the representation obtained in the preceding section fails to give 
a complete determination of the distribution in terms of which a specified 
harmonic function is represented. In this section we shall obtain a charac- 
terization of the minimal harmonic functions and establish the existence of 
a unique canonical representation in terms of these functions. 


LEMMA 1. Suppose that u(P) is positive harmonic and minimal. Let A be 
any p-Borel subset of A. If now a relation of the form 


(4.1) u(P) = f K(M, P)du(ew) > 0 


obtains for all P in D, then u(P) =u(Po)-K(S, P), where S is some point in A. 


u(A) is positive, as is easily seen by setting P= Pp in (4.1). A, therefore, 
has a closed subset A, for which u(A;) is positive. A1, being compact, can be 
covered by a finite number of its closed subsets, all of them having diameter 
less than some selected positive number. At least one such subset has a posi- 
tive u mass. We select a particular such and call it As. By proceeding in this 
way inductively, it is possible to construct a descending sequence Aj, Az, - 
of closed subsets of A whose diameters approach zero and each of which has 
a positive u mass. Let S be the (unique) point common to all the A,. 

Now since u(A,) is positive, the integral in (4.1) extended over A, instead 
of A represents a positive harmonic function dominated by the minimal func- 
tion u(P), and is thus equal to c,-u(P), where c, is positive. If we write 
=c'-u(A,-e), there follows 


(4.2) u(P) = | K(M, P)dun(ew). 


An 


The total mass of the distribution u,(e) is u(Po) and is located upon A,. Thus 
the u,(e) have as weak limit a point mass of amount u(Po) located at S. The 
relatior u(P) =u(Po)-K(S, P) now follows as the limiting form of (4.2). 


| 
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COROLLARY 1. Every minimal positive harmonic function in D is a positive 
multiple of some K(S, P), where S is in A. 

This follows on taking A =A in the lemma and recalling the result of 
Theorem III of the preceding section. 

Coro.uary 2. If K(S, P) is minimal and A is a closed subset of A such that 
Ka(S, P) is positive, then Sis in A. 

Since K(S, P)2Ka(S, P), Theorem II of the preceding section with A 
taken as the present A implies a relation of the form (4.1). 

DEFINITION 1. We define the function y(S) for S in & as Kig)(S, Po); that 
is, as the value at Po of ua(P), where u(P) is K(S, P) and A is the set consisting 
of the single point S. 

THEOREM I. The function y(S) has only the two possible values 1 and 0. 
The function K(S, P) is minimal or not according as ¥(S) is equal to 1 or 0. 

Theorem II of the preceding section with A = {S} has the following con- 
sequence: 


(4.3) utsi(P) = J. K(M, P)duisi(em) = K(S, P). 


In particular, putting u(P) = K(S, P), we get 
Kis\(S, P) = ¥(S)-K(S, P). 
Application to this of (f) and (d) Theorem I, §3, yields 
Kisi(S, P) = (Kisi)is\(S, P) = ¥(S)- Kisi(S, P). 


If we put P=Pp, this yields ¥(S) = [y(S) ]*, which proves that ¥(.S) =1 or 0. 
Assume now that ¥(S)=1. We show that this implies that K(S, P) is 

minimal. Let u(P) be any positive harmonic function dominated by K(S, P). 

Write v(P) = K(S, P)—u(P). Then v(P) is non-negative harmonic. Now 


(4.4) u(P) 2 us\(P), v(P) 2 vs1(P), 
and 
K(S, P) = u(P) + of P) = usi(P) + r15)(P) 

Kisi(S, P) ¥(S)- K(S, P) K(S, P). 
But clearly (4.5) can hold only if equality obtains in both of the relations 
(4.4). In particular, u(P) =u;s)(P) ; from (4.3) the latter function isa multiple 
of K(S, P). Thus K(S, P) is minimal. 


Assume, conversely, that K(S, P) is minimal. Suppose that A is a closed 
subset of A having S as an interior point relative to A; let B be the closure . 


(4.5) 
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of the complement of A in A. We now have K a(S, P) =0; for, if not, Corollary 
2 above would imply that S is in B. Thus, 


K(S, P) = K,(S, P) = K a+a)(S, P) 
S Ka(S, P) + Kx(S, P) = Ka(S, P) P); 


that is, K4(S, P) =K(S, P). If now A is allowed to run, for example, through 
the sequence {A,}, where A, is the set of points of A whose p-distance 
from S does not exceed 1/n, then A, | {S} ,and we have, as the limiting form 
of the result just obtained, K;s,(S, P) =K(S, P). On writing P =P» in this, 
there follows ¥(.S) = 1. 


DEFINITION 2. We shall denote by Ao and A, respectively the sets of points 
of A for which ¥(S) has the value 0 and the value 1. 


THEOREM II. The set Ao is either void, or closed, or an F,. 


We introduce an auxiliary sequence of sets T,, where »=1, 2, - - - . The 
set I, is defined as the set (possibly void) of all points S of A having the follow- 
ing property: If G is any open set in D containing S and having a p-diameter 
less than 1/n, then K/'@)(S, Po) $4. It is clear, incidentally, from this defini- 
tion that the I, form an ascending sequence. 

Since K(S, P) is continuous as a function of S in A, it follows from the 
second statement in (e) of Theorem II, §1 that for any open set G the func- 
tion K/@)(S, Po) is lower semicontinuous as a function of S. In particular, 
if So is a limit point of I’, (assumed non-void) and G is an open set of diameter 
less than 1/n containing So, then the function K/%@)(S, Po) has a value not 
exceeding 4 at points S of a sequence approaching So. It follows that Sp is 
in I,; that is, I’, is closed. 

Now let S be a point of I’. Select an open set G (e.g., an open p-sphere) 
containing S and having a diameter less than 1/n. There follows y(S) 
=Kis,(S, Po) SKfa(S, Po) that is, ¥(S)=0. This proves that 
S Ay (n=1, 2,---). 

Assume, conversely, that S is in Ao. Denote by G, the set of points of D 
whose distance from S is less than 1/n. Then, since G, | {S}, we have 
Kfe,)(S, Po) | Kis;(S, Po) =¥(S) =0. Hence, we may choose =m so great 
that K/z,)(S, Po) $4. Any open set G which contains S and has a diameter 
less than 1/m is contained in G,. Since for any such G, Kj%@(S, Po) 
= Kjc,,(S, Po), it follows that S is in T,. 

The result of the last two paragraphs is to the effect that A, is identical 
with the sum of the I',, which were proved above to be closed or void(*). 


(*) It seems a reasonable conjecture that the sets I’, are nowhere dense in A; thus that Ao, 
actually, is of the first category in A. An answer to this question would have interesting con- 
sequences. 


| 
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The particular consequence of the theorem just proved, that Ao is a 
p-Borel set, is needed in 


DEFINITION 3. A distribution u(e) over A will be called canonical if u(Ao) =0. 
A representation of the form given by Theorem III, §3, is a canonical representa- 
tion if the distribution occurring in it 1s canonical. 


In a canonical distribution the total mass is carried on the set A;. Thus a 
canonical representation is one which involves, in a sense, only minimal 
K(S, P)’s. It is our purpose to show that every non-negative harmonic func- 
tion in D has exactly one canonical representation. Before proceeding to this 
result it is convenient to prove a number of lemmas. 


Lemma 2. Jf I, is one of the auxiliary sets introduced in the proof of Theo- 
rem II, then uy,(P) =0, for any function u(P) positive harmonic in D. 


The set I',, being closed and compact, may be covered by a finite number 
of its closed subsets each of diameter less than 1/n. It is sufficient (Theorem I, 
(h), §3) to prove that u4(P) =0 whenever A is such a subset of I',. A being 
such a set, let G be an open set also of diameter less than 1/n containing A. 
From the defining property of T’,, we have Kj@;(S, Po) <4 for every S in the 


set A. 
Let v(P) be a finite linear combination, with positive coefficients, of 


K(S, P)’s with Sin A: 
(4.6) oP) = > cy K(S,, P) (c, > 0; S, in A). 


We then have 


(4.7) 


vie)(Po) = Kta(S», Po) — Die, 
1 1 
1 
2 


Le. K(S,, Po) = 


for any v(P) of the form (4.6). 
More generally, suppose that the function v(P) is expressible in the form 
of an integral: 


(4.8) o(P) = f K(M, P)du(em). 
A 


Approximation to this integral by means of Riemann sums yields an approxi- 
mation to the v(P) in (4.8) by a sequence of functions v,(P) of the form (4.6). 
Using the last statement in part (e) of Theorem II, §1, and the result of (4.7) 
for the functions v,(P), we obtain 
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va(Po) S lim inf 


(4.9) 
S lim 2,(Po) = }0(Po), 


for any v(P) of the form (4.8). 
In particular, by Theorem II, §3, ua(P) is of the form (4.8). Hence, we 
have 


tua(Po) = (ua)a(Po) S $ua(Po); 
from which it follows that u4(P>») =0, thus that u4(P) =0. 


Lema 3. Let u(P) be positive harmonic in D, and let € be an arbitrary posi- 
tive number. Then there exists a closed subset A of A; such that u(Po) Sua(Po) +e. 
The set A depends, of course, upon u(P) and e. 


Denote by I'n,, (m, m=1, 2,---) the set of points of A whose distance 
from I, does not exceed 1/m. The sets I’,,,, are closed, and, for m fixed, m—>~, 
we have I’... | I',. As a consequence of Theorem I, (g), §3, and the result of 
the preceding lemma, we may, for each , choose m=m/(n) so great that if 
B,=Tmqm),n, then up,(Po) <2-"-€. Having for each m selected B, in this fash- 
ion, define C, as Bi, +B,+ ---+3B,. The sets C, are closed and form with 
increasing m an increasing sequence. Denote by A, the closure of the com- 
plement on C, in A. The distance of the sets A, and I, is at least 1/m(m); 
thus the A,, which form a descending sequence, have an intersection A which 
is closed and, having no point in common with any I,, is a subset of Aj. 

We show that this A satisfies the requirements of the lemma. By the con- 
struction above, 


uc,(Po) S > tup,(Po) < > 2-"-e<e. 
1 1 


Observing that A,+C, =A and using (e) and (h) from Theorem I, §3, we ob- 
tain from this 


u(Po) = ua(Po) = S ua,(Po) + S ua,(Po) + €. 


The limiting form of this inequality as m becomes infinite, calculated with the 
aid of (g) from the theorem just cited, is the inequality of the lemma. 


Lemma 4. Let A and B be closed subsets of A having no common point. As- 
sume that B is a subset of A; and that € is an arbitrary positive number. Then 
there exists an open set G containing A such that for every S of B, Kj'a(S, Po) <e. 


Let G, G2, --- be a descending sequence of open sets which have Pp» as 
an exterior point, which contain A, and whose closures have A as their inter- 
section. If the present lemma were false, we could find for each a point S, 


4 
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of B and a number 4, positive and independent of m, such that K/'g,)(Sa, Po) 
2 6. We show that this leads to a contradiction. 

Using equation (3.4) from the proof of Theorem II, §3, with u(P) and G 
there as the present K(S,, P) and G,, we have 


P) = K(M, P)dun(ex), 
Gn 

where y,(e) is a distribution over G, whose total mass, calculated by writing 
P=P, in the equation, must be between the numbers 6 and 1 inclusive. It 
is now possible to extract a subsequence of the natural numbers such that 
the corresponding subsequence of these distributions converges to a weak 
limiting distribution yo(e) over A having a total mass of at least 6. Since B 
is closed and compact, it is then possible to extract from this subsequence a 
second, such that the corresponding subsequence of {Sa} converges to a point 
So in B. We may assume that both these extractions have already been per- 
formed, so that 


K(So, P) = lim K(Sz, P) lim sup P) 


A 


ave JG, 


Since the last integral is positive and since K(So, P) is minimal, it follows 
from Corollary 2 that So is in A. This is the desired contradiction. 


Lemna 5. Let A be a closed subset of A, and Ea Borel subset of A; having no 
point in common with A. Let u(P) be a harmonic function of the form 


(4.10) u(P) = f K(M, P)du(ew). 


We then have =0. 

Assume first that E=B, where B is as in the statement of Lemma 4. Let 
v(P) be a finite linear combination with positive coefficients of K(S, P)’s with 
Sin B: 


(4.11) o(P) = > cy K(S,, P) (c, > 0; S, in B). 


Now, ¢ being an arbitrary positive number, let G be the G of Lemma 4 corre- 
sponding to it for the present A and B. We then have (cf. (4.7) in the proof 
of Lemma 2) 


= Ktai(S», Po) Se: > = cy K(S,, Po) = €-v(Po). 
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By the use of Riemann sums, any u(P) of the form (4.10) (with E=B) can 
be approximated by a sequence of functions v,(P) of the form (4.11). There 
follows (cf. (4.9) above) 


ua(Po) uto)(Po) < lim inf lim €-0,(Po) = €- (Po). 


Since is arbitrary, u4(Po) =0; hence, u4(P) =0. 

When E is of a more general form, we may write E=B+C, where B and C 
are without common points, B is as above, and C has a u-mass smaller than 
a preassigned e. If now u(P) is decomposed into two parts represented by the 
integral of (4.10) extended over the sets B and C respectively, then, by what 
has just been proved, the first of these contributes nothing to the value of 
ua(Po), while the second contributes an amount less than e. It then follows 
as above that u4(P) =0. 


THEOREM III. Every non-negative harmonic function u(P) in D admits of 
exactly one canonical representation. The canonical distribution u(e) representing 
u(P) is characterized by the relation 


(4.12) us(P) = f K(M, P)du(ew), 


which holds for every closed subset A of A. 


We prove first the existence of a canonical representation. Let u(P) be 
non-negative harmonic, € positive, and A the A of Lemma 3 for this u(P) 
and this e. Consider the decomposition 


u(P) = ua(P) + [u(P) — ua(P)]. 


By the result of Theorem II, §3, the function u4(P) admits a representation 
in terms of a distribution whose total mass is in A, thus a canonical represen- 
tation. The function u(P)—u,4(P) is non-negative harmonic, and its value 
at Po, by the inequality of Lemma 3, cannot exceed e. This means: Any non- 
negative harmonic function in D can be expressed as the sum of two, one of 
which admits a canonical representation, and the other of which has a value 
at Po smaller than a preassigned positive number. 

Let &, €,-:- be a decreasing sequence of positive numbers having 
zero as limit. Starting with the given u(P) effect the decomposition 
u(P) (P), where u(P) admits a canonical representation, and 
where uj (Po) <&. Repeat the process for uj (P), writing uj (P) = u2(P) +d (P), 
where u2(P) has a canonical representation, and where uj (Po) < €:. Proceeding 
in this way we obtain recursively a sequence of decompositions: 


u(P) = u(P) + ui(P), = + 


no 
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where u,(P) has a canonical representation, and where u,! (Po) <€,. Combin- 
ing the first m of these relations, we get 


u(P) = + 


Since the u,, (P) form a decreasing sequence of non-negative harmonic func- 
tions vanishing in their limit at Po, the limit vanishes identically and we have 


u(P) = >> u»(P). 
1 
Now, for each n, let u,(e) be a canonical distribution representing u,(P). 
Write 
ule) = un(e). 
1 
Any distribution represented by a partial sum of this series, since it represents 
a harmonic function which does not exceed u(P), has a total mass not exceed- 


ing u(P»). Hence, the series defines a finite distribution u(e), which is obvi- 
ously canonical. We now have 


u(P) = = f P)dun(em) 


= 


which completes the existence proof. 

We prove the uniqueness by showing that the relation (4.12) holds for any 
canonical distribution yu(e) representing u(P). This is sufficient, since (4.12), 
with P= Pp, yields u4(Po) =u(A), and thus shows that is determined for 
all closed, hence for all Borel, sets in A. 

Assume thus that y(e) is a canonical distribution representing u(P). For 


brevity we shall write 


u(E; P) = K(M, P)du(en), 


when E is any Borel subset of A. Since A and A; differ by the yu-null set Ao, 
we have for such E 
(4.13) u(E; P).= u(AiE; P). 
Now let A be a closed subset of A. From the additivity of the integral as 
a function of sets there follows 
u(P) = u(A; P) = u(Ai; P) = u(AiA; P) + w(Ai — A; P). 
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Applying to this result that of Lemma 5 with E there taken as A,—A and A 
taken as the present A, we obtain 
(4. 14) ta(P) = P) + A; P) = ua(AiA; P). 


Denote by A, (n=1, 2, - - - ) the set of points of A whose distance from A 
does not exceed 1/n, and by B, the closure of the complement of A, in A. 
A, and B, are closed, A,+B,=A, and B, has no point in common with A. 
With the aid of Lemma 5 with E taken as A;A and A there taken as the pres- 
ent B,, we have 

u(AiA; P) = P) = P) 
= ua, P) + up, ; P) = ua, P) s u(A,A; P). 


Since A, | A, the limiting form of this is 
(4.15) us(AiA; P) = u(A,A; P). 
From (4.14), (4.15), and (4.13) follows 
us(P) = ua(AiA; P) = u(AiA; P) = u(A; P), 


which completes the proof. 


Coro.iary 3. The function ua(P), defined originally for closed subsets of A, 
admits of extension to a completely additive function of Borel sets in A. 


Coro.uary 4. The condition that Ao be void is both necessary and sufficient 
for the uniqueness in general(*) of the representation of Theorem III of the pre- 
ceding section. 


If Ao is void, all representations are canonical, and thus unique. On the 
other hand, if Sis a point of Ao, K(.S, P) has at least two representations, viz., 
its canonical representation and its representation by a unit point-mass at S. 

5. Examples and applications. We shall first clear up by an example the 
question of the existence of a domain for which the set Ao is non-void. Since a 
point of divergence of the representation in §3 from the Poisson-Stieltjes in- 
tegral formula lies in the (presumable) failure of that representation to be 
unique, and since much of the complication of §4 occurs on this account, it is 
desirable to have this example to show that the difficulty is genuine, and not 
simply the result of an ineffectiveness of the particular analytical devices em- 
ployed. To show further that the presence of the set Ao is not connected with 
any necessary complication in the topological structure of the domain, this 


(%) It is a question of interest whether bounded positive harmonic functions can have any 
but canonical representations. This reduces to an investigation of the representations of 
l(P) =1. It may be remarked that the function /4(P) plays a role analogous to that of the swept- 
out mass function m(e, P), and serves as a natural starting point for an investigation of the 
“Dirichlet problem” associated with the present notion of ideal boundary. 


ip 
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example has been chosen so that the domain together with its (ordinary) 
boundary is the topological image of a closed sphere. 

We require certain properties of the swept-out mass for a domain limited 
by a simple closed surface of bounded curvature(**). Such a domain may for 
our present purposes be characterized by the existence of a positive number r 
(called here an admissible radius for the domain) such that each boundary 
point of the domain lies at the point of tangency of two spheres of radius r 
having their interiors respectively interior and exterior to the domain. The 
boundary surface of such a domain necessarily has in each point a well de- 
fined normal varying continuously in direction from point to point, and has 
an area given by the elementary formula. The distribution m(e, P) is ab- 
solutely continuous with respect. to area, and its superficial density P) 
at a boundary point S is positive, varies continuously with S, and is given by 
the Poisson formula 


1 @ 
2S, P) = —-— GS, P), 
(S, P) ) 


in which mg denotes the inward directed normal at the point S, and G(M, P) 
is the Green’s function. 2(S, P) is positive harmonic in P, approaches zero 
as P approaches a boundary point distinct from S, and admits the estimate 


1 cos¢ 1 
(5.1) as, P) s —) 
2x SP? 4ar-SP 


where ¢ is the angle between the inward normal at S and the directed segment 
SP, and where r is an admissible radius for the domain. 


Lemma 1. Let D be a (bounded) domain whose boundary d is of bounded 
curvature, and let 5 be a positive number. There exist positive constants k, and kz 
such that 


ky-dist (P, d) Q(S, P) S ke-dist (P, d), 


whenever SP = 5. ki depends only upon the domain; ke depends only upon the 
domain and 6. 


Let r be an admissible radius for D. Let D, be the set of points of D whose 
distance from d is at least r. Q(.S, P) has a positive lower bound m taken over 
all Pin D,, Sin d. Obviously, if P isin D,, Q(S, P) = (m/diam (D)) -dist (P, d). 
Suppose that P =P, is a point of D not in D;. Let S, be the closest point of d 
to P;. Let 2; be the sphere of radius r internally tangent to d at Sj, and let Q; 


(#*) See de la Vallée Poussin, loc. cit.("). The definition used here is equivalent to that of 
the cited reference for domains with simple boundaries. It may be remarked, however, that the 
largest admissible radius in the sense used here is not necessarily identical with the minimum 
radius of curvature of the boundary surface. 
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be its center. Q; is in D;, and Q,, P:, S; lie in that order along the inward nor- 
mal at S,;. Using the inequality 2(S, Q:) 2m, and the Harnack inequality for 
the sphere 2, we obtain 2(S, P:) = (m/4r) - =(m/4r) -dist d). Thus 
we may choose k; as the smaller of the two numbers m/4r and m/diam (D). 

For the existence of ke, let M be an upper bound, estimated by (5.1), of 
Q(S, P) for SP= 6/3. If dist (P, d) = 6/3, then the inequality of the lemma 
is satisfied with ke=3M/6. Suppose that P=P, is a point of D such that 
dist (P;, d) <<5/3. Let S; be a closest point of d to P;. If now S,P< 6/3 and 
SP, = 5, then we have SP= 5/3, and hence Q(S, P) <M. Let Ej be the sphere 
of radius r and center Q/ externally tangent to d at Si; let Q{’ be the mid- 
point of the segment SiQ/. The function ¢(.S:; P) =1—(S,Q;’ /PQ’) is a bar- 
rier(?”) for D at S;. The greatest lower bound m’ of (Si; P) for PO =r, 
S,P = 6/3, is positive and depends only upon r and 6. From the properties of a 
barrier and the relations P,.S, <5/3 and P,Q/’ = P,S,+5,0;" there follows for 
SP, 26, 2(S, P:) S$(2M/m'r)-S,P,. We now take ke as the larger of the two 
numbers 2M/m’r and 3M/36. 

Assume now that a domain D is the sum of two, D; and De, of which the 
latter is limited by a surface of bounded curvature. Consider the set o of 
boundary points of D2 at a positive distance from D, and at a distance exceed- 
ing the positive number 6 from that part 7 of the boundary of D, lying in Dz. 
We assume that @ is not void; thus, since it is open in the boundary of Dz, 
it has positive superficial measure. If now a positive mass lying in D, is swept 
out of D, the result is equivalent to that of commencing with D, and sweeping 
out D, and D; alternately in infinite succession. We seek a bound for the super- 
ficial density of the final distribution in points of o. 


LEMMA 2. Under the circumstances just mentioned, the distribution resulting 
from sweeping out D has in each point of o a superficial density which varies 
continuously with the point and which nowhere in o exceeds ku/A, where p is 
the total mass lying on 7 after the first sweeping-out of D,, where A is the super- 
ficial measure of o, and where k is a constant which depends only upon the domain 
Dz, and the number 6. 


Let f(S) be a function of the form 


(5.2) = f 24(S, P)du(er), 


where y(e) is a distribution of positive mass over r and %(S, P) is Q(S, P) 
for the domain D,. f(.S) is a continuous function of S in ¢, and represents the 
density in the point S of the distribution which results if we sweep the dis- 
tribution u(e) out of De. Now let k =ke/ki, where k; and kz are from Lemma 1 
for D; and the present 6. It follows readily from Lemma 1 and (5.2) that 


(7) Kellogg, loc. cit., p. 329. 


3 
ce 
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f(S) Sk-f(S’) for any two points S and S’ of c. Thus, if we denote by fand f 
respectively the least upper and greatest lower bounds of f(.S) in ¢, we have 
fsk-f. 

Now let f,(.S) be the density of the contribution to the mass on ¢ made by 
the mth sweeping-out of Ds, and let g,(S) be the density of the total distribu- 
tion on ¢ at this stage. Since the total mass on ¢ at no stage exceeds u, we have 


> k k k 
kg = —. f gas < gn(S)-dS —- 
1 1 1 A A ¢ A 
This relation not only shows that the infinite sum of the f,(S) representing 
the density of the final distribution is convergent and admits the desired up- 
per bound, but also, since the sum of the f, admits the same bound, that the 
convergence is uniform in ¢. 
Example 1. Domain with singular edge. Let x, y, 2 be rectangular cartesian 
coordinates in space. We denote by C(r), where r>0, the capsule-formed do- 
main described by the conditions 


+ y? < <1 + — x? — 


The surface bounding C(r) evidently has bounded curvature. The segment of 
the z axis for which |z| <1 we shall refer to as the core of C(r). For a>0, we 
shall denote by C(r, a) the configuration obtained from C(r) by a translation a 


units in the direction of the positive x axis. 

Consider for fixed r, r’ the intersection of the closures of the domains 
C(r) and C(r’, a). If a<r+r’, this is non-void, and, when a f r+r’, it closes 
down upon a line segment. Thus it is possible to choose a<r-+r’ so that the 
capacity of the intersection is arbitrarily small. 

Now let fo, 71, 72, and My, be respectively decreasing and in- 
creasing sequences of positive numbers of fixed selection subject only to the 
requirement that ro=1, that the sum of the r,, be convergent, and that h,— ©. 
In terms of these sequences we define (n =1, 2, - - - ): 

m, as the minimum value of the function 2(S, P) for the domain C(r,) 
when S ranges over its boundary and P over its core, 

A,, as the area of the surface bounding C(r,), 

k, as the k of Lemma 2 with C(r,) for Dz and 4r, for 5, 

Q@, as a positive number chosen so that fn_1+4f, <a, <f,-1+7, and so that 
the capacity of the intersection of the closures of C(r,1) and C(ra, an) is less 
than m,An/2Ralhn, 

Co as C(ro) = C(1), and C, as C(rn, Ba), 

Dy as Co, and D, as Co+Cit+ --- +Cy. 

The domains Co, Ci, C2, - - - are decreasing in size and lie parallel to each 
other with their centers in order along the positive x axis. Two successive do- 
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mains intersect each other, but neither contains the center of the other. The 
centers have as limit point the point (8, 0, 0), where 8 =lim 6, <2>>1n. 

We now define the domain D as lim D,. D is bounded, and together with 
its boundary it is the topological image of a closed sphere. Every boundary 
point is regular with respect to the Dirichlet problem; in fact, Poincaré’s 
“cone condition” applies in every boundary point. The boundary consists of 
parts of the boundaries of the C, and also the limiting line segment x=8, 
y =0, | z| <1. This segment we shall refer to as the singular edge of D. It is 
convenient to take for Py the center of Co, that is, the origin of coordinates. 


THEOREM I. Any function u(P) positive harmonic in D,, taking on continu- 
ous boundary values which are zero for those boundary points not in C,41 satisfies 


(5.3) u(P) = h,-u(Po) 


for all P on the core of C,. Thus, if u(P) is positive harmonic in D and ap- 
proaches zero at every boundary point not on the singular edge, it is unbounded 
in the neighborhood of every point of the singular edge(**). 


Consider D, as D,1+C, (n21). Consider the set ¢, of boundary points 
of C, whose distance from that part 7, of the boundary of Dj_, in C, exceeds 
$r,. Since &,>fn-1+4fn, the set o, includes all boundary points of C, whose 
x-coordinate exceeds §,; thus, it has a superficial measure of at least $A,. 
Since the distance of r, from Po is at least unity, the total mass received 
by 7, when a unit mass at P» is swept out of D,_; cannot exceed the capacity 
of r,, thus cannot exceed m,A,/2h,k,. It follows from Lemma 2 that the 
density in points of o, of the distribution resulting when a unit mass at Po 
is swept out of D, cannot exceed m,/h,. On the other hand, when a unit mass 
at P on the core of C, is swept out of C,, the resulting density at points of ¢, 
is at least m,; this remains true a fortiori if the sweeping-out is continued into 
D,. Since the boundary points of D, in C,.; are in o,, the relation (5.3) is 
immediate from the estimates just made if u(P) is represented in D, in terms 
of its boundary values by means of (1.1). The last statement of the theorem 
is an obvious corollary. 


(?8) This example, here introduced as auxiliary to the construction of Example 2, is not 
without intrinsic interest. First, it exhibits another way, besides that already pointed out by 
Bouligand, in which the principle of Picard may be in default. For, consider a point Q of the 
singular edge. Instead of having at least two linearly independent positive harmonic functions 
approaching zero at all boundary points except Q, we have none at all. Second, with a suitable 
choice of the constants, the example serves to answer in the negative a conjecture of N. Wiener, 
Discontinuous boundary conditions and the Dirichlet problem, these Transactions, vol. 25 (1923), 
p. 313. For, if the numbers h, are so chosen that, say, h,/2"—> ©, then it is possible to define a 
non-negative, summable boundary function ¢(Q) which vanishes at all boundary points Q 
whose z-coordinate is less than unity, and which determines a harmonic function unbounded 
near all points of the singular edge. Thus, in particular, we have an example of a simple domain 
for which the condition (y), Maria and Martin, loc. cit., p. 519, is not fulfilled. 
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Example 2. Domain for which Ao is non-void. We write Dz for the D of Ex- 
ample 1. Retaining the notations introduced in connection with that example, 
let A and A’ be the end-points of the singular edge, and let = and 2’ be open 
spheres of radius $} (<1) having these points respectively for centers(?*). We 
define the domain D as D.+2+2’. This domain is symmetric about the plane 
z=0, it has the same simple connectivity as does De, and it is regular with 
respect to the Dirichlet problem. It is convenient also to define the auxiliary 
domain D,=D,—2—2’. Since D,¢ D,¢ D, we have 


G,(M, P) < G2(M, P) < G(M, P) 


for the corresponding Green’s functions. 

Form the functions K2(M, P) and K(M, P) corresponding respectively to 
D, and D as in §2, taking in both cases Po as the origin of coordinates. Con- 
sider a sequence { M,} of points which lie on the x axis and whose x coordi- 
nates form an increasing sequence with limit 6. Without loss of generality 
it may be assumed that {M,} is fundamental for both D, and D, thus de- 
termining for them ideal boundary elements S; and S together with the corre- 
sponding harmonic functions K2(S2:, P) and K(S, P). We shall prove that 
K(S, P) is not minimal for D. 

In D, we have 


G(M, P) = Gi(M, P) + P). 
From this, on writing v,(P) = P)and w,(P) =Gi(M,,P)/G(M,, Po), 
K(M,, P) = w,(P) + 2,(P). 


Now w,(P)—0 in D,. If not, a subsequence would have a positive harmonic 
limit w(P) in D,. If k were any positive number less than w(Po), we should 
have infinitely many m such that wa(Po) =Gi(Mn, Po)/G(Mn, Po) >k. This 


would imply that 


G2(M,, P) G(M,, P) 
G2(M,, Po) Gi(M,, Po) 
1 G(M,, P) 1 


< lim sup —-————- = — - K(S, P). 
k G(Mn, Po) 


K2(S2, P) = lim 


But this is impossible since, in particular, K(S, P) is harmonic at P =A, while 
K2(S:, P), as follows readily from Theorem I, is unbounded near A. Thus we 
have proved that v,(P)—K(S, P) for P in D,. 

The functions v,(P) approach zero in every boundary point of D; further- 


(?*) The device of forming two modified domains by means of a sphere (here two spheres) 
is due to A. J. Maria. The argument below which enables us to prove the boundedness of 
K(S, P) at points distant from £+ 2’ is a paraphrase of that shown the author by Maria some 
time ago. 
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more, they are uniformly bounded over any set at a positive distance from 
=+2’. In fact, 


vn(P) < Ktz(Mn, P) + P), 


and, for AP >}4, we have(**) 
2:-AP+1 
(2-AP — 


together with an analogous bound for the other function when A’P >}. This 
result, coupled with the result of the preceding paragraph, implies that 
K(S, P) approaches zero in every boundary point of D which is at a positive 
distance from the spheres 2 and 2’. 

Now let o be the closure of the set of those boundary points of D which 
are limit points of 2 and for which K(S, P) has a positive superior limit(**). 
Similarly define a’ in terms of 2’. Since K(S, P) is symmetrical about the 
xy plane, o and o’ are reflections of each other in it. Let ¢, and o,, be the sets 
of points of D whose distance from ¢ and a’ respectively does not exceed 1/n. 
In D—o,—¢, , K(S, P) is bounded and takes on continuous boundary values. 
These are zero at those boundary points which are also boundary points of D. 
Thus, 


(5.4) - K(S, P) = P). 


Write u,(P) = K3,(S, P). If n>1, the boundary values determining this func- 
tion in D—@, are continuous; hence the function itself must approach zero 
in every boundary point of D not in a. Since as n— © the u,(P) form a de- 
scending sequence, they have a limit u(P) which is non-negative harmonic 
in D and which approaches zero in every boundary point not in ¢. An analo- 
gous statement holds for the functions u,’ (P) similarly defined in terms of co, 
and for their limit u’(P). By the symmetry of the construction, the functions 
u(P) and u’(P) are images of each other in the xy plane. Neither function 
can be zero, since (5.4) in conjunction with (h) of Theorem II, §1, shows that 
K(S, P) is dominated by u,(P)+u, (P) and hence by u(P)+u’(P). Now 
K(S, P) dominates both u(P) and u’(P). Thus, if K(S, P) were minimal, 
these functions would be multiples of each other. This would give a contradic- 
tion, since, by what was shown above, it would imply that both functions 
approach zero in every boundary point of D. This proves 


THEOREM II. There exist structurally simple domains for which the set Ao 
1s not vacuous. 


Ktz}(Ma, P) < K(Mz, A): 


(®) This is readily shown by considering a smaller sphere 2, concentric with 2, solving 
the exterior Dirichlet problem for 2; with boundary values ¢(Q)=K(M,, Q), and making 


2. 
() The set o actually consists of the single point in which the surface of = intersects the 


singular edge of D2. 


‘ 
i 
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Let us turn now to another point. The definition of ideal boundary point 
in §2 is purely potential-theoretic in the sense that it involves the actual 
structure of the domain only indirectly as the structure influences the be- 
havior of Green’s functions. It is natural to ask whether these boundary ele- 
ments are identifiable with some suitable topologically defined boundary ele- 
ments analogous, perhaps, to prime-ends(**). We show by Example 3 that if 
by this there is meant a purely topological definition, that is, naturally, one 
which is invariant under topological mappings of two domains together with 
their boundaries upon each other, then the answer is in the negative. This, 
of course, does not preclude the possibility of obtaining a more geometric 
definition equivalent to that of §2, but indicates, rather, that such a definition 
must take into account the metric structure of the domain as well. The do- 
main is of sufficient simplicity to permit the carrying out explicitly of the 
representation of the positive harmonic functions in the terms of the present 
analysis, and we do so. 

Example 3. A simple domain in which a certain boundary point corresponds 
to a continuum of ideal boundary elements. The domain we consider is one of 
the two bounded by the surface of two spheres, one internally tangent to the 
other, and by a plane containing the common diameter. The boundary point 
of interest is naturally the point of tangency of the bounding spheres. By a 
succession of inversions commencing with an inversion about this point the 
domain can be thrown into(*) 


D: 0< — <2 < 


The corresponding Kelvin transformation reduces the study of the positive 
harmonic functions of the original domain to the study of those of D. Evi- 
dently the minimal property is preserved under the transformation. 

For this discussion we shall designate (¢, n, ¢) as the coordinates of a point 
M of Dand by (x, y, z) those of P. (p, ¢, £) and (r, 6, z), where =p cos @, etc., 
will be the corresponding cylindrical coordinates. For Po we choose (1, 0, 0). 

By the methods of images, the Green’s function G(M, P) for D may be 
determined as a conditionally convergent lattice potential : 


(5.5) P) = oP, 


p=—co 


in which (M),,, denotes the point [(—1)’é, 7, wr+(—1)#¢]. 


(®) In particular, we may cite the definition of boundary element given by F. W. Perkins, 
The Dirichlet problem for domains with myltiple boundary points, these Transactions, vol. 38 
(1935), pp. 106-144. In so far as the results of Green, loc. cit., are dependent upon this definition 
of boundary element, there will necessarily be a point of divergence from the present analysis. 

(#) Exactly this domain D has been considered from a closely allied viewpoint of Bouligand, 
loc. cit. (Etude des singularités,---), pp. 140-144. Certain of the facts here derived are con- 
tained in his work. 
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We form the function K(M, P) and suppose that M runs through a se- 
quence having no point of accumulation in D. Two cases are to be distin- 
guished: (1) M—+S, where S is a boundary point of D; (2) p> and ¢—-a 
where a@ is some angle between — $2 and $7 inclusive. 

In the first case, K(M, P) approaches a harmonic limit in D which de- 
pends upon S but not on the particular manner of approach. The limit func- 
tion approaches zero as P approaches any boundary point of D distinct from 
S and also approaches zero at infinity. To see this, we may observe that the 
series in (5.5) extends the definition of G(M, P) to the whole of space. In 
particular, when M does not coincide with P or any of its image points, 
G(M, P) is analytic in &, 7, and ¢, of period 27 in ¢, odd in {+ $2, and odd in &; 
similar statements hold in x, y, and z. From this it follows that if we write 
h(M) =é cos ¢, the quotient G(M, P)/h(M) has a determinate limit H(S, P) 
as M—S. Writing (£0, 70, fo) for the coordinates of S, we have 


dG oh 
= 0; fo + 3m), 

0G oh 
(+/+). (& 0; = + $n), 


(= /2) 


A straightforward computation of these derivatives in. (5.5) shows that 
H(S, P), as a function of P, has singularities at S and its image points and 
only there; furthermore that it approaches zero as P moves to infinity in D. 
Because of the presence of these singularities, H(.S, P) cannot vanish identi- 
cally. In particular, H(.S, P) must be positive harmonic in D. Since the parity 
relations of G(M, P) in x and z are preserved in H(S, P), the latter function 
must vanish in every boundary point of D distinct from S. Finally, 


H(S, P) G(M, P)/h(M) 
——_—- = = lim K(M, P). 
H(S, Po) m—s G(M, Po)/h(M) 
In the second case, K(M, P) approaches a positive harmonic limit which 
depends upon a but is otherwise independent of the manner of approach of M 


to infinity. The limit function, which approaches zero in every boundary 
point of D but is unbounded at infinity, is given explicitly by 


csch (cos a)-cos z-exp (y sin a)-sinh (x cos a) (| a| < }r), 

(5.6) 

z-exp (y sin a) (a = + 

This result can be derived from an asymptotic development for G(M, P) 

valid as M recedes to infinity. To obtain such an expression from (5.5) we 
apply contour integration to each of the functions 


+ 
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cos ¢[sin ¢ — sin #]-"[(x + &)? + (y — 0)? + (2 — #2]? 


made single valued in the complex ¢ plane by cuts parallel to the imaginary 
axis from the branch points to infinity, the integration in each case being 
around the boundary of the cut plane. The result is 


where 
p= [(x — + (y — g = + + (y — 
2 cos ¢-cos z-sinh 
. [cosh A + cos (¢ + z)][cosh 4 — cos (¢ — z)] 
Now evidently as © we have, uniformly in and z, $({, 2; A) ~(4/7) cos ¢ 


-cos z-e*, where by this is meant that the quotient of the two functions 
approaches unity. Also, as p>, uniformly for r bounded and A>0, 


o(f, 23) = 


p=p—rcos(@— ¢)+O(e"); g=p+rcos (6+ + 
From these and (5.7) we have as p— © , uniformly for r bounded, 


G(M, P) ~ cos {-cos z- {exp [r cos (0 — ¢)] — exp [— r cos (6 — ¢)]} - &(p), 


in which 


=— d) 
) 


The expressions in (5.6) are now immediate. 

Since a sequence of points M having no point of accumulation in D has a 
subsequence falling under one or the other of the above two cases, it follows 
from the results of the preceding two paragraphs that these cases subsume 
all fundamental sequences. Thus the ideal boundary elements of D fall into 
two corresponding classes. Those of the first class may be identified with 
boundary points of D, the relative neighborhoods in D being the same as those 
of the corresponding boundary point. The same symbol will be used to desig- 
nate a boundary point of D and its corresponding boundary element of this 
class. The ideal boundary elements of the second class are to be identified 
with directions a of approach to infinity. We denote these elements by Sz, 
where —$7Sa}r. The sets N(R, 8, y) consisting of all P in D for which 
r>R and B<6<y, where R20 and form a convenient sys- 
tem of relative neighborhoods in D of the boundary elements S,. 

It is now readily proved that the set Ao for D is void. First, let S be a 
boundary element of the first class, and let o be the closure in D of a relative 
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neighborhood of S. By an argument similar to that used to establish (5.4), 
we obtain K*(S, P) =K(S, P); from this follows ¥(S) =1. To prove that the 
functions K(S,, P) are minimal, assume first that <a <$r. Let o(R, B, 7) 
be the closure in D of the set N(R, 8, y) above. It is sufficient to show that 
F(a, R, B, y)=Kéiva.s,.y (Sa, Po) =1 whenever 8B <a<y. That the latter is true 
when 8 = —$z and y =}r is easily shown by another argument similar to that 
cited above from (5.4). Using (h), Theorem II, §1, we then have 


(5 8) F(a, R, B) + F(a, R, B, ¥) + F(a, R, 
2 F(a, R, — $n, $x) = 1. 


Since F is a positive non-increasing function of R whose value never exceeds 
unity, it suffices to show that the first and third terms of the first member of 
(5.8) approach zero as R->«. Consider, for example, F(a, R, —4}z, 8). Let 
M(R) be the maximum value of the quotient K(S., P)/K(Ss, P) for P in 
o=0(R, —}r, 8). By a direct estimate from (5.6) we have M(R)=O(exp 
[R-cos (a—8)—R])-0 as R> ~~. Also F(a, R, — $2, B) = K#*(Sa, Po) S M(R) 
-K*(Ss, Po) S M(R). This completes the proof for —$1<a<4r. If a has one 
of the extreme values, say $7, we write y = 37, and omit the third term of the 
first member of (5.8). The rest of the proof proceeds as before. 

Now return to the original domain bounded by the two spheres and the 
plane. Denote this domain by D’, and by T the point of tangency of the two 
bounding spheres. If P¢ is the image of P» under the conformal transforma- 
tion which maps D on D’, then, as is readily verified, the functions K’(M, P) 
formed for D’ with normalization at Py are fixed multiples of the Kelvin 
transforms of the functions K(M, P) for D. Thus the neighborhoods in D’ 
of its ideal boundary elements are the images under the mapping of the corre- 
sponding neighborhoods in D. In particular, neighborhoods in D of boundary 
elements of the first class map into ordinary neighborhoods in D’ of its bound- 
ary points distinct from 7; the neighborhoods N(R, B, 7) of the S, map into 
fang-shaped sets in D’ each having at its apex the point T. We denote by 7. 
the ideal boundary element in D’ corresponding to S, in D. The set of all T, 
(—4x SaS}r) is evidently closed in the ideal boundary of D’. The general 
representation of §3 coupled with the uniqueness theorem of §4 now gives the 
following representation for the most general positive harmonic in D’: 


a’—(T) 


—r/2 


where u(e) is a non-negative distribution over d’— {T} and »(e) is a similar 
distribution over the interval (— 47, $7). u(e) and »(e) are both uniquely de- 
termined by u(P). 
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ON THE FOUNDATIONS OF CALCULUS OF VARIATIONS 


BY 
HERBERT BUSEMANN AND WALTHER MAYER 


The subject of this paper will be variational problems { F(x, #)dt=min in 
parameter form with fixed endpoints. The existence of rectifiable minimizing 
arcs has been proved under exceedingly general conditions. However, as soon 
as one wants to establish differentiability properties of the solutions one uses 
the Euler equations and must therefore assume the existence of second partial 
derivatives of F(x, x). 

Hence it is not at all clear exactly which differentiability properties of the 
solutions are due to which properties of F(x,%). The present paper tries to take 
a first step towards filling this gap. Simple examples show that without con- 
tinuity or without the strict convexity of the indicatrix of F(x, #) no general 
statements about the differentiability of the solution will be possible. Also, 
an example was given(') to show that even if these two conditions are satis- 
fied, the minimizing curves are not necessarily of class D’. In the example the 
indicatrix is an ellipse everywhere so that the variation of F(x, %) for fixed x 
is as smooth as possible. This and the example of the Minkowskian geometry 
(corresponding to an integrand not depending on the x) suggest investigation 
of the implications of the Lipschitz condition: 


| F(z, — F(x, | (& — 


If the underlying space is two-dimensional we shall prove that already un- 
der this condition all minimizing arcs are continuously differentiable. Since we 
do not even require the existence of first partial derivatives of F(x, #), our 
method has to be quite different from the usual ones. Our procedure was sug- 
gested by the treatment of geodesics on arbitrary convex surfaces in [4]. So 
far we have not succeeded in getting a similar result for more dimensional 
spaces. In the two-dimensional case three questions arise next—namely, 
whether under the same conditions the minimizing curves have second deriva- 
tives, whether every line element is contained in at least one minimizing arc, 
and whether a given line element occurs in at most one such arc. Simple 
examples will show that the answer to all three questions is negative. 

We thought it useful for further investigations of this type to develop the 
general theory on a broader and more axiomatic base than the results men- 
tioned would have required. Among the results which we get, the follow- 
ing may be of interest. If F(x, #)>0 for >-(#;)?>0 and continuous, then 


Presented to the Society, September 12, 1940; received by the editors May 22, 1940. 
(*) See [3, pp. 281-285]. For the definition of classes C’ and D’, see §1 below. 
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d(P, Q)=greatest lower bound of [{pF(x, #)dt, where D varies over all ori- 
ented curves of class D’ from P to Q, defines a (not necessarily symmetric) 
metric space. The question arises how far F(x, %) is determined by d(P, Q). 
The answer is: d(P, Q) does not change if, and only if, the convex closure of the 
indicatrix of the new function F,(x, %) at every point coincides with the convex 
closure of the indicatrix of F(x, *). In particular, there is one and only one 
quasi-regular function F(x, %) to which d(P, Q) belongs. 

1. The space and its vector function. Our space J will be an n-dimen- 
sional coordinate space of class 1, i.e., it satisfies the following conditions: 

(a) It is a Hausdorff space. 

(b) Among the neighborhoods of a point P there is at least one coordinate 
neighborhood (we shall abbreviate this as C.N.) U(P), i.e., there exists a topo- 
logical mapping Q—x =(x1, ---, xn) of U(P) onto some sphere <p, 
p>O0, of the n-dimensional Euclidean space. U(P) together with this mapping 
forms the C.N. We call x, --- , x, the coordinates of Q. This requirement 
implies: When the intersection U -U of two C.N. U and JU (of the same or 
different points) is not empty, then each point of U -U has two sets of co- 
ordinates x1,---, x, and %,---,2%n,. In U-U the x; are single valued and 
continuous functions of the #; and conversely 


x; = fi(2), = fi(x). 


(c) The functions f,(#) and fi(#) have continuous first partial derivatives. 

A parametrized curve € in It is defined in the following way: It is the con- 
tinuous image of the interval a</<b. It is oriented according to the orienta- 
tion of (a, b). If a certain subarc €’: a’ stb’ of € is contained in a C.N. 
the arc €’ will have a representation x;=x;,(t), a’ St<b’ where the functions 
x,(t) are continuous. If the functions x;(¢) have continuous derivatives and 
if for no value f all #;(¢9) vanish, €’ will be called of class C’, with respect 
to this C.N. If any subarc €’’ of €’ is contained in a C.N. U’’, the arc €”’ 
will be of class C’ with respect to U’’. We can therefore say: We call € of 
class C’ if every subarc of € which is completely in one C.N. is of class C’ 
with respect to this C.N. 

Two parametrized curves € and defined for aSt<b and aSrS6 re- 
spectively, are said to belong to the same class if a topological mapping 
t—r(t) of (a, b) onto (a, 8) exists which preserves orientation and carries € 
into €’. A class of parametrized curves is called a continuous curve. All curves 
of a class have the same initial and terminal points, which we therefore call 
the initial and terminal points of the continuous curve. 

If € is of class C’ and if € can be transformed into €’ by a mapping 
t—>»r(t) where r is of class C’ and dr/dt>0 for all ¢ in (a, 6), the curve @’ will 
be of class C’. The parametrized curves €’ originating from € in this way 
again form a class. We call this class a curve of class C’ (or simply a C’-curve). 
Statements involving the words “continuous curve” or “C’-curve” will alwavs 
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mean that they hold for all parametrized curves in the corresponding class. 

A continuous curve will be called of class D’ if it is the sum of a finite 
number of curves of class C’. 

Since M is of class 1, contravariant vectors are defined. A contravari- 
ant vector with origin x and components X', - - - , A* will be designated by 
(x1, +, or in short by (x, A). If for all 7 we call the 
vector a null-vector. J? becomes a Finsler-manifold or Finsler-space as soon 
as a real function F(x, d) is defined for all contravariant vectors and has the 
following three properties: 

(1a) F(x, A) is continuous as a function of the 2” variables x;, \’ when x; 
varies in a C.N. 

(1b) F(x, A) is positive definite, i.e., positive if (x, X) is no null-vector. 

(1c) F(x, A) is positively homogeneous of order 1 in X, i.e., F(x, cA) 
=cF(x,) for c>0. 

It follows from (a) and (c) that F vanishes for every null-vector. We do 
not require that F(x, \) = F(x, —A). A neighborhood of P which together with 
its closure is contained in a C.N. will be called a k-neighborhood (K.N.) of P. 
From (1a, b, c) we get the following useful 


Lemma 1. For every K.N. U(P) of P two positive numbers A and B, depend- 
ing on the coordinate system, can be formed such that 


(2) = = Bl al, 
(2’) A max | d*| = F(x, = Bmax 
1 


designates, of course, the absolute value of \‘; but |r| = (>> 
and more generally |a| designates (>.a?)/? when ai, - - - , dm is a set of num- 
bers with known subscripts. 

Let Cpg be an oriented parametrized curve of class D’ from P to Q, 
a<ts<b. Then in each of its points with a finite number of exceptions the 
contravariant tangential vector %;(t) is defined and F(x(t), <(¢)) will be a 
piecewise continuous function. Hence 


1(Cpe) = %)dt 


is positive and finite and will have the same value for all parametrized curves 
which belong to the same class Cpg as Cpg. We may therefore write I(Cp@) 
instead of I(Cpg). As F-distance d(P, Q) we define the greatest lower bound 
of I(Cpe) for all oriented curves of class D’ from P to Q. We have 

(3a) d(P, Q)>0 for P¥Q, d(P, P)=0. 

(3b) d(P, Q)+d(Q, R)2d(P, R). 

(3c) d(P, Q) is continuous in the product space It X M. 
Finally we require the finite F-compactness of I: 
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(1d) If the distances d(X,, P) or d(P, X,) are bounded, then the sequence 
X,, v=1, 2, +--+, has an accumulation point. 
By U,(P) and %,(P) we designate the sets of points X with 


d(P, X) <p, d(X, P) <p, 


respectively. If P and p vary, the U,(P) will traverse a system of neighbor- 
hoods equivalent to the system of all neighborhoods, and so will the %,(P). 

A curve Cpg from P to Q of class D’ will be called minimizing if I(Cpe) 
=d(P, Q). If R, S, T are any three points which lie in this order on Cpg we 


have 
(4) d(R, S) + d(S, T) = d(R, T). 


An oriented continuous curve from P to Q on which (4) holds for any three 
points which occur in this order on Cpg will be called a Hilbert curve(?). 
A Hilbert curve is necessarily simple (a Jordan arc); therefore we also call 
it a Hilbert arc. By the well known procedure of successive construction of 
mid-points one shows that for any pair of points P, Q there exists a Hilbert 
arc from P to Q. 

Let Crpg=P(t), aS<tsb, be any parametrized curve from P to Q, 
a=ty<ti< +--+ <t,=b a subdivision of (a, b). We form 


and call L(Cpg) the least upper bound of S,, as (to, - + - , tm) varies over all 
subdivisions of (a, b). It follows in the usual way from (3a, b, c) that S, 
will tend to L(C pg) whenever (to, - - - , tm) traverses a sequence of subdivisions 
for which max; (t:4:—¢;) tends to zero. L(C pg) will have the same value for all 
parametrized curves which are in the same class Cpg as Cpg. We may there- 
fore write L(Cpg) instead of L(C pg) which we call the generalized length of Cpg. 
It follows from (4) that for Hilbert arcs Hpg 


(5) L(Hpg) = Q). 


Conversely, if (5) is satisfied, Hpg will be a Hilbert curve. 

We conclude this section with a remark which will be useful later. Let 
the conditions of Lemma 1 be satisfied and let Cpg be a curve of class D’ 
in the K.N. U(P). It follows from (2) that 


(6) AE(Cpg) 2 I(Cre) 2 BE(Cro), 


where E(C) designates generally the Euclidean length of the curve C, which 
is defined since we move in a definite C.N. 


(?) The words “Hilbert curve,” as used here, correspond to the words “minimizing arc” as 
used in the introduction. 
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Let now U’(P)CU(P) be chosen in such a way that both the Euclidean 
and the F-distance of any point Q of U’(P) from the boundary of U(P) are 
greater than the respective distance of Q from any other point in U’(P). 
Then a Hilbert arc and the Euclidean segment eggs connecting two points 
R, S of U'(P) will be contained in U(P), hence we get from (6) 


(7) AE(ers) = a(R, S) = BE(ers); 


and whenever we have two sequences of curves CRs and Kfs with E(CRs) 
—E(ers) and I(KRs)—>d(R, S) the curves CRs and Ks will be contained in 
U(P) from a certain subscript m on. It also follows from (7) that curves with 
finite generalized length are rectifiable and conversely. 

2. The indicatrix. We shall now study the function F(x, £) =f(£) at a fixed 
point P with coordinates x in a fixed K.N. P will then be the origin of the 
space of the contravariant vectors —. The hypersurface f(£) =1, the so-called 
indicatrix (x) of F(x, —) at x, determines f(£) on account of its homogeneity. 
By 


we map the indicatrix topologically onto the unit sphere |£| =1. The in- 


equality (1.2) gives us 
(2) A|é| =f) = Bl él, 


(1) 


and for the points — on the indicatrix y(x) 
(2') 1/B=|é| = 1/4, 


so that (x) is between the spheres of radii 1/A and 1/B around the origin x. 

Let a; be a covariant vector with origin P=x. Then a,;t*=c represents a 
hyperplane in &-space. For fixed a; the function ¢(£) =a,é* is continuous on 
(x) and has a positive maximum. For choosing £‘= pa; with a suitable p>0 
we get from (2’) 


(3) max =| a| /A. 
If *£ and **é are two points at which this maximum is reached, the equations 
a,(é — = 0, — = 0 


represent the same plane 7, which is called a supporting plane of (x) (at each 
of the points of y-7). For each *€ in yr we have, on account of (3), 


(3’) a;*t* >| a| /A. 
For an arbitrary point & of y(x) we have 
S a;*€*, 
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and therefore a;(£‘'—*é*) $0, where the equality only holds for ECy-z. If x 
is any plane not containing the origin, we call 7’ the closed half-space bounded 
by m which contains it. Then y(x) and also the domain I’: f(£) <1 bounded by 
y are completely contained in the half-space mr’. This shows that our definition 
of a supporting plane coincides with the usual one. We have 

If r: a(t'—*t‘)=0, *ECy-z, is a supporting plane of y, then 


(4) f(a) — f*%) 2 0 if a:(n* — 2 0; 


and conversely, if f(*£) =1 and if (4) holds, a;(£*'—*£*) =0 will be a supporting 
plane of y (or T) at *€. 

If we replace a; by ca;, c>0, the supporting plane 7 will not change. 
(3’) shows that we can find a x>0 such that with A;=xa; 


(S) = f(*€) 
for every vector *£ in yz. (5) will hold for any vector cé‘, c >0, if it holds for &. 
We call A; the normalized normal of x and every vector #0 which satisfies 
(5) a supporting vector belonging to A;. Among these supporting vectors those 
with f(*&) =1 are called normalized. 
We can now say 
THEOREM 1. Jf A; is a normalized normal of x, £‘ a fixed supporting vector 
belonging to then 


(6) f(n) — — An’ — 2 0, 
and the equality sign holds if, and only if, A;(ni—£‘) =0. 


Remark. Replacing f(y) and f(£) by F(x, n) and F(x, &) one recognizes in 
the left side of (6) a generalization of the Weierstrass E-function. 
Proof. With the help of (5) we reduce (6) to 


(6’) f(a) — Ani 2 0. 


The left side being homogeneous in the 7‘, (6’) will be proved if it is true for 
all n‘ for which f(y) =f(£); hence it is sufficient to prove (6) for f(n) =f(&). 
But then (6) reduces to —A;(n‘—£‘) 20 or 


<0: 
fi 


and now 7‘/f(n) is an arbitrary vector on y, 7 a supporting plane at £*/f(&), 
and the theorem follows from our previous results. 

The surface f(£) =1 will be (strictly) convex, if the set f(£) <1 is (strictly) 
convex, and conversely. We quote the following known theorem (compare 
[2, pp. 21, 22]). 

The indicatrix f(£) =1 is convex if, and only if, 
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(7) SE +) fE) 


for arbitrary contravariant vectors £ and 7‘. The convexity will be strict if, 
and only if, in (7) the equality sign holds only for 


If the indicatrix of F at x is (strictly) convex in one coordinate system, 
it will be (strictly) convex in every coordinate system. 

If y is not convex we consider its convex closure I’ which is the same as 
the convex closure of I’. By 7(x) we designate the boundary of I. We shall 
make use of the following fact (cf. [2, p. 6]). 

Every supporting plane of y(x) is a supporting plane of 7(x) and (which 
is the less trivial statement) every supporting plane of 7(x) is a supporting 
plane of (x). 

Let now ‘+0 be any vector with f(n)=1 and denote by r(n) the ray 
carrying 7. Consider the intersections Bn‘, 8>0, of the different supporting 
planes of y with r(n). We have B21. Let a(n)n‘ be the point where 7(x) hits 


r(n) and define 
(8a) a(x, cn) = a(n) for c > 0, 


then 
(8b) a(x, 21 for all x and 


and we have 

(8’) a(n) = min 

For since a supporting plane of 7 at a(n)n‘ is a supporting plane of y, a(n) 
belongs to the numbers 8. There can be no 8<a(n) since the corresponding 
supporting plane of y(x) would separate a(n)‘ from the origin x (that is §=0), 
and could therefore be no supporting plane of 7(x). 

Since y is bounded and closed, and a(n)n‘ belongs to the convex closure 
of y, we can find points &, - - - , & on y such that a(m)n‘ belongs to the sim- 
plex with vertices #,---, & (cf. [2, p. 9]). For later use we formulate this 
statement as follows: 


THEOREM 2. Given a contravariant vector (x, n) #(x, 0) one can find contra- 
variant vectors (x, &:),---, (x, En) with 


F(x, = F(x, &1) = F(x, &,) 
such that 


(9) a(x, n) +(x, n) >> pa: (x, fa), pa 2 fe=1. 


a=1 a=] 


We now define a new function F(x, £) by 
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1 1 
(10) F(x, &) = f( = F(x, &) = —— f(é). 


a(x, a(£) 
F(£) like f(£) is positive definite and positive homogeneous of order 1 in &. 
We see from (8b) that 
(10’) F(x, &) S F(x, &). 


F(a, £)=1 is the equation of 7=7(x), since a(£)# is on 7 with £ on y. 
With y the surface 7 is between the spheres of radii 1/A and 1/B, i.e., we 
still have 


= fie) = Bl él, 
and for 


1/B =| &| 2 1/A. 
The indicatrix 7 will be convex if, and only if, f(m) =f(n) or a(n) =1. We prove 


THEOREM 3. F(x, 7) is a continuous function of the 2n variables x1, --- , Xn» 
n’,- ++, 2". Therefore a(x, n) is also continuous. 


Proof. Let nn—70¥0, xm—xo. Let P,, be the point at which the ray carry- 
ing Mm intersects 7(xm) (Pm is the point a(xm, 1m) -(),/F(xm, Mm)) in the vector 
space with origin x,,).-Let 7, be a supporting plane of 7(x») at Pm. 7m is also a 


supporting plane of y(x») at some point Q,,. We may assume that Q,, con- 
verges toward a point Q and 7,, toward a plane 7 at xo. (Hereby we make use 
of the fact that a sequence will converge toward P, if every subsequence con- 
tains a subsequence which converges to P.) Then P,, will converge to the 
intersection P of x with the ray r(mo) issuing from xo. We have to prove that P 
is the point where intersects 7(xo), i.e., the point a(xo, 70)(ni/F(xo, 
Since F(x, 7) is continuous Q will be on y(xo). Since m passes through Q it is a 
supporting plane of y(xo) at Q. Otherwise + would separate xo from a point 4‘ 
of (xo) and also from all points of a certain closed sphere a: (£‘— Sp. 
For large m the plane 7,, would also separate the sphere from the origin xm, 
but ¢ would contain points of y(x»). 

Since 7 is a supporting plane of y(xo) and passes through P we see from 
(8’) that P is either outside or on 7(xo). If P was outside of 7(xo) we could find 
a plane x* separating a certain closed sphere o* around P from 7(xo) (see [2, 
p. 4]). For large m, the plane x* would also separate o* from y(xm) and there- 
fore P,, from (xm), hence P,, could not belong to the convex closure of (xm), 
but it lies on ¥(xm). 

Remark on Theorem 3. The proof contains the well known fact: 

If y(xm) is convex and y(xm)—y(xo) and if 7, is a supporting plane of 
"y(xm), then each accumulation plane of the 7» is a supporting plane of (xo). 

If the indicatrix y(x) is strictly convex, a supporting plane )\aini'=c>0 


1941] CALCULUS OF VARIATIONS 181 
‘ 

can have only one common point with y(x). Hence, given a covariant vector 

a;~0 there is only one normalized supporting vector £* belonging to a;; fis a 

single-valued function of a; with 


é*(Aa,) = E*(a) for \ > 0. 


If, conversely, £‘ is a point on (x), a supporting plane > ain‘ =c >0 through 
exists; hence ~ belongs to a, but a will in general not be uniquely determined. 

We call F(x, &) quasi-regular at x in the direction &, or — a quasi-regular 
direction of F at x if a(x, £) =1. If £ is quasi-regular, supporting planes of (x) 
through é will exist. If each such supporting plane meets ¥ only at &, the direc- 
tion & is called regular. If all directions of F(x, &) at x are quasi-regular (regu- 
lar), F(x, &) ts called quasi-regular (regular) at x. We have that F(x, &) is 
(regular) quasi-regular at x if, and only if, the indicatrix F(x, £) =1 is (strictly) 
convex. 

We shall later make essential use of the 


THEOREM 4. If F(x, &) is regular at all points of a K.N., the functions 
= §4(x, a) 


are defined and single-valued for qi#0 and continuous in the 2n variables 
Xn, On. . 


If F is regular, it follows from the last remark that F(x, £) =1 is strictly 


convex, and therefore £*(x, e) is defined and single-valued for g:#0. Now let 
Xm—X9 and Gm—do. There is exactly one supporting plane 7, of F(xm, 7) =1 
of the form This plane has only the point fm =£(xm, Gm) in 
common with y(x»). Each accumulation plane 7 of the 7, is a supporting 
plane of F(xo, 7) =1 according to the Remark on Theorem 3. Now the normals 
am Of Converge to do; therefore each such 7 has the form >0. 
But there is only one supporting plane 7» of (xo) of this form; hence the 7» 
converge to mo. The accumulation points of the &,, must be in m9-y(xo), but 
since (xo) is strictly convex mo-(xo) consists of exactly one point £; there- 
fore, E(x, ao), which completes the proof. 

3. The relation between the F-metric and the F-metric. The functions 
F(x, ) and F(x, £) are both continuous as functions of the 2m variables in a 
certain C.N. Uand for all é. If x isa compact subset of U and o the unit sphere 
| | =1, the product x Xe will be compact; hence F and F will be uniformly 
continuous on x Xa. We shall apply this fact in the following form. 

Given an e>0 we can find a constant 6 >0 such that for x, Cx; &, *€Co; 
and |x—#| <6 the inequalities 


(1) | F(#, — F(x, 8)| | F(z, *) — F(x, <e 
hold 


i} 
| 
| 
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If Cpg is a curve of class D’ from P to Q, x(t), aSt<b, a representation 
of it, we put 


(2) 1(Cpo) = f F(x, 


and call it the F-length of Cpg. Since F S F we have 
(3) T(Cre) I(Cre). 


Calling h(P, Q) the greatest lower bound of T(Cro) for all curves of class D’ 
leading from P to Q we have 


h(P, Q) d(P, Q). 
The main purpose of this section is to prove that the equality holds. It will 


be sufficient to see that for a given e* >0 and a given curve Cg of class D’ a 
Ca of the same class exists with 


(4) | 7(Cre) — < 
Cpg can be decomposed into a finite number of arcs each of which is cov- 
ered by one C.N.; we may therefore restrict ourselves to proving (4) for each 


such arc. 
Now let P(t), aSt<b, be a parametrized representation of Cpg and 


Tm =(a=to<ti< <tm=b) a subdivision of (a, 6) with x; the coordinates 
of P;=P(t;). We form 


m—1 


m—1 
(S) Pm = Axx), Axx) 


k=0 


and 
m—1 m—1 
(5’) F(x,2)d, F(x, %)dt 


PEP 


where Ax, =x(ti41) —x(t.) and ers designates the oriented Euclidean segment 
from R to S. It is known (see [1, pp. 286-289 }) that for a given 4. >0a 5,>0 
can be found such that if max, (tp41—¢,) < 6: one has 


(6) | — Pn| | — Pn| <a, 

(6’) | 1(Cpe) — | < 41, | 1(Cpe) - P,, | < 

and therefore also 

(7) | Pn — Pn| < 2e1, | — < 2e. 
For Ax, #0 we put 
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(8) = 


a(x, ate, 
According to Theorem 2.2 we can find vectors &,---, & with 
(9) F(xe, 1) = = = 
such that 
a(tn = Pete with pe 20 and Dp. =1. 


a=1 
We then have (see 2.10) 
F( xx, Axx) = = F( xe, 2) 


and 


pat) = n)- 


Hence 


(10) = SF (#0, Poke 


where Ax, Pata: 

date may be looked at as a polygon with oriented sides £.. Since x; is 
fixed in (10), we have a Minkowskian metric, and the length of this polygon 
will therefore equal the length of any polygon connecting the origin x; to the 
point Ax, in £-space, whose oriented sides are parallel to the &,. In particular, 
if the length of ep,p,,, is $6 we can choose such a polygon ), in the sphere of 
radius 6 around P,. If the subdivision 7, was sufficiently fine we conclude 
from (3.7) that 


| — F(z, < 


where E(A,) is the Euclidean length of \,. Putting 


Coe = Fu 
k=0 
we shall have 
(11) | 1(Cra) — Pm| < £(C?o). 
For the sake of simple notation we shall put 
(12) E(P,Q) = Elerg), (P,Q) =I(ere),  1(P,Q) = (erg). 


We then have 


| 
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E( Px, | Ax. | a(x, 


On account of (9) we may assume that all the vectors §&, - -- , & and 7 are 
on F(x;,, £)=1. It follows from (2.2’) that 
1/B 


A 


A 
E(Cre) < r E(Cpg). 


This, together with (6’) and (11), proves (4) and 
THEOREM 1. For any two points P and Q on Mt one has 


(13) Q) = d(P, Q). 


Remark. The sums (5) can be formed for any continuous curve Cpg. The 
limit of P,, and P,’ («© admitted) will then exist and be the same for all se- 
quences of subdivisions 7,, for which max, (t:4:—¢,)—0. (6) shows that for 
curves Cpg of class D’ this limit equals J(Cpg). Hence (5) may be used as a 
(generalized) definition -of the F-length for continuous curves. This is done in 
Menger’s investigations. 

From these considerations we derive 


THEOREM 2. On a minimizing curve Mpg all directions are quasi-regular. 


Proof. Let P(t), aSt<b, be a representation of Mpg and assume there is 
a value ¢t for which a(x(t), #(¢)) >1. If tis a point of discontinuity for <(¢) then 
%;(t) may, for instance, be the right-hand derivatives. Since a(x, £) is continu- 
ous (Theorem 2.3) we can find an interval (¢, t+) such that a(x, )>1 in 


this interval. Then 
t+e t+e 
f F(x, < f F(x, %)dt, 
t t 


and Theorem 3.1 shows that Mpg cannot be minimizing. Theorem 2 can be 
generalized to relative minimizing cutves. 

4. The relation between the F-length and the generalized length. The fol- 
lowing consideration will be local. We may therefore restrict ourselves to a 
definite K-neighborhood U(Po) of a given point Po>=x». Besides 3.12 we use 
the notation 


= F(x», x’)dt,  M(P,Q) = M(ero). 


184 [March 
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If the indicatrix of F(x, £) is convex at x9 we have for any curve of class D’ 
from P toQ 


(1) M(Crg) 2 M(P, Q), 


since M then is simply a Minkowskian metric for which the straight lines are 
minimizing. If C,, y=1, 2, - - - , isa sequence of curves of class D’ converging 


to P» we have 
M(C,) 
@) 1G) 


for, on account of the continuity of F(x, £), we have for | z| = 1 


u, = max | — F(x, #)| +0 
z<G 


M(C)) HC.) | So,| x’) — F(x, dt 
1(G,) = "B-EG,) 


Let now P,¥Q,, P,—Po, Q,—>Po. Then we can find a curve C, of D’ class 
from P, to Q, such that C,—Po and 


Designating by £, the unit vector in the direction of ep,9, we get on account 
of (1) 
I(C,) d(P,, Q,) E(P,, 1 
- = 
M(C,) M(C,) M(P,, Q,) v-F (xo, t,) 


and therefore with the help of (2) 
d(P,, Qy) 
MG) 
We have, furthermore, from (1) 
d(PrQr) _ d(PnQ) M(PnQ) d(PnQ) M(Pn 
M(C,) M(P,,Q,) I(Pr,Q) 
We see from (2), (4) that the limit of the right side is 1; hence d(P,, Q,)/I(P,, Q,) 
—1. Altogether we have the 


THEOREM 1. If the indicatrix of F(x, £) at xo=Po is convex (i.e., if F is 
quasi-regular at xo), and if P,—>Po, Q,—Po, Q,#P,, then 


1; 
| 
| 
and | 
(3) 0 < 1(C,) — d(P,,Q,) < 
v } 
| 
| 
| 
° 
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d(P,, Q, d(P,, Q, 
(5) lim ( (Pn Q) = 1 
Q) M(P,, Qy) 
CorOLiaRY. Let F(x, £) be quasi-regular at every point of a compact subset 

o of a C.N. Then for a given €>0 a 5>0 can be found such that 

I(P, 
(6) 0s —-1<e 

d(P, Q) 
for every pair P, Qina with E(P, Q) <8. 


We deduce therefrom 


THEOREM 2. If F(x, &) is quasi-regular everywhere on IN, then the F-length 
coincides with the generalized length for any curve C of class D’. 


(7) 1(C) = L(C). 
Therefore a Hilbert arc of class D’ will be minimizing. 


Proof. Let P(t), a<t<b, be a representation of C and let the subdivision 
toy=a<t)< +--+ <t,=b be chosen in such a way that the arc C; corresponding 
to the interval ¢; St S#;4:, 7=0, - - - , m—1, is covered by one coordinate sys- 


tem. We have 
C)= LIC), LC) = VLC). 
Therefore it is sufficient to prove (7) for every 7. The set C; is compact. On 


account of the corollary we can therefore find a 6>0 such that for ¢;S7’. 
Stiy; and r’’—17’ <6 one has 


P(r’) — d(P(z’), P(r’) < ed(P(r’), P(r’)). 


Let now be a subdivision of ti4:) for which 
max; (Ti41—7T:i) <6. Then 


(8) I(P(ri), P(ri41)) — d(P(ri), P(ri+1)) < d(P(r:), P(ris1)) < eL(C), 


i=0 i=0 


t=0 
and the theorem follows from (3.6) and the definition of generalized length. 

If we define F-length and generalized length according to the Remark on 
page 184, formula (8) shows that (7) holds for every continuous curve C. 

Another application of Theorem 1 is 

THEOREM 3. If x,=P,—P =o and %,=Q,—Po in such a way that the 
univector £, = (#,—x,)/ #,—x,| converges to a vector & (i.e., if the oriented straight 
line P,Q, converges), then 


(9) d(P,, Q)/E(P,, Qr) F(xo, &). 
Therefore PO and F(x, &) determine each other uniquely. 
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Proof(*). F(xo, £)=1 is convex. We know from (3.13) that A(P,, Q,) 
=d(P,, Q,); hence we get from (5) 
d(P,, Q,) d(P,, Qy) 
S x’)dt E(P,, Q,)F (xo, 


which proves (9). 
As a last application of Theorem 1 we discuss the few differentiability 
properties of Hilbert arcs which hold under these general conditions. 


LemMaA 1. If F(x, &) is quasi-regular at and if Pn—Po, Qn—Po, 
Rnu—Po, and 


_ Qm) + Rn) 


To 
d(Pm, Rm) 


M(Pm, Qm) + M(Qm, Rm) 
M (Pn, Rn) 
Proof. d(Qm, Rm)/d(Pm, Rm) is bounded, since J, is, and we see from 
Theorem 1 that 


d(Qm, Rm) Rn) 


d(Pm, Rm) L d(Pm, Rm) d(Qm, Rm) 


Hence we have 


d(Pm, Qm)M (Pm; Qm)/d( Pm Qm) + Rm)M(Qm, Rm) /d(Qm, Rm) 


lim = lim d(Pm, Rn)M (Pm, Rm)/d(Pms Rn) 


= lim J, = 1, 
We shall prove now 
LEMMA 2. If under the same conditions F(x, &) is regular at xo we also have 


E(Pm Qn) + E(Qm) Rm) 
E(Pm, Rm) 


(10) En 


Proof. By homothetic transformations for each m which may carry x into 
& we can reach 


Pa = Po, E(P'm, Rm) = E(Po, Rm) = 1. 
We have 


(*) This and the following proof follow closely the paper [3]. 


i 
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_ Qn) + Rn) 
M(Po, Rn) 


and similarly E,,= Em. If (10) did not hold we could find a sequence of sub- 
scripts m, m2, --- such that the points 0,, and R,, converge, to 0 and R say, 
and such that E,,—1+7, 7>0. Then Q cannot lie on the segment ep,z. On 
the other hand we should have 


M(Po, 0) + M(Q, R) Bed 
M(Po, R) ifs 


(on account of Lemma 1). But F(xo, &) being strictly convex this is impossible, 
because the Euclidean segments are the only minimizing arcs for the M- 
metric. 

We can prove now 


THEOREM 4. Let Cap be a Hilbert arc from A to B and Py=<xp» an interior 
point of Cap at which F(x, &) is regular. If Cap has at Poa left- (right-) hand tan- 
gent, it will also have a right- (left-) hand tangent and the two tangents coincide. 
Hence, if Caz is of class D’, it is of class C’. 

Proof. Since Cz is a Hilbert arc it can be mapped topologically onto an 
interval aStsb. Let P(t) be such a representation, and assume that Pp cor- 
responds to ¢) and that-a left-hand tangent exists. Let t,->to+0. For every t, 
which is sufficiently close to tp we can find a value r, <¢o such that E(P(r,), Po) 
= E(Po, P(t,)). Since Caz is a Hilbert arc, we have 


d(P(t,), Po) + d(Po, P(t)) 
d(P(r,), P(t,)) 


Tn 


1 


1 


and Lemma 2 tells us that 
E(P(r,), Po) + E(Po, P(t)) 
E(P(r,), P(t,)) 


The straight line P(r,)P») converges to the left-hand tangent of Caz at Po. 
Since the triangle P(r,)PoP(r,) is isosceles it follows from (11) that 
<P(r,)PoP(t,) tends to 7, which proves the theorem. 

In spite of this theorem, examples have been given which show that even 
if F(x, &) is regular everywhere, and if all partial derivatives of F with respect 
to the £ exist, points A, B may occur for which no Hilbert arc from A to B of 
class D’ exists. (See [3], pp. 281-285.) 

5. The Lipschitz condition; pseudo-circles. Consider the last statement 
together with the example of the Minkowskian geometry, where F does not 
depend on x. In the latter case no conditions regarding the dependence of F 
on the £ are put besides the regularity, nevertheless the minimizing arcs are 


(11) 1. 
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analytic curves, namely straight lines. One is led to impose on F conditions 
regarding its variation with respect to the x. The weakest condition which 
suggests itself is the following Lipschitz condition: 

To a given point #9= Py there exists a C.N. U( Po) such that for any two 


points x and U(P») 
(1e) | F(#, #)—F(x, &)| $C|#—z|- | &|, 

where C depends on U(P,) but not on x, # or §. Furthermore, we assume 
(if) The function F(x, &) is regular everywhere. 


From (le) we derive a simple inequality which is fundamental for the fol- 
lowing considerations: 


1. Let €2,2, be in U( Po) where U( Po) is a K.N. contained in the 
U( Po) of the preceding definition, and let x be an interior point of ¢2,2,. Let (x, £) 
and (x1, £1) be two parallel vectors with 
(2) — =| — 2]. 


Then 


where B has the same signification as in Lemma 1.1. 
Proof. We have 
F(x1, &1) — F(x, 8) = &) — F(au 8} + {F(a &) — F(x, 8}. 
We see from (2) that 


F(x1, — F(x, §) = F(x, 


 Blelle— 


|x— xo| 


= é) 
We draw from (le) that 
| F(x1, — F(x, <C| x1 | |. 


These two equalities prove (3). 

From now on we assume that J is two-dimensional,  =2. 

All our considerations will be restricted to a fixed convex K.N. U( Py). 
Then A, B, C may be chosen once for all as positive constants. k,(P) may 
designate the circle of radius p around P and K,(P) the closed circular disk 
bounded by &,(P). 

Let now a point P and two constants p and P be chosen in such a way that 


| 

| 

| 

| 

| 

| 

| 

| 

| 
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(4) p<P, Kpr(P) C U(P»). 

Let O=xo be on kp(P). Then K,(P) does not contain O. There are two con- 
tinuous vector fields (x, a) =(x, a; O) in K,(P) such that the unit vector a; 
is normal to x —% at x. Since F(x, £) is regular everywhere, we conclude from 
Theorem 2.4: To (x, a; O) as covariant vector there belongs exactly one vec- 
tor (x, £)=(x, &; O) with F(x, &)=1 and such that & is supporting vector of 
(x) to (x, a; O) as normal vector, and (x, £; O) will form a continuous vector 
field in K,(P). As O traverses kp(P) the vector field (x, a; O) will vary con- 
tinuously ; therefore (x, £; O) will depend continuously on x and O. Using the 
uniform continuity we may say 


LEMMA 2. Given *e>0 we can find p>0O such that 
(5) | (x, & O) — (#, *€;0)| < *e 
for any two points x, # in K,(P) and for every O on kp(P). 


Since 1/B>|£| >1/A the inequality (5) implies for the angle w between £ 
and *£ that 


(5’) w < arc sin (*eA). 


We designate K,(P) by K;(P) if arc sin (*€A) <}e. 
We are now going to define the pseudo-circles. The basic idea of this whole 


last part will be that these curves have the convexity property which is ex- 
pressed in Theorem 1 of this section. We keep our previous notations and fix 
a point O. Consider the differential equations 


dx; 
(6) (x, §; 0), t= 1,2. 
dt 
The solutions of (6) are called pseudo-circles with center O. On account of 
F(x, &)=1 the parameter ¢ is the F-length. There passes a solution of (6) 
through every interior point R of K,(P) which can be continued to either side 
until it hits k,(P) the first time, at A and B respectively. We see 


LemMaA 3. Every interior point R of K,(P) is contained in at least one pseudo- 
circular arc oan from A to B of class C’ and such that A and B are on k,(P) 
and all other points of oa» are in the interior of K,(P). 


If K,(P) is a K}(P) in the sense defined above, the directions of the tan- 
gents of any two pseudo-circles with the same center O (at arbitrary points of 
the pseudo-circles) differ by less than $e. 


Lemma 4. A Euclidean ray r issuing from O intersects an arc op in at most 
one point. oan 1s therefore a simple arc. 


For r is never tangential to ¢4, as we see from the definition and from 
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(2.3’). If r had more than one common point with oz there would be a subarc 
ocp Of gaz whose endpoints are on r and which has no other common points 
with r. As x traverses gcp the angle < COx must reach a maximum, for x =x’ 
say, and the ray from O through x’ would be tangential to a4, at x’. It follows 
that oz has a single-valued representation r=f(@) in polar coordinates with 
center O which, as is shown later, is of class C’. Hence the arc oz is simple 
and decomposes K,(P) into exactly two domains o,'3 and 04; where 04% con- 
tains the points (r, @) of K,(P) with r<f(@) and is called the convex side of 
ap and 43 contains the points (r, @) with r>f(¢) and is called the concave 
side of cas. 


Lemma 5. Let R be a given interior point of K,(P) and & a given direction 
through R. There is always a pseudo-circular arc oan through R with tangent & 
at R=x, and such that o,', is on the left- (right-) side of 1» with respect to the 
orientation of oan. 


Proof. Let F(x,, £) =1. Let ¢ be a supporting line of F(x,, ) =1 at £ and a; 
the unit vector normal to ¢. Then (x,, a) will be a supporting normal to é; 
as supporting vector. Take the straight line perpendicular to a; through R 
and let O, O’ be its intersections with kp(P). The pseudo-circles through R 
with centers O and O’ have a tangent with direction £ at R and the corre- 
sponding concave domain is to the right or left of the pseudo-circle according 
to whether O or O’ was taken. 

We now come to the main property of the pseudo-circles. 


THEOREM 1. Let E(O, P)=P, p<P, Kp(P)CU(Po) and p+P<B/2C. Let 
cap be a pseudo-circular arc decomposing K,(P) into the concave side o4, and 
the convex side o {p. Let R and S be interior points of a4, and such that R pre- 
cedes S on cap. If ors designates the subarc from R to S of can and Crs is any 
continuous curve from R to S which, except for R and S is completely in the in- 
terior of then 


(7) L(Crs) > L(ors) I (ors). 


Proof. Since ors is rectifiable, we may assume that Cas is rectifiable and 
also that it is a simple arc. Let P(t), aSt<b, be a representation of Crs. In- 
troduce again polar coordinates (7, ¢) with center O=<xo, let P(x) =(r(t), w(t)), 
and let o4z again have the representation r =f(@), in particular (f(¢:), 1) = R, 
(f(@2), = S. We may assume that ¢:<¢:. The function w(t) is continuous; 
therefore there is a last value ¢; in (a, 6) for which w(t,;) =¢: and a first value 
te in (th, 6) such that w(t) (t:=a or admitted). 

We then have 


(8) < < for 4 <t< be. 


Put P(t:)=R:i, =S; and let Cr,s, be the subarc 4. of Crs. It is 


| 
it 
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sufficient to prove that 

(9) I(Cr,s,) > L(ors). 

It follows from (8) that for 4S the segment eop.y will intersect a4, in 
exactly one point, namely «P(t) =(f(w(¢t)), w(t)) which we call the projection 
of P(t) onto gaz. We have «P(t;) =R, «P(t) =S. Let t’—t,>0 and 
be so small that P(t’) precedes +P(t’’) on and put P(t’) =R’, P(t’’)=S’. 
For ¢’ St St’’ the number E(P(t), «P(t)) is a positive and continuous function 
of t, which therefore has a positive maximum a. Let now 


(10) 0<3< 


with =(P—p)| w(t’) —w(t’’)| . We choose <t’ and t’’ <t* such that 
with R= P(t), S=P(t*) we have 

(11) L(Cr,s,) L(Cis) < «, I(ors) — I(o.%,3) < 

We then choose a subdivision t= - <tm=t*) (P(r) 
such that ¢’ and ¢’’ occur among the 7; and so fine that firstly the chords 
€p,p,,, are all contained in the interior of o4, and secondly 


(12) I(P,, Pri) | <e 


which is possible on account of the Remark on page 184 and thirdly 
(13) E(P, +P) > ta for PC 


Let +P, be the projection of P,. We call the subarc o,p, ,p,,, of oa regular if 
+P, precedes +P,,: on og. The regular arcs ¢,p, ,p,,, cover hence desig- 
nating by >.’ the summation over the regular subarcs, 


Let 
«x,(t), 


be a representation of the regular arc ¢,p, ,p,,,, where #x,(t) is of class C’. To 
every point +x(t) there belongs exactly one point x(t) of ep,p,,, whose projec- 
tion +x(t) is. In this way x(t) is defined as function of the same parameter f. 
x;(t) is also of class C’. (One sees this immediately if one puts x(t) =(r(é), 
¢(t)), for then 

#%2(t) — Xo2 


#%i(t) — 


o(t) = arc tg 


where x» =0.) 
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We form 


I(P,, I(o.p, f {F(x(2), %(#)) F(,x(), +%(t)) }dt 
ty 


(15) f {F(x, %) F(x, xx) } dt 


where x= | +x —xo| /|x—xo|. By construction the vector + {x [x:(t+A) —x;(t) ] 
— [xx:(t+A) —+x;(t)]} is either a zero vector or has the direction of the seg- 
ment e,,,2(¢+A). Letting A—+0 we see that + («%;(t) —+%,(t)) has the direction 
of ¢2,,2(- Furthermore, it follows from the definition of pseudo-circles that 
+%(t) is a supporting vector of F(x, £)=1 belonging to a covariant vector a; 
perpendicular to the ray Oxx. Let A; be the normalized normal in the direc- 
tion a;. Applying (2.6) we see that 


Hence the second integral on the right side of (15) is not negative. Only for 
this conclusion we used the defining property of pseudo-circles. 

The Lipschitz condition will be used to get an estimate of the first integral. 
For we get from (3) that 


F(x, 2) — F(¢x, {B—C| 4x — xo| } 


IV 


| — xo| 


{B—C| 4x — xo| 


| — xo| 
Now we have | «x —2xo| <B/(2C), | x—xo| <B/(2C). Therefore 
I(P., I(o.p, 2 0 | 


for the regular arcs on Cgg and on account of (13) we have |x—«x| >4a for 
the regular arcs on Crs. Hence we have for all these arcs, using the above 
inequalities for |4x—xo| and |x—xol, 


aC | 
F(x, — F(4x, xz) 2 | | 


We then get from (15) that 


ty 


and therefrom, using (14), 
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aC 
(16) 


aC 
= + E(P,, Prt), 


where >)’ means the sum over all regular ep,p,,, for which P, and P,4: belong 
to Crs:. 

To get an estimate for ),’’E(P,, P,4:) we remark that the €p,p,,, are out- 
side of Kp_,(O). Therefore 


E(P,, > | — | (P — p), 


and since the projections of the regular segments ep,p,,, cover the arc of 
Kp-_,(0) from w(t’) to w(t’’) we have 


(17) E(P,, Pr41) > | w(t’) — w(t’) | -(P — p). 
Altogether we get from (10), (11), (12), (16) and (17) that 


ayC 
L(Cr,s,) I (crs) — 3e> 0, 


which proves the theorem. 
Since Cr,s, instead of Crs occurs in the last inequality, we can pronounce 


the following result. 


THEOREM 1’. Let p and P satisfy the conditions of Theorem 1. Let Zaz be 
a simple oriented arc which, except for its endpoints A, B is in the interior of 
K,(P). Let Zaz contain a pseudo-circular subarc o4+y: whose orientation coin- 
cides with that of Zap. Designate by D4, Dip the sets into which Dap decomposes 
K,(P), let Dip be the one whose points close to interior points of o4:p are on the 
concave side of a4’ and finally let R and S be two points of o4:3: where R pre- 
cedes S. Then (7) will hold for any continuous arc Crs from R to S which, except 
for Rand S, is in the interior of Disp. 

6. Proof that every Hilbert arc is of class C’. In this section we are going ° 
to prove that under the conditions (1a)—(1f) every Hilbert arc is of class C’. 
We shall see first that a Hilbert arc from Q to P has a tangent at P; i.e., we 
shall prove 


THEOREM 1. A simple continuous arc Cop from Q to P which has no tangent 
at P is no Hilbert arc. 


Proof. Since Cgp has no tangent at P the rays RP must have at least two 
different accumulation directions —g; and —gz as R tends to P on Cgp. Let 
and wy be the two angles between +g; and +g: so that ¢+W=2r. By w,(h, T) 
we designate generally a half-angle with h as bisector, opening 7 and vertex T. 
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Let now +g and —g be the bisectors of @ and yw respectively, and choose 7 
and ¢€ such that the 4 angles 


(1) £1, P), @,(+ P), £1, P), w3.(— g, P) 


are disjoint except for their common vertex P. 

Take now a circle K5(P) (cf. p. 190, after (5’)), and let Cap be represented 
by P(t), aSt3Sb, and let ¢, be the greatest number for which E(P(t), P) =p. 
Call C, the subarc ¢, St $b of Cgp. There is a subarc Cp,p, of C, which connects 
a point P; of w,(+ 1) toa point P2 of w,(+g2) and which is completely in either 


o49(+g, P) or wy,,(—g, P). Assume, for instance, that Cp,p,Cws+9(+g). We 
then construct a pseudo-circular arc gag with center on kp(P) which passes 
through P, has —g as tangent at P and for which P, is in Cap and P; in ape 1 
This is possible on account of Lemma 5.4 and because oz is contained in H 
w.(+g, P)+w.(—g, P) (the tangent of o4z varies in K,(P) by less than $e). 
Therefore Cp,p, intersects 4s. Among the intersections there is one, R say, 
such that Crp, belongs to CAB except for R. We now draw through R a pseudo- 
circular arc og-4 with center O’ on k,(P) with the following properties: The 
tangent of gg-4- at R forms with +g the angle € and such that it points into . ae 

o4p, furthermore such that if o4, is on the left (right) of o1s, the set og, is 
on the right (left) of og-4’. The subarc ora’ of og’: will he in 04, except for R. | 
Call *o4-z the arc ora: in opposite orientation. Then the arc 24:2=*oa'rt+ors 
will be simple. w,(+-g:) and w,(+g2) are on different sides of 24-2 since Za-s 
lies in w3.(+g, P)+ws(—g, P). The arc Cp,p contains points of w,(+g:, P); 4 
therefore traversing Cp,p we hit 24-s the first time, at P; say. Then Crp, does 
not intersect 24: except at R and P; because *o,-z is contained in o4, and 
Crp, in Cap. If PsCora: we see from Theorem 5.1’ that 


OX 
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aC 
(16) 


aC 


where >.’’ means the sum over all regular ép,p,,, for which P, and P,,; belong 


to 
To get an estimate for ’’E(P,, we remark that the ep,p,,, are out- 


side of Kp_,(O). Therefore 
E(P,, Pr41) > | w(Tr41) — | (P — p), 


and since the projections of the regular segments ep,p,,, cover the arc of 
Kp-,(0) from w(t’) to w(t’’) we have 


(17) E(P,, > | w(t’) — w(t’’)| -(P — p). 
Altogether we get from (10), (11), (12), (16) and (17) that 


L(Cr,s,) — I(ers) > ae — 3e>0, 


which proves the theorem. 
Since Cr,s, instead of Crs occurs in the last inequality, we can pronounce 


the following result. 


THEOREM 1’. Let p and P satisfy the conditions of Theorem 1. Let Zap be 
a simple oriented arc which, except for its endpoints A, B is in the interior of 
K,(P). Let Zap contain a pseudo-circular subarc o4:y: whose orientation coin- 
cides with that of Zan. Designate by Disp, Dig the sets into which Dap decomposes 
K,(P), let Ey be the one whose points close to interior points of o4:p are on the 
concave side of 4+: and finally let R and S be two points of a4: where R pre- 
cedes S. Then (7) will hold for any continuous arc Crs from R to S which, except 
for R and S, is in the interior of » 

6. Proof that every Hilbert arc is of class C’. In this section we are going ° 
to prove that under the conditions (1a)—(1f) every Hilbert arc is of class C’. 
We shall see first that a Hilbert arc from Q to P has a tangent at P; i.e., we 
shall prove 


THEOREM 1. A simple continuous arc Cep from Q to P which has no tangent 
at P is no Hilbert arc. 


Proof. Since Cgp has no tangent at P the rays RP must have at least two 
different accumulation directions —g; and —gz as R tends to P on Cop. Let d 
and wy be the two angles between +g; and +g. so that ¢+yW=27. By w,(h, T) 
we designate generally a half-angle with h as bisector, opening 7 and vertex T. 


‘ 
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Let now +g and —g be the bisectors of ¢ and y respectively, and choose 7 
and ¢ such that the 4 angles 


(1) 81 P), @,(+ 82, P), w3e(+ 81, P), w3e(— P) ; 


are disjoint except for their common vertex P. : 
Take now a circle K}(P) (cf. p. 190, after (5’)), and let Cap be represented H| 

by P(t), aSt3Sb, and let ¢, be the greatest number for which E(P(t), P) =p. 

Call C, the subarc ¢, St $b of Cap. There is a subarc Cp,p, of C, which connects 

a point P, of w,(+ 1) toa point P2 of w,(+g2) and which is completely in either 


P) or wy,.(—g, P). Assume, for instance, that We | 
then construct a pseudo-circular arc ¢4g with center on kp(P) which passes 
through P, has —g as tangent at P and for which P, is in 04, and Py in Tap. 
This is possible on account of Lemma 5.4 and because o4z is contained in 
w.(+g, P)+w.(—g, P) (the tangent of 4g varies in K,(P) by less than $e). 
Therefore Cp,p, intersects ¢43. Among the intersections there is one, R say, | 
such that Crp, belongs to OAB except for R. We now draw through R a pseudo- | 
circular arc og-4- with center O’ on k,(P) with the following properties: The | 
tangent of og-4- at R forms with +g the angle € and such that it points into ee 
O48, furthermore such that if o4 is on the left (right) of cas, the set op, is 
on the right (left) of og-4-. The subarc ora: of og-4- will he in Cap except for R. 
Call *o4- the arc gra: in opposite orientation. Then the arc 24's=*osr+ors 
will be simple. w,(+-g:) and w,(+gs) are on different sides of Z4-z since L's 
lies in wse(+g, P)+ws(—g, P). The arc Cp,p contains points of w,(+g:, P); 
therefore traversing Cp,p we hit 24s the first time, at P; say. Then Crp, does 
not intersect 24-s, except at R and Ps because *o,-z is contained in o4, and 
Crp, in o4g. If PsCora: we see from. Theorem 5.1’ that 


| 
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a(R, Ps) S I(orp,) < L(Crp,), 


where opp, is the subarc from R to P; of og-4- and if PsCo.p we see from the 
same theorem that 

a(R, S I(crp,) < L(Crp,), 
where ¢@rp, is the subarc of g4z from R to P;. Therefore in neither case can 
Cpg be a Hilbert arc, q.e.d. 

Let now Hop be a Hilbert arc from Q to P. Then the subarc Hor of Hep 
is a Hilbert arc for every interior point R of Hgp. It therefore has a tangent 
at R. It then follows from Theorem 4.4 that Hgp has a tangent at R. For the 
point Q we can prove the existence of a tangent as follows. 

If Hg is Hep in opposite orientation, it is a Hilbert arc from P to Q with 
respect to F*(x, £) = F(x, —£). Therefore Hpg has a tangent at Q; hence Hep 
has one too. We see 


THEOREM 2. A Hilbert arc has a tangent everywhere. 


We shall prove now 


THEOREM 3. An arc Cop from Q to P which has a tangent everywhere, but 
whose tangent is not continuous at P, is no Hilbert arc. 


Proof. Let 8 be the direction of the tangent at P. Then a sequence of points 
P,.—P on Cgp exists such that the directions ym of the tangent of Cap at Pn 
converge to a line with direction y #8. Let ¢ be the lesser of the two angles 


formed by 6 and y at P and let ~ be a bisector of this angle. Consider K%”(P) 
(for definition see page 190). On kp(P) we choose the point O such that the 
vector field (x, £; O) has the direction £ at P and such that if os is a pseudo- 
circular arc of the vector field the direction y points into o4R- 


Let o4,,2,, be a pseudo-circular arc with center O through P,,. Then its 
direction at P,, differs from ~ by less than $/4, and since & bisects {Py and 
Ym—v and P,P=Bn—B we see that for large m the rays Ym and 8, will not 
belong to the angles w/2(—*, Pn) or wy2(+*t, Pm), where *§ designates the 
parallel to £ through P,,. Therefore y» will point into the concave side 
Of and Bp into o4, 

As in the preceding proof we now replace the subarc oa, p,, of 4,,8,, by 
another pseudo-circular arc op,,4’ which is a subarc of a pseudo-circular arc 
op’a’ through P,, with center O’C K,(P) where O’ is determined as follows: 
The field vector of (x, £; O’) at P has direction —£ and o%,4, is on the right 
(left) of og-4- if o4,2,, is on the left (right) of o4,,2,. Then ¥ will still point 
into the concave side of any pseudo-circular arc of K¢(P) with center O’. 

Call the subarc of in opposite orientation. Then 


24 = + 


will be a simple arc, which is contained in the angles w4(*t, P,) and 
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w4;2(—*t, Pm). Therefore ym and 8, point into different sides 2, and 2: of 

Let Ym point into 2). 

Now Cpg has tangent 7m in P». Therefore the points on Cpg following Pm 
and sufficiently close to P,, must be in 2. Since 8, contains P, the point P 
must be in 2». Therefore, traversing Cgp from P,, on we shall meet 2.:z,, 
a first time, at R say. Then one sees, as in the preceding proof that, no matter 
whether R belongs to gp, 4’ or @p,,z the arc Cp,.z will be longer than the corre- 
sponding subarc of op,4- or op,,s. We see, as in the preceding proof, that Hep 
has a continuous tangent at Q too, and hence that every Hilbert arc Hep has 
a continuous tangent everywhere. If we then introduce the arc length s on 
Hop as parameter, Hgp will have a representation x;(s) where the x;(s) are 
of class C’. Therefore Hop is of class C’. We have 


THEOREM 4. If the space IQ is two-dimensional and if the conditions (1a)- 
(1f) hold, every Hilbert arc is of class C’. 


7. Examples. Finally we discuss the question whether under the condi- 
tions of the last theorem any of the following questions can be answered posi- 
tively: 

(1) Have the minimizing curves second derivatives(*)? 

(2) Is there at least one minimizing curve through a given line element? 

(3) Is here at most one minimizing curve through a given line element? 

The answer to all three questions is negative. In order to construct a simple ex- 
ample we remind the reader of the function F(x, y; &, 7) = (&*+7?)"/?/y, which 
defines a hyperbolic metric in the half-plane y>0 of the Euclidean (x, y)- 
plane. Therefore 


y+1 


will define hyperbolic metrics in the half-planes y > — 1 and y <1 respectively. 
The integrand 


F(x, 9; & 9) = 
1+| 
is regular everywhere and we have 
1 1 
F(4, 9; & 0) — F(x, y; & 0) | = + 
| | 1+/5| 


S — #)? + (y — + 97)? 
(*) This question has an invariant meaning only if QM is of class 2, which will be the case 
in the following examples. 


4 


| 
| 
| 
| 
| 
! 
{ 
| 
| 


198 HERBERT BUSEMANN AND WALTHER MAYER 


so that the Lipschitz condition (c) is uniformly satisfied. For y20 (y $0) the 
minimizing arcs are the semicircles perpendicular to y= —1 (y=1). There- 
fore every point on y=0 can be joined to (0, 0) by exactly two minimizing 
arcs. Hence no minimizing curve with y=0 as tangent of (0, 0) exists. The 
same holds for every other point on the x-axis. This answers (2) negatively. 

To get examples for the other two questions we consider 
(+ 

i—|y| 
Here the Lipschitz condition (c) holds uniformly for | y| <r<1 therefore in 
a suitable neighborhood of any given point in | y| <1. For y>0 (y<0) the 
extremals are now the semicircles perpendicular to y=1 (y= —1). Since we 
have at every point (a, 0) of the x-axis one circle of each family tangent to the 
x-axis at (a, 0), we see that question (3) has a negative answer. 

But this example also settles question (1). Obviously the segment of the 
x-axis joining (0, 0) to (a, 0) is the only minimizing arc connecting them. 
Take now a point (a, 1—1/2"?) with a>1/2"/? and let H be a Hilbert arc 
connecting (a, 1—1/2"/?) to (0, 0). It cannot contain points (#, §) with 7<0 
for then it would contain a point (5, 0) preceding (#, §) and the segment from 
(6, 0) to (0, 0) would be shorter than the corresponding arc of H. 

We know from Theorem 6.4 that H is of class C’. It follows therefrom 
that H must look as follows: Let C be the semicircle perpendicular to y= +1 


F(x, y; & 0) 


through (a, 1—1/2?) which is tangent to the x-axis, at (a—1/2'/?, 0). Then 
the arc of c from (a, 1—1/2"/*) to (a—1/2"/?, 0) together with the segment of 
the x-axis between (a—1/2"/?, 0) and (0, 0) will constitute H, but H has no 
second derivative at (a—1/2"/2, 0). 

The family of minimizing curves issuing from (0, 0) with the x-axis as 
tangent does not form a field. We were not able to find a counter-example for 
(3) with the field property. 
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ON THE GROWTH PROPERTIES OF A FUNCTION OF 
TWO COMPLEX VARIABLES GIVEN BY ITS 
POWER SERIES EXPANSION 


BY 
ABE GELBART 


1. Introduction. One of the most fundamental formulas in the theory of 
functions of one complex variable is the Cauchy integral formula. It is of par- 
ticular vaiue in the Weierstrass-Hadamard approach, i.e., in obtaining prop- 
erties of a function from the coefficients of its power series expansion. A 
similar formula cannot be obtained for functions of two complex variables 
for an arbitrary four-dimensional domain, as is obtained, for instance, for the 
bicylinder, where the integration is taken over a two-dimensional surface on 
the boundary. Bergman(') has shown, however, that for certain domains far 
more general than those previously considered, i.e., domains bounded by a 
finite number of analytic hypersurfaces, an analogous formula does exist, the 
double integral being taken essentially over the two-dimensional surface com- 
mon to two or more of the analytic bounding hypersurfaces(?). 

In this paper we shall obtain growth properties in terms of the coefficients 
of the power series expansion of a function f(z, 22) of two complex variables 
analytic in special domains of the type mentioned above; first, with the aid 
of Bergman’s integral formula, along the two-dimensional surfaces common to 
the bounding hypersurfaces, and then, along a class of two-dimensional sur- 
faces lying in only one of the bounding hypersurfaces and having a line of 
contact with another bounding hypersurface. We also obtain a mapping theo- 
rem which determines from the coefficients a convex region in the f;f2-plane, 
S (2, 2) =f: +ife, which must be contained in the smallest convex region of the 
mapping on the f,f2-plane of the surfaces considered. 

2. Properties of f associated with G*(r). Let us consider a finite four-di- 
mensional domain Pt which is bounded by the hypersurfaces 


si(r) = Elz, = 


(2.1) s3(r) Elz, ve + p(r2)z2 = 22), OS S 2r|, 


and which depends on a positive parameter 7; (Az) is assumed merely to have 


Presented to the Society in two parts: October 28, 1939, under the title On functions of 
two complex variables given by power series expansion, and December 27, 1939, under the title 
On the growth of a function of two complex variables given by its power series expansion on certain 
hypersurfaces; received by the editors May 28, 1940. 

(*) Bergman [2, 3]. See the bibliography at the end of this paper. 

(?) Bergman calls such surfaces “distinguished boundary surfaces.” 
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a first derivative. Let G?(r) be the two-dimensional surface on the boundary 
of 2% which is the common part of the bounding hypersurfaces, i.e., 


(2.2) G'(r) = si-ss. 
THEOREM I. Given a function f (21, 22) =) regular in the domain 
M*(r); if M(r) is the maximum-modulus of f(z:, 22.) on G?(r), then 
| | 
(2.3) M(r) = max 
mn G(m, ~)B(p) 


where m and n range over all non-negative integral values, B(p) is a constant 
depending upon p, and G(m, n; p) is a function of m, n, and p, given by 


“(i+ | (ns) m m 
m log p 1 + log 


when max | p| < 1, m 21, 


1 + lo g 
(2.4) 1 +f (1 +x soe max | p(As) |*dx, 


when max | p| = 1,m 21, 


1 — max | | 
1 — max| p(d») | 


when m = 0 for all p. 


Proof of Theorem I. Keeping z: constant, say equal to fz, we obtain for a 

particular value of 2, say 4, 
1 te), te] [ire®: + 
S(t, 4) = —f 
[(re®s + p(As)te) — 
Since the numerator of the integrand is an analytic function of t, we again ap- 
ply the Cauchy integral formula and obtain 
f 
(2.6) (2mi)*Jo Jo [(re®* + — ti] [re®: — #2] 
- [ives + p’re™: 


(2.5) 


For the mth derivative of f(t:, #2) with respect to 4,, we obtain 


te) ta) re™), re] 
(2.7) am (Qi)? [(re™s + P(A2)é2) [re® = te] 


- [ive™s + p’(Ae)re™: 


Let 
(re™s — h, He = re*: — te. 


if 
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For the mth derivative of 1/Hy"t'H: with respect to /2, we obtain by Leibnitz’ 
rule . 


Hence we obtain for 0"+*f(t,, t2)/0t"0t" the expression 
(2i)?  [(re®s + — — 


[i+ 


vel 


am*f(0, 0) 


Amn 


Aa] [ive™: + p’re™ 
r™nt2 exp i(mds + mdi + + 
(m 


(2i)? 


Taking the absolute value of an, we get 
M(r) maxosa,see [1 | ] 
4? 


Now for m21, it can be shown that 


[(m + »)! 
miy! 


| 


(2.10) 


| oun | — 
(2.11) 


(2.12) 


When |p| <1 we have 


max | p(A2) |’ 


m m 
<1 1 — —— — —— 


and when |p| 21, 


| 
Now 
Hence | 
1 | 

| 
n 1 + log m\™ | 
| 
m 
| 
(m+ 
(2.13) | 
| 
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! otk 1 + log m)" 
‘sf [1+ max | p|#dx. 
0 m 


(2.14) 1+ >> ——— max | p 
m 
When m=0, (1 —max| p| atl) /(1 —max| p| ) is the exact value of the left-hand 
side of (2.14) for all p. 
Therefore for all differentiable p(A:) and non-negative integral values of m 
and » we have 


(2.15) | amn| MOBO) p), 


mtn 


where B(p) = maxosa,<2e (1+ | p’| ), or 


rmtn| | 


2.16 M(r) = 


To find those values of m and n, say u(r) and v(r), for which the right-hand 
expression in (2.16) is maximum for a given r, we take the logarithm of the 
expression, letting —log| amn| =Zmn and employ a generalized Newton poly- 
gon method. Then . 


n — (m + n) log r + log B + log G(m, n) 
=> gu» — (u + v) log r + log B + log G(u, v) = C. 


(2.17) 


We choose m, n,and gm, as the x-, y-,and z-axes, respectively, and plot the 
points (m, m, gmn). Then the m and n of the first point which lies in the surface 
z=x log r+y log r—log G(x, y) —log B+ as this surface is translated along 
the z-axis from — © by varying &, i.e., until k= C, are the uw and v which give 
the right-hand side of (2.16) a maximum. If there is more than one point lying 
on the surface, the one with the smaller m is chosen; if the m’s are the same, 
the one with the smaller n is chosen. yu and v are obviously functions of r. 

We then have 


(2.18) 


This gives a lower bound for the growth of f(z:, 22) along the hypersurface 
g*=S/_,,G*(r), where r varies continuously. 


3. The mapping of the surface G*(r). Let us introduce the function 


(3.1) Ff,a) =e" 
r,a=0 

where 0 Sa 2rz and f is defined as in the previous sections. The coefficients 

{A,,.} are functions of a and a combination of the an,’s such that m<r and 

ns. We define the region R*(r) as the product of the half-planes 


My 
BG(u, ») 
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(3.2) ficosa+ fesina < Q(a, 0S a < 2z, 
where f; and fz are cartesian coordinates in the fif2-plane, and 
(3.3) Q(a, r) = log | A,»(a, a) | + (u + v) log r — log G(u, v) — log B. 


THEOREM II. Let f(21, 22) =fitife. Then the smallest convex domain enclosing 
the mapping of G*(r) on the fife-plane contains the closed convex region R*(r) 
which depends only on the coefficients of the expansion of f(2:, 22) and the surface 
G(r). 


This gives a lower bound, so to speak, of the mapping of G?(r) on the 


Sife-plane. 
Proof of Theorem II. Let 
(3.4) P(r) = max |e" | 


on the surface G?(r); then from (3.4) and (2.18) 


log P(r) = log | exp {e~‘*f*(s:, 22)} | 
(3.5) = log | exp {(fi* cos a + fe* sin a) } | 
-| exp {—i(f* sin a — cos @)} | 
= fi cos a + f* sina 
= log | Ay,»(a, a) | + (u+ v) logr — logG(u, v) — log B = Q(a, 7), 


where the * indicates that value of f which gives | P| its maximum, for a 
given a. Now, for each a, Q(a, r) has a fixed value (depending on 1). It is 
clear from (3.6) that at least one point of the mapping, namely, (f¥, f*), will 
lie in the half-plane 


(3.7) f, cos a + fe sin a = Q(a, 7). 


The region R*(r) will therefore be contained in the smallest convex domain 
containing the mapping of G*(r) on the fif:-plane. Theorem II is then proved. 

It is clear that a similar theorem will hold for any surface for which we 
have a lower bound for the maximum of the function f(z:, 22) on the surface. 
For example, we can state similar theorems for the surfaces considered in 
§§4 and 5. 

4. Further properties of the function on other surfaces of the type G’(r). 
Let us consider the finite four-dimensional region 9t*(r) bounded by the three 
infinite hypersurfaces: 


(3.6) 


= Eley = re’, OS S 
(4.1) sx(r) = Elz, = + 0 S 
s3(r) = Elz, = — Cuz, OSS 2r|, 


| 


i 
4 
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where, as above, r is a parameter and C, and C; are positive constants less 
than unity. This restriction on C, and C; is necessary in order that the hyper- 
surfaces of (3.1) form the boundary of a finite closed domain. Let Gj,(r) be 
that part of s}(r) -s3(r) which belongs to the boundary of P*. Now let 


(4.2) G'(r) = Gist) + Gislr) + Gas(r). 


Let also g°=Si_,,G*(r), and gi, =S/_,,Gi,(r), where r varies continuously and 

Let f(2:, 22), as before, be an analytic function regular in 94. We now ap- 
ply Bergman’s integral formula(*) for functions of two complex variables 


which states that at a point (t, é) in Dt, 


1 
S(t, 4) = #2) 


1 f fore » he )Braltr, te, dA, 
Bie 


te, Ney 
— 4,)(@@ — 4,) 


,@ 


Pie ) 


As) [,(t1, te, Xs) Pe(tr, Az) 


— te, Ax) Ae) 


te, ,) = 


where Bi, is the surface range of integration. We have in our case 

(4.3) = 2; — — Caza, 
= 2, — + C322; 


a, 

=re +Cye , 
(2) a; 

=re , 


as a, 

=re — Core 9 
(2) 1 
=re , 


1 a, a, 
= C Cc 
21 = we '+Cye' 
1 


[re * ; 


n= = — 


(*) Bergman [2, p. 97] and [3, p. 861]. 
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and consequently, 
(4.5)  f(tr, t2) = te) + Mis(tr, + Mas(t, 42) 
(2x1)? Bip (re: — + Cale — hh) 
1 ff. fers ois (re 
(2x1)? Bi, — t2)(re®s — Cat — hh) 


J f floss» (re) ddadds 
Ba, (re 


(2xi)? s+ Cota — — Coty — 


As in §2 we have that 
amtnf(0, 0) t2) + Mis(t, te) + te) | 
m'\n\otmots 


(4.7) Gmn 


M te) 


(2) 


(re 


ff, fois» (re 


2 


a”*"M2(0, 0) m'\n! f )(r 
! 


v=0 


(4.9) 


This yields, by a process analogous to that used in §2, 


Mix(0, 0) | _ 
where M(r) is the maximum-modulus of f on G*(r), B(giz) is a constant de- 
pending on the hypersurface gi, =S/1.,,Gi2(r) and Gi(m, m) is a function of m 
and n, also depending on g%, and is defined in a way similar to G(m, m) of §2. 
In the same way we obtain 


1 M 13(0, 0) BisGis)M (r)Gis(m, n) 


4.11 
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From (4.3), we have 
(4. 12) te) = Cote), te) = (ty + Cote). 


Hence 
o™ 1 m 1 
(4.13) = (—1)"m! >> ————_, 
ate L mo 
and 


o"r 1 
.14) 1) 
(4.14) Ee 


(—1)™**m!n! 1 (2 
par (n = Le 


(m — v)! 


1 0) | das) | 
—v—yp)! 
> 
BuGu)M (r) 1 (=) 
(* — w)!\Cs 
> (m + 


(m v)! 


The constant Bes(g33) is given by (1/4*) [f'3,dedXs, where the precise limits of 
integration are obtained by a tedious process and can be omitted here since 
they are not necessary for our purpose; it may be noted, however, that 
0 < <1. We shall denote by G23(m, m) the expression 


(4.17) (cy 


wo — w)!\Cs/ (m — v)! 


This gives 


| Sinn | 

m'n! 

(4.18) 
<™ 

n). 


2 


1 ( = , 0) a 0) a™*"M23(0, 0) ) 


arate 


Then 
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Therefore 


(4.19) M(r) = | | 
2) 


Those values of » and »v which make the right-hand side of (4.19) a maximum 
can be obtained by a process similar to that employed in §2. Hence 


rte | a,,| 


») 


(4.20) M(r) 2 


We can then state 


THEOREM III. Given a function 


2) = > 


m,n=0 


regular in the closed domain J*(r) ; then along 


f= = Chl) + Gh) + a), 


| Oy» | 
») 


5. Properties for the function on certain classes of surfaces lying in the 
boundary and different from G*(r). We next wish to consider the growth of 
the function f(z:, 2) over a special class of surfaces H*(r) belonging to the 
boundary of Pt. Let 


M(r)2 


(5.1) A’(r) = Els: = 2 = re", SoS 
where for all o satisfying o; {0 <o2, and for any fixed \, in the range consid- 
ered, 
= Aw(r, Ai) -Ax(r, 1); 
(5.2) Ax(r, = E[| 21 — Caze| S17, 22 = 
Ad(r, A) = E[| 21+ | S17,22= re]; 
and for ¢=¢2, with A, again fixed, 
02) silt, ds), 


where s; is the boundary of 37(r, \). It will be assumed that the set of all 
points of H?(r) for which \,; has an arbitrary fixed value in the range consid- 
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ered is a continuous curve h'(r)(*) with an initial point z;={(r, Ax, ¢:(A1)), and 
a terminal point on s}(r, A1). The surface H?(r) lies completely in that part of 
si(r) which belongs to the boundary of the Pt*(r) of the previous section. A 
portion of the boundary of H?(r) lies on G*(r) of (4.2). 

Let the maximum-modulus of f(2:, 2) on H?(r) be y(r). We now map 
(using for simplicity the same notation for the mapped region) 3; into the 
unit circle so that 2;=0 goes into itself and the direction of the real axis, 
R(z:) =0, at the point z;=0, remains unchanged. The curve h'(r) maps into a 
segment of a continuous curve, its initial point determined by ¢ =4;(A;) and its 
terminal point lies on the unit circle. Now let @= | z1| = l¢(r, A, #01) | for 
SX”. The quantities @ and were introduced by Bergman 
and are the characteristic numbers of the surface(*). 

One form of the Milloux theorem is(*): Let J be a continuous finite arc 
lying in the unit circle | s| <1 joining a point 2» within the circle to a point on 
the boundary. Let W(z) be regular, single-valued, and | W(z)| <1 inside the 
unit circle, and let | W(z)| Sw on J. Then 
(5.3) | W(0) | < (1-07) / 140") | 
where 0’ = | 

Using this theorem for the mapped region 3; with 

* 
(5.4) win) 
M(r) 


we have 


M(r) M(r) 


(5.5) | W(a)| = 


and get, letting = (2/2) sin (1 —0)/(1+8), 
(5.6) | (0, 2) | < 


where M(r) is the maximum-modulus of f(z:, 22) in Dt, A* is an arbitrarily 
chosen value of \; in the range considered, and = 23" 
Now 


0, re” 1 
) 


(5.7) 


(*) The restriction that h'(r) be continuous is not essential since theorems of the Milloux 
type hold for more general one-dimensional sets. 

(*) Bergman [1, pp. 347-348, Corollary]; and [4, pp. 200-201]. 

(®) R. Nevanlinna [5]. 
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| (0, res) | | | a, 


r™ 


at, 


| aon| < —a)M + au(~)'], 


where M=max |f(0, 22)| =max Then 


M M 
Let A be defined by the equation 


(5.10) 
Qa 


ao | 


Mu 


(5.11) A=1 


» being that » which maximizes | don| r™, and uw depends on r. Then A is posi- 
tive. 
If a>27A, we have that 


(5.12) = Ee -= 


where the right-hand side is positive. 
From these results we can state 


THEOREM IV. Given the function 
flex, #2) = 2s, 
m,in=0 


regular in TX*(r). Let max | f (21, 22) | S(r) on the surface H*(r) of (5.1) having the 
characteristic numbers 0(r) and a, a=? > where A=1—| aqu|r*/M; 
then 


5.13) > Mir) M(r) 
(s. = MC FAl 


where M=max | f(2:, and M=max |f(0, 22) |. 


Since 


(5.14) 
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a lower bound for (7) can be obtained in terms of the coefficients of f(2:, 22) 
by replacing in (5.12) M(r) by the right-hand side of (4.20), M(r) by | ao,| r, 
and the M(r) in A by 


| | 


(5.15) 


where 


(5.16) | | er = [max | 


l.u.b. 
t+e< 
for an arbitrary positive €. p: is a function of r and of the coefficients {aon}, 
and can be determined by a process similar to the Newton polygon method. 
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ON THE POSSIBLE RATE OF GROWTH OF AN 
ANALYTIC FUNCTION 


BY 
P. W. KETCHUM 


Introduction('). The present paper deals with a number of diverse topics, 
ranging from purely topological considerations, through a general theory of 
possible distributions of values of an analytic function, to more special theo- 
rems on simultaneous expansions of an infinity of analytic functions. No 
unifying principle is presented as an excuse for treating such a variety of 
subjects; but there is a slight sequence of argument running throughout. The 
parts of the paper were actually written in reverse order. The initial investiga- 
tion (Part III) was started as an attempt to generalize, from m to infinity, a 
known theorem(?) on simultaneous expansions of analytic functions. This 
generalization was found to depend on an affirmative answer to the following 
question on level curves of an analytic function: Given any sequence of points 
a, @2, - - - , in the complex plane, which has the point at infinity as its only 
limit point, does there exist an analytic function with a level curve C such that 
C contains a distinct branch about each given point which separates that 
point from all the other points? This was, in turn, made to depend on a certain 
problem relative to the possible rate of growth of an integral function. 

It was shown long ago by Poincaré(*), Borel(*), and others that an integral 
function may be made to grow arbitrarily fast along the real axis or along 
other lines or curves extending to infinity. Our problem was to obtain an 
affirmative answer to the following related question: Does there exist a se- 
quence of regions S;, Ss, - - - , with a; interior to S;, such that, no matter how 
fast the sequence of numbers m, m2, --- increases there will be an integral 
function f(z) for which 


| | =m; in S;? 


In Part II we have shown that this is actually the case; but our construction 
will ordinarily give a function f(z) with may zeros. This makes our desired 


Presented to the Society, December 29, 1936, under the title On the possible behavior of 
an analytic function at a set of isolated points; received by the editors August 25, 1939, and, in 
revised form, June 3, 1940. 

(*) Most of this paper was written while the writer was a member of the Institute for Ad- 
vanced Study. 

The writer is greatly indebted to Professors Bochner and Bohnenblust for valuable sugges- 
tions. 

(?) See §11 of this paper. 

(?) American Journal of Mathematics, vol. 14 (1892), p. 214. 

(*) Legons sur les Séries d Termes Positifs, Paris, 1902, p. 27. 
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level curve C have not only the required branches, but many extraneous ones 
in addition. Whether or not there exists a nonvanishing function f(z) with the 
stated properties, so that the corresponding level curve C has exactly the 
required branches and no more, is a question that we have been unable to 
settle. 

On investigating what sort of regions S;, Se, - - - may be used to obtain 
the required properties, certain questions concerning the topology on a sphere 
arose; these are considered in Part I. In so doing, it was found expedient to 
make certain restatements of Hilbert’s theorem on the approximation of 
Jordan curves by lemniscates. 


Part I 


1. Preliminary definitions. By a ring on the extended complex plane or 
the Riemann sphere, we mean an open or closed region bounded by two 
Jordan curves that have no point in common. The point at infinity may be 
interior to, exterior to, or on the boundary of the ring. 

The only sets or sequences of rings considered in this paper are those in 
which the rings are mutually non-intersecting ; that is, no two of the rings have 
closures with points in common. For this reason we shall usually not bother 
to state explicitly the non-intersecting character of the rings, but this condi- 
tion is always to be understood. 

Topologically, there is no distinction between a given ring on a sphere and 
any other ring on a sphere. Likewise every pair of rings is equivalent to every 
other pair; the complementary regions into which the rings divide the plane 
necessarily consist of two simply connected regions A and B and a third ring 
R which separates A from B. For three or more rings, on the other hand, we 
may distinguish relative positions according to the arrangement and connec- 
tivity of the complementary regions. If there are m given rings, the connectiv- 
ity k of the complementary region of maximum connectivity may vary from 
2 to n. We distinguish the two extreme cases by names: if k is 2 we call the 
rings nested, if k=m the rings are mutually exterior. (This must not be con- 
fused with mutually exterior in the point-set-theoretic sense, which means 
non-intersecting in our terminology.) 

The multiply connected region which is complementary to a set of m mu- 
tually exterior rings will be called the R-exterior of the rings; the other com- 
plementary regions, all simply connected and m in number, the R-interiors. 

The same definitions of nested, mutually exterior, R-exterior, and R-in- 
terior will evidently apply as well to finite sets of non-intersecting Jordan 
curves on the sphere. 

2. Generalizations of Hilbert’s theorem. According to Walsh and Rus- 
sell’s(®) generalization of a theorem due to Hilbert, a finite number of mu- 


(5) These Transactions, vol. 36 (1934), pp. 13-28. 
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tually exterior Jordan curves whose R-exterior contains the point at infinity 
can be uniformly approximated by means of lemniscates. 

As thus stated, Hilbert’s theorem imposes a special réle on the point at 

infinity. To avoid this, we generalize the notion of lemniscate as follows: A 
lemniscate with poles at b,,--+-, b, and zeros at a1,-:+,@m is a level curve 
of a rational function whose poles are at };, - - - , 6, and whose zeros are at 
a,°°** ,Qm- 
By imposing the transformation z=1/(z’—b) in Hilbert’s theorem, we get 
the following more symmetrical statement: Any set of mutually exterior 
Jordan curves can be uniformly approximated by a lemniscate with pole at > 
and zeros at a1, - - - , @m, where b is a preassigned point in the R-exterior and 
the a’s are somewhere in the R-interiors of the given curves. 

This statement suggests a dual theorem in which the réles of pole and 
zeros are interchanged. To get such a dual theorem we may first consider the 
reciprocal of the rational function yielding the lemniscate in the last state- 
ment. It follows that the given Jordan curves can be approximated by a 
lemniscate with zero at and poles at a1, dm. Now, applying Runge’s 
method of moving of poles, we may approximate our rational function uni- 
formly in the R-exterior of the curves by another rational function with poles 
at given points };, - - - , b,, one in each of the R-interiors of the curves. The 
degree of approximation being arbitrary, one may also choose this new func- 
tion so that its zeros lie as.close as one pleases to b. Repeating this process, 
we obtain the following four theorems, of which Theorem I is a sharpening 
of Hilbert’s theorem. 


THEOREM I [THEOREM I’ ]. Let Ri, -- +, R, be given mutually exterior rings 
on the extended complex plane, and let b be a given point in the R-exterior of 
the rings and ay, - - - , dn given points such that a; is in the R-interior of R;. Then 
there is a lemniscate, whose only pole [zero| is at b, which consists of n Jordan 
curves, Ci,--+, Cp, with C; interior to R; (in the point-set-theoretic sense) and 
’ with C; separating the R-interior of R; from its R-exterior. Furthermore, the 
zeros |poles| of the lemniscate may be taken at a set of points c;,;,i=1,---,n, 
j=1,---, 1, such that the distance from any c;,; to a; is less than €, where € is 
an arbitrarily small positive number. 


THEOREM II [THEOREM II’]. Under the same hypotheses as in Theorem I, 
there is a lemniscate with poles [zeros] at a1, - - - , dn which consists of n Jordan 
curves Ci,- ++, C, with the same properties as in Theorem 1. Furthermore, the 
zeros [poles] of the lemniscate can be taken at points - - - , C1, where each 
is at distance less than é from b. 


3. Further definitions. A point 5 will be called a sequential limit point of a 
sequence of rings Ri, Re, --- if there is a sequence of points f;, Bs, - - - , with 
B; on R;, which has 0 as a limit point. 
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More generally, if { S,} is an infinite collection of mutually disjunct sets, 
either denumerable or nondenumerable in number, then a point } will be 
called a sequential limit point of the collection if there is a sequence of points 
B:, Bz, - - - such that (i) every 8; is in some S,, (ii) no two of the §’s are in the 
same 5S,, (iii) the sequence of §’s has 6 as a limit point. 

It can be shown that the rings Ri, Ro, - - - , R, are nested if and only if 
they can be ordered in such a way that R; separates R; from R; whenever ¢ is 
between j and k. 

An infinite sequence of rings will be called nested if it can be arranged in 
an order Ri, Re, - - - such that R; separates R; from R;, whenever 7 is between 
jand k. An equivalent definition is that, when properly ordered, R; separates 
R, from the set of sequential limit points whenever j is greater than k. 

We shall denote the boundary of a set A by F(A) and its complement by 
C(A). 

An interior sequential limit point of a sequence of rings is a sequential limit 
point of a nested subsequence of the rings. 

Every closed set B, not the null set or the whole plane, divides the plane 
into a finite number or denumerable infinity of domains o;, o2,--- namely, 
the components of C(B). A closed set B will be said to be encased in a sequence 
of rings in C(B) if, for each i, those rings which are in o; form a subsequence 
with the following two properties: 

(a) The set of sequential limit points, the interior sequential limit points, 
and F(o;) are three identical sets. 


(b) If F(o;) has more than one component, then for every ring there are 
points of F(¢,) in both of the two regions complimentary to the ring. If F(o;) 
has only one component, then the rings are nested. 

4. A theorem of plane topology. 


THEOREM III. Let B be any closed set, not the null set or the whole plane, and 
let S be a set in C(B) whose components { S,} are closed and have sequential limit 
points only in B. Then there exists a sequence of rings in C(B+S) which encases 
B. The boundary curves of these rings may be taken to be lemniscates. 


Proof. We assume a metric for the entire extended plane, as, for instance, 
distances on the Riemann sphere. 

For the proof it will be sufficient to show that if o; is any component of 
C(B), then there exists in o; — So; a sequence of rings which satisfies the above 
condition (b) and whose sequential limit points and interior sequential limit 
points are both identical with F(¢;). 

If z is a point in a non-null set A with a non-null boundary, we shall call 
its distance from F(A) the depth of z in A. In any non-null set A there will be 
one or more points which have maximum depth po20 in A. In particular, 
if A is open, then there will be a point having maximum depth po>0. The 
number po will be called the maximum depth of the set A. Since our metric is 
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bounded, every set has finite maximum depth. If po is the maximum depth 
of A, then for every number p, 0 Sp Spo there are points in A with depth p. 
If B is a closed set in A, we shall call the greatest depth of any point of B 
in A the maximum depth of B in A and the smallest depth of any point of 
B in A the minimum depth of Bin A. 

The components of S which have points in common with go; are entirely 
in o;. Let K(p) be the sum of the components of S whose minimum depth 
in o; is larger than p, where p is any positive number less than the maximum 
depth po of o;. There will be at most a finite number of components of S in 
K(p): otherwise there would be a sequential limit point of the components 
at a positive depth in o;, which is contrary to hypothesis. Let k(p) be the sum 
of the components of S whose minimum depth in o; is not greater than p. 
Let A(p) be the set of all points whose depth in a; is greater than p. The 
boundary F(A(p)) is non-vacuous. Let a(p) be the set of all points whose 
depth in ¢; is not greater than p. 

We will now show that if 0<p;<p» then there is a number pz, 0 <p2 <p, 
such that a(p2)-+(p2) is at a positive distance, say 5, from A(p1)-+K(p2). Ob- 
viously a(p2) is at a positive distance from A(p;) and from K(2), and k(p2) 
from K(p2). Suppose no number p; exists such that k(p2) is at a positive dis- 
tance from A(p;). No fixed component of S can be in k(p2) for every p2; hence 
there must exist a sequence of components S;, S2, - - - such that the distance 
from S; to A(p1) approaches zero with j. But this would imply a sequential 
limit point of the S; at positive depth in o;, which is contrary to hypothesis. 

Cover the closure of a(p2)-+(2) by a finite number of circular closed re- 
gions with centers on this set and radius 7< 6. The number 7 can be chosen 
so that no two of the circular boundaries of these regions will be tangent to 
each other, and no three intersect at a single point. Let L(y) be the sum of 
these circular regions. 

If we start at any point on the boundary of L(n) and proceed along the 
boundary, we will arrive back at the starting point after traversing a finite 
number of arcs of circles and an equal number of points where two circles 
intersect. The boundary of L(7) consists of a finite number of Jordan curves. 
Furthermore, it is possible to increase the radius of each circle in L(7) slightly 
without changing the connections between the circular arcs forming the 
boundary of L(n). Otherwise, the connections would change in a discontinu- 
ous manner; but this can happen only when two arcs are tangent or when 
more than two arcs intersect at a point. Hence there is an 9’ between n and 6 
such that [L(n’) —L(n) ]o; consists of a finite number of rings Ri, Re, - - - , Re. 
By their construction, these rings have a minimum depth in o; greater than pe, 
a maximum depth less than p:, and are at a positive distance from S. 

A ring R will be said to bound a set A, ARO, if one of the Jordan curves 
forming the boundary of R is contained in F(A). A collection of rings 
Ri, Re, - - - , Rp will be said to completely bound A if each of the rings bounds 
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A and if F(A) is contained in the closure of the rings. A set of rings which 
completely bounds a connected set will be mutually exterior and will separate 
A from C(A+)°R)). 

The rings Ri, Re, --- , Re will completely bound ¢;—L(n’)o;. Let M be 
a component of ¢;—L(n’)o; which contains a point x9 of maximum depth po 
in o;. There will be a subset of the rings, Ri, Re, - - - , Rp, which completely 
bound M. These rings will be mutually exterior and will separate M from F(o;). 

If x is any point in o;, it can be joined to xo by a Jordan arc in o;. This arc 
will have a positive distance \ from F(¢;), that is, it will have positive mini- 
mum depth A in o;. Hence there exists a p; so small that the corresponding set 
M will contain x, and the corresponding rings Ri, - - - , R, will separate x from 
F(o;). If F(o;) is connected, then M will be simply connected for every p. 
On the other hand, if F(¢;) is not connected, then M will be multiply con- 
nected for every sufficiently small p;. 

Let «, be less than pp» and also so small that if F(¢;) is not connected then 
the set M corresponding to any p14 will be multiply connected. Starting 
with «, we form any sequence &, €, --~- of positive numbers with zero as a 
limit and such that if €; is taken to be p; in the above, then pe may be taken 
equal to €;4:. That is, a(€;41)+(€;41) is at a positive distance from A(e;) 
+ K(€;,:). Corresponding to each pair of values €;, €;1 there will be a set of 
rings RY, - --, RY constructed as above on taking pi=e; and p2=€;41. 

It will now be shown that the totality of these rings is a sequence which 
encases F(a;). 

(i) That condition (b) will be satisfied is a consequence of the fact that 
the rings Ri)’, - - - , RY completely bound a set M; which is simply connected 
if F(¢;) has only one component and multiply connected otherwise. 

(ii) Every sequential limit point of the rings is on F(o;) because RY has 
maximum depth less than ¢€; and ¢€;—0. 

(iii) Every point of F(¢;) is a sequential limit point of the rings. If not, 
then there exists a point x in F(¢,;) and a circular neighborhood N, such that 
N, is free of points of the rings. But N, contains at least one point y in o;. 
For j sufficiently great, R{? separates y from x. This can happen only if RY 
has points in N,, which is a contradiction. 

(iv) It remains to show that every point of F(¢;) is an interior sequential 
limit point of the rings; that is, for every x in F(o,) there is a nested subse- 
quence of the rings which has x as a sequential limit point. Since the rings 

Pees, RY separate x» from F(¢;), there will be a particular ring, say me, 
which separates xo from x. The sequence of rings {R? } will have x as a se- 
quential limit point and will be nested. 

That the boundary curves of the rings can be taken to be lemniscates fol- 
lows immediately from Theorem II and the fact that the rings RY’, --- , RY 
are mutually exterior. In fact, the poles of the lemniscate may be taken on 
F(¢;), since if p>1 each ring contains a point of F(¢;) in its R-interior. 
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Part II 
5. Construction of functions with very rapid growth. 


THEOREM IV. Let G(z)=0 be a given function defined for every point z in 
the extended complex plane. Let B be the set consisting of all points in every neigh- 
borhood of which G(z) is unbounded. We suppose that B is neither the null set 
nor the whole extended plane. Let Ri, Re, --- be any sequence of mutually non- 
intersecting rings which encases B. Then there exists a function f(z) which is 
analytic except possibly at points of B and which satisfies the inequality 


(1) | f(2) | = 
for every z not in one of the rings. 


Coro.uary. Let G(z) and B be given as in Theorem IV. Let S be any set in 
C(B) whose components are closed and whose sequential limit points are all on B. 
Then there is a function f(z) which is analytic except on B and which satisfies 
the inequality (1) at all points of S. 


By Theorem III, this corollary is an immediate consequence of Theorem 
IV. 

In this section and throughout the paper, all functions are assumed to be 
single valued. 

In case G(z) is bounded in the whole plane (B is the null set), the problem 
is trivial; since one can then satisfy (1) everywhere by taking f(z) to be a 
sufficiently large constant. 

Proof of Theorem IV. We confine our attention to one of the domains 
o, into which B divides the plane, and to those rings which lie in o,. Let P 
be any point in o; and not in any of the rings. Then we distinguish the two 
parts of the plane exterior to any ring R; by the inside and outside of R; ac- 
cording to whether it does or does not contain P, respectively. Having chosen 
P, every ring has an inside and outside, but different choices of P may inter- 
change the inside and outside of a given ring. We suppose that P is now 
chosen once for all, subject only to the condition that if the complement S of 
the rings in o, has a simply connected component So (which can happen only 
if F(o,) is connected), then P is in Spo. 

If a nested subsequence of the rings in o; has a point x on F(o;) as a se- 
quential limit point, then any point y in a, will be separated from x by all 
but a finite number of this subsequence of rings. For, let y be a point in o; 
which is not separated from x by an infinity of rings. Let z be a point in o, 
which is separated from x by the first of the rings. Join z to y by a Jordan 
arc in o,. Every ring separates z from x. There must be an infinite number of 
rings which separate y from z. These rings will all intersect the Jordan arc yz; 
therefore, there will be a sequential limit point of the rings on the arc, and 
hence in o;; which is a contradiction. 
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A and if F(A) is contained in the closure of the rings. A set of rings which 
completely bounds a connected set will be mutually exterior and will separate 
A from C(A+)°R)). 

The rings Ri, Re, ---, Re will completely bound ¢;—L(n’)o;. Let M be 
a component of ¢;—L(n’)o; which contains a point x» of maximum depth po 
in o;. There will be a subset of the rings, R:, Re, - - - , Rp, which completely 
bound M. These rings will be mutually exterior and will separate M from F(a;). 

If x is any point in o;, it can be joined to x» by a Jordan arc in o;. This arc 
will have a positive distance \ from F(¢;), that is, it will have positive mini- 
mum depth A in o;. Hence there exists a p; so small that the corresponding set 
M will contain x, and the corresponding rings R, - - - , R, will separate x from 
F(a;). If F(¢;) is connected, then M will be simply connected for every p. 
On the other hand, if F(o;) is not connected, then M will be multiply con- 
nected for every sufficiently small p;. 

Let €, be less than po and also so small that if F(¢;) is not connected then 
the set M corresponding to any piS« will be multiply connected. Starting 
with €, we form any sequence &, €,--- of positive numbers with zero as a 
limit and such that if €; is taken to be p; in the above, then pz may be taken 
equal to €;4:. That is, a(€;41) +(€;41) is at a positive distance from A(e;) 
+ K(€;,:). Corresponding to each pair of values €;, €;: there will be a set of 
rings RY, ---, RY constructed as above on taking p:=€; and = €j41. 

It will now be shown that the totality of these rings is a sequence which 
encases F(¢;). 

(i) That condition (b) will be satisfied is a consequence of the fact that 
the rings R{”, - - - , RY completely bound a set M; which is simply connected 
if F(o;) has only one component and multiply connected otherwise. 

(ii) Every sequential limit point of the rings is on F(o;) because Ry has 
maximum depth less than ¢; and €;—0. 

(iii) Every point of F(o;) is a sequential limit point of the rings. If not, 
then there exists a point x in F(¢,) and a circular neighborhood N, such that 
N, is free of points of the rings. But N, contains at least one point y in o;. 
For j sufficiently great, RY separates y from x. This can happen only if RY 
has points in N,, which is a contradiction. 

(iv) It remains to shew that every point of F(¢;) is an interior sequential 
limit point of the rings; that is, for every x in F(¢;) there is a nested subse- 
quence of the rings which has x as a sequential limit point. Since the rings 
RY, -- +, RY separate x» from F(o,), there will be a particular ring, say xe, 
which separates x9 from x. The sequence of rings {RP} will have x as a se- 
quential limit point and will be nested. 

That the boundary curves of the rings can be taken to be lemniscates fol- 
lows immediately from Theorem II and the fact that the rings RY, --- , RY? 
are mutually exterior. In fact, the poles of the lemniscate may be taken on 
F(e;), since if p>1 each ring contains a point of F(¢;) in its R-interior. 
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Part II 
5. Construction of functions with very rapid growth. 


THEOREM IV. Let G(z)=0 be a given function defined for every point z in 
the extended complex plane. Let B be the set consisting of all points in every neigh- 
borhood of which G(z) is unbounded. We suppose that B is neither the null set 
nor the whole extended plane. Let Ri, Re,--- be any sequence of mutually non- 
intersecting rings which encases B. Then there exists a function f(z) which is 
analytic except possibly at points of B and which satisfies the inequality 


(1) | | = 
for every z not in one of the rings. 


CoROLLARY. Let G(z) and B be given as in Theorem IV. Let S be any set in 
C(B) whose components are closed and whose sequential limit points are all on B. 
Then there is a function f(z) which is analytic except on B and which satisfies 
the inequality (1) at all points of S. 


By Theorem III, this corollary is an immediate consequence of Theorem 


IV. 
In this section and throughout the paper, all functions are assumed to be 


single valued. 
In case G(s) is bounded in the whole plane (B is the null set), the problem 
is trivial; since one can then satisfy (1) everywhere by taking f(z) to be a 


sufficiently large constant. 

Proof of Theorem IV. We confine our attention to one of the domains 
go; into which B divides the plane, and to those rings which lie in o,. Let P 
be any point in o, and not in any of the rings. Then we distinguish the two 
parts of the plane exterior to any ring R; by the inside and outside of R; ac- 
cording to whether it does or does not contain P, respectively. Having chosen 
P, every ring has an inside and outside, but different choices of P may inter- 
change the inside and outside of a given ring. We suppose that P is now 
chosen once for all, subject only to the condition that if the complement S of 
the rings in o, has a simply connected component Sp (which can happen only 
if F(o¢,) is connected), then P is in Spo. 

If a nested subsequence of the rings in o, has a point x on F(o;) as a se- 
quential limit point, then any point y in o; will be separated from x by all 
but a finite number of this subsequence of rings. For, let y be a point in o; 
which is not separated from x by an infinity of rings. Let z be a point in o; 
which is separated from x by the first of the rings. Join z to y by a Jordan 
arc in o,. Every ring separates z from x. There must be an infinite number of 
rings which separate y from z. These rings will all intersect the Jordan arc yz; 
therefore, there will be a sequential limit point of the rings on the arc, and 
hence in o;; which is a contradiction. 
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Let S be the set consisting of all points in o, which are not in any ring. 
Each component S; of S is completely bounded by a finite number of the 
rings. For, if an infinite number of rings bound S;, then there will be a se- 
quential limit point x of the rings in the closure of S;. This point x will also 
be on F(c;) and hence will be a sequential limit point of a nested subsequence 
of the rings. Any point y of S; is in o,. We have just seen that y is separated 
from x by all but a finite number of rings. But this is a contradiction since 
S;+x is a connected set, in the complement of the rings, which contains x 
and y. 

Denote the component of S which contains P by So. There will be only a 
finite number of rings which separate any component from P, and only a finite 
number of components, Si, - - - , Si,, each of which is separated from P by 
exactly 7 rings. We now rename the rings by using a double subscript R;;, 
j=1, 2,---+,1;, so that S;; is outside of and bounded by R;;. Let J;; be the 
inside of R;;. Put 

IO =SatSat-+> + Su, 


The rings Ra, --- , Ri, are mutually exterior, since they completely bound 
the connected set J‘*); and there will be points of F(¢,) outside each of these 
rings. 
Let M, be the upper bound of G(z) in Sp and M; the upper bound in S‘. 
Let &:, €, --- be any set of positive numbers such that de converges to 
a given sum 
Let MN, be the positive constant Mp+e. By Theorem II there is a rational 
function F,(z), analytic except at points of B, such that the lemniscate 
| F,(z) | =1 consists of , contours Cy, ---, Ci,, where Ci; is interior to Ri; 
and separates S,; from P, j=1, 2,---, 1;. Then there will exist a positive 
integer ~; so large that 
| Fi(z) |= << in So = I, 
> Nite in §®, 
Let be the upper bound of | Ni+[F,(s)]%| in 
Similarly, there is a rational function F2(z), whose only poles are on B, such 


that the lemniscate | Fe(z) | = 1 consists of /, contours Ca, - - - , where C2; 
is interior to R2; and separates S,; from P. Then there will be a positive integer 


p2 so large that 


| Fs(z) < in [®, 
>M:+Nite in S®, 


Continuing this process, we suppose that F;(z),---, Fi-s(z) have been 
constructed. Let 


Vinx S| Ni + + + + 
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in S‘®, There is a rational function F;(z), whose only poles are on B, such that 
the lemniscate | Fi(z) | =1 will consist of J; contours Cu, Ci, - - - , Ci where 
Ci; is interior to R;; and separates S;; from P. Then there will be a positive 
integer p; so large that 
| F;(z) | ps < & in 
> M; + N; + € in S®, 


Now consider the function 
(2) fe) = Nit 
t=1 


Let = be any closed region exterior to B, and let z be a point of 2. From the 
manner in which the terms of (2) were constructed, it is clear that one can 
find an integer g so large that 


| |* < for z in and 7 > 
Since >> ¢; converges, this shows that the series (2) converges uniformly in =. 


Hence f(z) is analytic everywhere except for the points of B. 
Moreover, for z in one of the regions Sq, Sa, ---, Sai,» one can write 


= M, = G(z), 


and the theorem follows. 

6. Best possible character of Theorem IV. In Theorem IV the rings 
Ri, R2, +++ present a sort of barrier between the set B, where G(z) is un- 
bounded, and the set S, where (1) holds. It is true that points of B may be 
limit points of S, but no point of B can be a limit point of points in any single 
region in S. Thus, collectively the regions of S are close to B, but individually 
they are not. 

The question arises as to whether some such barrier is necessary. We an- 
swer this question in the affirmative in the following theorem, which states 
that no theorem like Theorem IV can be true in case a region in S has a limit 
point on B. 


THEOREM V. Let B be any closed set, not the null set or the whole plane, and 
let S be an open region which has at least one point of B on its boundary, but has 
no points in common with B. Then there exists a function G(z) such that B con- 
sists of precisely those points in é€: ry neighborhood of which G(z) is unbounded, 


| 
i 
i 
" 
if 
i 
i 
i 
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and such that no function f(z) exists which is meromorphic in S and satisfies (1) 
in S. 

Proof. Let C:, C2, - - - be a nested sequence of analytic Jordan curves in S, 
having a point b of B as an interior sequential limit point, and such that the 
open regions 2;, 22, - - - in S bounded by these contours all have an interior 
point in common, say s;. Then there exists a sequence of mapping functions 
which will map 2, 22, - - - conformally onto the interior of the unit circle in 
such a way that the origin is the image of s;. The sequence of one-to-one 
transformations thus defined will transform any function f(z), meromorphic 
in S, into a sequence of functions {f,(z)} which are meromorphic in and on 
the unit circle. 

Let 6;, 02, - - - be a sequence of arcs on the unit circle such that the corre- 
sponding sequence of arcs - - - on the curves Ci, C2, will have bas 
its only sequential limit point. For brevity, we also denote by @;, 62, --- the 
lengths of the arcs @;, 62, ---. Let My, M2,--- be any sequence of positive 
constants such that 0; log M;— 

Let G(z) be defined as equal to unity in S except on the arcs 6/, #f,--- ; 
where we take G(z) = Mi, M2, - - - , respectively. Outside S, G(z) is given any 
values such that G(z)— © if and only if z tends to a point of B. The points B 
will be precisely those in every neighborhood of which this function G(z) is 
unbounded. 

We now show that no function f(z) can exist which is meromorphic in S 
and satisfies (1) in S. Suppose, on the contrary, that such a function did exist. 
Then the transformed functions f;(z) would be meromorphic in and on the 
unit circle and | fe(z) | =G,(z) for | z| <1, where the G,;(z) are the transforms of 
G(z). Hence, by Jensen’s theorem, since | fi(z)| 21 for 


fe? 1 
log | = | | +E tog 
0 


ip 


where the b;, are the poles of f;(z) in the unit circle. The last term is not nega- 
tive, and the integral is larger than 0; log M;; so that 


1 
log | (0) | = log | f(si)| 2 = 4 log Mi. 


The right-hand member of this equation tends to infinity as i becomes infinite, 
while the left-hand member is fixed, independent of i. We thus have a contra- 


diction, and the theorem is proved. 
7. Generalizations of Theorems IV and V. The last two theorems may 


be generalized by replacing the inequality (1) by other relationships. We may, 
for instance, let g(z) be a given analytic function and require that 


(1’) = g(2) + A(z), | H(z) | S GG). 


; 
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This problem is one of approximation to analytic functions by means of ana- 
lytic functions, the degree of approximation to be predetermined by the given 
function G(z). We thus have 


THEOREM IV’. Let G(z) be a given function which is defined and positive in 
the entire complex plane. Let B be the set of points in every neighborhood of which 
G(z) has zero as a greatest lower bound. We assume that B is neither the null 
set nor the whole extended plane. Let Ri, R2,--+- be any sequence of rings which 
encases B, and g(z) any function which is analytic for all 2 not in B. Then there 
is a function f(z) #g(z) which is meromorphic except at points of B and which 
satisfies (1') for every z not in one of the rings. 


THEOREM V’. Let B be a given closed set, not the null set or the whole ex- 
tended plane, and let S be an open region which has at least one point of B on 
its boundary, but has no points in common with B. Let g(z) be a given function 
which is analytic for every z not in B. Then there exists a function G(z)>0 such 
that B consists of precisely those points in every neighborhood of which G(z) has 
zero as a greatest lower bound, and such that no function f(z) exists which is 
meromorphic in S and satisfies (1') in S. 


These two theorems are obtained immediately when one applies Theorems 
IV and V, respectively, to the reciprocals of h(z) and G(z). 

8. An improvement of Theorem IV in a special case. In the next theorem 
we present an example of a situation intermediate between Theorems IV and 


V. The theorem involves a certain kind of set S which resembles a cartwheel 
and which is described as follows: (a) The set S includes all points in an 
infinite sequence of concentric, circular rings with centers at the origin, which 
has infinity as its only sequential limit point. (b) Let a2, - - - be a sequence 
of rays from the origin whose angles with the real axis are rational multiples 
of 27, and let 7, 72, - - - be positive numbers with r;— © ; then S includes all 
those points on a; where | z| =2r;,7=1,2,---. 


THEOREM VI. Let S be a given set of points of the sort just described. Let G(z) 
be any given positive valued function which is bounded in every bounded region 
of the plane. Then there exists an integral function f(z) such that (1) is satisfied 
everywhere on S. 


Proof. Denote the rings of S by Ri, Re, -- - . Without loss of generality 
we may assume that the r’s are non-decreasing. Denote by /; the last value of j 
such that z=r; is inside R;. (This use of “inside” agrees with our previous 
use of the term if we take P to be the origin.) Let So consist of those points of 
the rays a, a, -- + which are inside R;. Let S; consist of the points of R; to- 
gether with the points of the rays which are outside R; and inside R2; and S; 
the points of R, together with those of the rays which are between R, and 
Riss. Let &, be a sequence of positive numbers such that con- 
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verges to a given value e. Let M; be the upper bound of G(z) in S;. Let a; be 
the radius of the smaller of the two circles bounding R,. 

Put No= Mo+e, Ni= Mit No+e. For brevity, we also denote by a4, a, - 
the fractional multiplies of 27 that the rays a, a2, - - - make with the axis of 
reals. We choose ; to be a positive integer such that p,q; is an integer for 
j=1,2,---,c. Let 


Ns = Lub, {4s 


ay 


We choose 2 to be a positive integer such that (a) pra; is an integer for 
and (b) | N2(2/a2) is less than € inside and on R,. 
Continuing this process, at the typical stage we let 


PL Pi-1 
N,; = Lub. {ats + e+ + 
Zin 8; é 


Then we take p; to be a positive integer so large that (a) p,q; is an integer for 
j=1, 2, Liss, and (b) | Ni(2/a;) is less than ¢€; inside and on R,-_.. 
Now consider the function 


(3) f(s) = No+ (=)’. 


Let = be any finite closed region, and z a point of Z. Then there is a g so large 
that 


Pi 
| w.(=) < for z in = andi > g. 
a; 


Since Le; converges, this means that (3) converges uniformly in 2, and f(z) 


is an integral function. 
Moreover, if z is in one of the rings R,, we can write 


aq i=1 a a; 
= M, 2 G(z). 

If z is on one of the rays and in S,, then 

z\P 

v.(=) v.(=) = M, = G2). 

t=q 


a; i=1 a; 
This concludes the proof of the theorem. 
9. An unsolved problem. As mentioned in the Introduction, a problem, 


intermediate between Theorems IV and V, which the writer has been unable 
to answer, but whose solution could be used to advantage in the subsequent 
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part of this paper, is the following: Let S;, S:, - - - bea given infinite sequence 
of simply connected regions whose closures are non-intersecting and whose 
only sequential limit point is the point at infinity. Let Mz, --- bea given 
sequence of positive numbers. Then, does there exist a nonvanishing integral 
function, or even a nonvanishing meromorphic function, f(z), such that 


| (2)| = Mi 


for z in S;? The available evidence leads to the conjecture that for every se- 
quence of regions there will correspond M’s for which no such integral func- 
tion exists. 

10. A theorem on level curves. The zeros of an analytic function are iso- 
lated. Conversely, according to Mittag-Leffler’s theorem, given any isolated 
set J, there is a function which has a zero at each point of J and none else- 
where and which is analytic except at limit points of J. 

The singularities of an analytic function form a closed set. For any given 
closed set B there exists an isolated set J, in the complement of B, whose de- 
rived set I’ is the boundary of B. It follows that corresponding to every closed 
set B there is an analytic function whose singularities are precisely the points 
of B and whose zeros have every point of the boundary of B as a limit point. 

The Mittag-Leffler theorem gives a complete characterization of the pos- 
sible distribution of zeros of an analytic function, but it gives no information 
about the possible behavior of the function away from those zeros. The fol- 
lowing theorem goes further, by preassigning not only the position of the 
zeros but something about the level curves as well. 


THEOREM VII. Let B bea given closed set and IC C(B) be an isolated set such 
that I' is the boundary of B. Let a2,--- be the points of I, and 71, be 
a given sequence of mutually exterior circles, with the center of y; at ai, such that 
no point of B is inside or on any y;. Then there exists a function f(z) which is 
analytic except on B, which has a simple zero at each point of I, and whose level 
curve C: | f(z)| =1 is such that the part of C which is inside y; is a Jordan curve 
separating a; from yi,t=1,2,---. 


Here “inside y;” is used in the sense of being on the same side of 7; as a. 

Proof. Let h(z) be any function with simple zeros at a, d2,--- and no 
other zeros, and analytic except on B. Let Mi, Mz, --- be the greatest lower 
bounds of | h(z)| on ¥1, Y2, °° * , respectively. Let g(z) be a function (whose 
existence is asserted by the corollary to Theorem IV) which is analytic except 
on B and which is such that | g(z)| >1/M; on y;:. Then the product f(z) 
=h(z)g(z) will be analytic inside and on y; and | f(2)| >1 on y;:. Hence there 
will be a part of the level curve C which is inside y; and which separates a; 
from ¥;. Thus f(z) has the properties stated in the theorem. 

Theorem VII is unsatisfactory in that it makes no assertion about the 
zeros of f(z) other than those on J. 
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Part. III 


11. Statement of the problem. A known expansion theorem(‘) asserts that 
for any set of m points ai, d2,---, a, there exists a sequence of functions 
¢.(z), s=1, 2,---, satisfying the following two conditions: 

(A) Each function ¢,(z) is analytic in a region including all the a’s. 

(B) Corresponding to any function f(z) which is analytic at all the a’s 
(but not necessarily analytic in any region containing more than one of the 
a's), there is a sequence of constants - - - such that 


f(2) = 
s=1 
This series converges absolutely and uniformly in some neighborhood of each 
point a;. 

The case of chief interest is that in which f(z) cannot be continued ana- 
lytically from a; to ax, i#k. (For example, f(z) might be e* near a, sin 2 near 
2? near 3, etc.) 

We wish now to generalize this theorem by allowing to become infinite, 
so that a1, a2, - - - will form an arbitrary isolated set J. In doing this, certain 
characteristic differences with the finite case arise: 

(1) The set of limit points B of J will be non-vacuous. One would expect 
the functions ¢,(z) to be badly behaved on B, particularly if B divides the 
plane. We, therefore; replace condition (A) by the condition that ¢,(z) be 
analytic everywhere except on B. 

(2) One might also expect that for a fixed set of functions {p.(z) } any 
corresponding f(z) would of necessity satisfy certain uniformity conditions 
with respect to the points a;. Such uniformity conditions are embodied in the 
following: 


DEFINITION. A function f(z) will be said to belong to the class G{6,, a;}, 
where 0;, 02, -- + is a sequence of positive numbers, provided f(z) is analytic and 
uniformly bounded in a set of closed circular regions with centers at a, a2, - - 
and radii 5,, 52, - - - , where for some X 


60; 2 0, ¢= 1,2,- 
We propose to prove the following theorem: 


THEorEM VIII. Let {a;} be any isolated set of points with derived set B, 
and let {0;} be any sequence of positive numbers. Then there is a sequence of 
functions { ,(z) }, each of which is analytic everywhere except on B, such that 
for any function f(z) of class G { 6;, a;} there are numbers cy, C2, -- - for which 


f(s) = 


s=1 


(*®) Téhoku Mathematical Journal, vol. 43 (1937), pp. 246-251. 
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The series will converge absolutely and uniformly in some point set which con- 
tains a neighborhood of each point a. 


For the above case in which 2 is finite, the functions { ¢,(2) } depend only 
on the points a, de, - - - , dn, and not at all on f(z). In Theorem VIII the func- 
tions { ¢,(z) } depend on 6;, 62, - - -_ as well as upon the points {a;} ; but they 
are otherwise independent of f(z). 

The proof of Theorem VIII will be carried out in steps. It will be shown 
first that there exists a particular sequence of points ai, dz, - - - for which the 
theorem holds. A transformation will then be performed which will send this 
particular set of a’s into an arbitrary sequence. 

12. Proof of the expansion theorem for a particular sequence of points. 
The particular set of points a;, a2, - - - to be considered in this section will be 
a certain set of integers ki, ke, - - - , where ki =0 and k;,,>2;. It is desired to 
expand a function f(z) of class G {;, . Let Y2, be a sequence of mu- 
tually exterior circles with centers at ki, ke, - - - ; with radii §;, Bs, - - - , where 
the 6’s have a finite upper bound 8, and 6; S1/0;; and in which f(z) is analytic 
and uniformly bounded. According to Theorem VII there exists an integral 
function ¥(z) which has a simple zero at each point k; and whose level curve 
C,: | ¥(z)| =n, n <1, is such that the part of C, which is inside 7; is a Jordan 
curve separating k; from y;. Denote by Cc this Jordan curve inside y;, and 
by S® the closed region containing k; which is bounded by C®. Let 2; be any 
point in S®, and z; the point (there is one and just one) in S® where 
¥(2:) = (21). 


Consider the infinite system of linear equations 


j=1 


where the g;(z) are integral functions and the h;(z,) are regarded as unknowns. 
We wish to define the g;(z) so that the determinant of the equations will be 
normal and different from zero(’). Let 


gi(s) = 


where a, @2, - - - are positive numbers such that > a; converges. For the de- 
terminant A= | gi(2:)| to be normal it is sufficient that (a) the product of the 
diagonal terms converge absolutely and (b) the sum of the non-diagonal terms 
converge absolutely. 

For (a) the product of the diagonal terms is 


I gi(2;) = exp { — a;(z; — 


(7) For a discussion of normal determinants with applications to infinite systems of linear 
equations see F. Riesz, Les Systémes d’ Equations Linéaires, 1913, §§20-30. 
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Since | 2; —k;| <8; <8, this product converges absolutely. The convergence is, 
moreover, uniform with respect to z, in S“ and uniform for all sets of integers 
{k;}. The value of the product is uniformly bounded away from zero for all z; 
in S and all sequences of integers {k;}. 

For (b) we have the double series 


(5) DL’ gi(zi) = Do’ exp {— aj(ki — + 


where we have put 2;=k;+)i, |), <8;<8. The prime indicates omission of 


terms for i=j. 

Let € be any positive number, and let { M;;}, ix7, be any set of positive 
numbers such that >> M;;=e. We wish to show that the k’s can be chosen so 
that the absolute value of the ijth term of (5) will be less than M;;. 


We have 
| gi(zs)| < exp {— — — 28| ks — | — = 
The k's will now be chosen successively as follows: Let ke be so large that 


max (Kis, Kx) < min M2). 


Then &; can be chosen so that 
max (Kj3, K3;) < min (M j3, M;3)). 
j=1,2 


j=1,2 


In general, having already chosen ke, k3,---, Rs1, we then make &, so 
large that 

max (Kj, K.;) < min (Mj, M,)). 

j<s j<s 
Hence the terms of the series (5) are dominated by the numbers M;;, where 
the latter may be preassigned arbitrarily. By proper choice of the k’s the 
series will converge absolutely; hence A is normal. Moreover, the k’s can be 
chosen so that the value of A differs from the value of the diagonal term by 
less than e. Hence, for suitable k’s, A¥0. From this point on, we assume that 
the k’s are such that A is normal and nonvanishing. 

Since f(z) is bounded in the regions S‘ by a constant independent of i, 
the system of equations (4) will have one and just one solution { h.(21) } such 
that |h,(z:)| is bounded for z, in S°) by a constant independent of s. Since 
the convergence of the determinant is uniform, and since f(z) is analytic in 
S®, S®,-.+, then the functions 4,(2:) will each be analytic in S®. Put 


h,(2z;) = h,(21). 


Then h,(z) will be defined and analytic in each region S‘®. Hence 


ig 
00 
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fle) = (2) 
j=1 
for every z in S®, Se, - ++. The series on the right converges absolutely and 
uniformly on the same set of values of z. 
Since h;(z) is analytic in S%, it may be expanded in an absolutely and 
uniformly convergent series of powers of y(z): 


hj(s) = cim¥(2) 


But, since h;(z) and each term of its expansion is unchanged if 2 is replaced 
by 2;, the expansion is equally valid for z in +. Hence 


j=1 m=0 
for z in S?,---. 
Let M be the upper bound of ,(z) in S“’. Then, by an analogue of 
Cauchy’s inequalities, 
| M/n™. 


Hence, if z is in S®, n’ <n, 


M M 
mmo 1—1'/n 
We have already shown that >>g,(z) converges absolutely. It follows that the 
double series in 


fle) = | 
j=1,m=0 

converges absolutely and uniformly to f(z) in the regions { S® }. Finally, f(z) 
can be represented by any simple series that can be formed by rearrangement 
of the terms of this double series. This completes the proof of Theorem VIII 
in the special case of a particular function f(s) of class G{6;, ki}. If f(z) is any 
other function of this same class, there will be a positive number \ $1 such 
that 


5; = > Bi. 


Since ¥(z) has a simple zero at z = k;, it follows from Schwarz’ lemma on lower 
bounds that C® will be inside the circle |z—k,;| =\8;. Hence f(z) will be ana- 
lytic and uniformly bounded in the regions S\® and will have an expansion 
in terms of the same set of functions as f(z). 
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13. Proof of the expansion theorem for an arbitrary isolated set. Consider 
any isolated set of points {a;} in an extended complex plane of the variable x. 
There exists a function T(x) =z which is analytic except on B and which has 
the values 


T(a;) = ki, T'(a;) = oi, 4=1,2,---, 


where oi, ¢2,--- is a given sequence of complex numbers whose absolute 
values have a positive lower bound a. 

To construct such a function, we may first use the Weierstrass factor 
theorem to build a function 7\(x) with a second order zero at each point 


@2,---.Let 
Ti(x) = (x — + a(x — a) +--- J, 
where ai, #0. Next, by the Mittag-Leffler theorem, we form a function 72(x) 
with principal part at a; as follows: 
k; 1 — kia §=1 


ai (x — a;)? ai 


Then the product T(x) = 7;(x)7T2(x) will have the desired properties. 
There exists an inverse function x = 7-'(z) which is analytic at each point 
Ri, and 


Hence, for every ¢, 0<¢€<a, there exist positive numbers 7; so small that in 
the regions |z—k;| S71;, T—(z) is analytic and 


| T-(2) — T-(k) | S| 2 — | /(o — 


We suppose that f(x) is of class G{7;, a;}. Then F(z) =f(7-(z)) will be ana- 
lytic and uniformly bounded if 


— and S %. 


Hence, F(z) will belong to the class where 6;=max (r;, 1/7). 

By the special case of Theorem VIII in the previous section, there exists 
a sequence of integral functions ¢,(z) such that any function of class G { 6:, ki} 
can be expanded in the form F(z) =).c,.@,(z) for some set of neighborhoods of 
ki, ke, ---. Hence f(x)=)>c.¢.(T(x)) for some set of neighborhoods of 
a, @2,---. The functions ¢,(T(z)) will be analytic except for limit points 
of the a’s and will depend only on the class G{r;, a;} to which f(x) belongs. 
This completes the proof of Theorem VIII. 
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ON THE DEGREE OF POLYNOMIAL APPROXIMATION 
TO ANALYTIC FUNCTIONS: PROBLEM 3, 


BY 
J. L. WALSH AND W. E. SEWELL 


1. Introduction. Given a closed bounded point set C of the z-plane whose 
complement K is connected and possesses a Green’s function G(x, y) with pole 
at infinity; denote generically by C, the locus G(x, y) =log p, 1<p, in K. By 
Problem 8 we understand the following problem: If a function f(z) is assumed 
analytic interior to a particular C,, and possesses given continuity properties 
on or in the neighborhood of C,, to study the degree of approximation by poly- 
nomials to f(z) on C in the sense of Tchebycheff. 

This problem has reached a fairly satisfactory solution in case f(z) has gen- 
eralized derivatives of various orders on C,('), and in case f(z) is continuous 
on and within C,, and its pth derivative satisfies a Lipschitz condition of order 
a on C,(*); in the latter case, if C is bounded by a finite number of smooth 
mutually exterior Jordan curves, it follows (loc. cit.) that polynomials p,(z) 
of respective degrees n exist such that 


(1) | — palz)| S zon C, 


where M is a constant depending on C and p but independent of m and z. 
However, if f(z) is not assumed continuous on C, but merely to become 
infinite (if at all) sufficiently slowly, a result closely analogous to (1) exists: 


(2) | f(z) | S zonC, 


where p+ is again positive and is a measure of the rapidity with which f(z) 
becomes infinite. Such a result has already been considered by S. Bernstein 
[1926] and de la Vallée Poussin [1919] for the case that C is a segment of the 
axis of reals, and provided f(z) has only isolated singularities on C,. The primary 
object of the present paper is to establish (2) for more general point sets C 
(especially when C is the closed interior of an analytic Jordan curve) and for 
functions f(z) not required to have only isolated singularities on C,. 

To be more explicit, we define (§2) a hierarchy of functions, thanks to 
certain theorems due to Hardy and Littlewood [1932], which includes both 
functions whose derivatives satisfy Lipschitz conditions of various orders and 
functions satisfying asymptotic inequalities in the neighborhood of C,. This 
classification of functions is highly appropriate for our present discussion, for 


Presented to the Society, September 12, 1940; received by the editors June 4, 1940. 
(*) Sewell [1937]; numbers in brackets refer to the bibliography at the end of this paper. 
(?) Walsh and Sewell [1940]. 
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it is primarily based on (i) Lipschitz or asymptotic conditions for the func- 
tions, but is so constituted that (ii) integrals and derivatives of functions of a 
class belong automatically in specified new classes, likewise defined in terms 
of Lipschitz or asymptotic conditions; also (iii) each class implies a specific 
degree of approximation (Problem 8), and conversely (iv) certain definite de- 
grees of approximation imply that the function belongs to a uniquely deter- 
mined class; in each case under (i) to (iv) the results are in a sense the best 
possible. 

We study these questions of approximation (§§3, 4, 5) for the unit circle, 
(§8) for the line segment, annulus, and real axis, and (§7) for point sets which 
are the closed interiors of analytic Jordan curves. In §6 we consider approxi- 
mation to functions with isolated singularities. We indicate (§9) the method of 
extending the above results on Tchebycheff approximation to approximation 
measured by a line integral. In §10 we consider the relation between inte- 
grated Lipschitz conditions and integral asymptotic conditions on the one 
hand and degree of approximation on the other hand. Finally in §11 we pre- 
sent more immediate but less thoroughgoing methods for obtaining portions 
of our results. 

The methods and results here set forth have application to the study of 
approximation of harmonic functions by harmonic polynomials, an applica- 
tion which the writers plan to make on another occasion. 

Henceforth in the present paper the degree of a polynomial is indicated 
consistently by its subscript; moreover the letter M with or without sub- 
scripts when used in an inequality of type (1) or (2) shall always represent a 
constant which may vary from inequality to inequality and depends on C 
and p but which is always independent of m and z. 

2. A classification of functions. In the present section, the unit circle 
|z| =1 is denoted by y. If the function f(z) is analytic interior to y, con- 
tinuous in the corresponding closed region, and if f(z), where p20 is an 
integer, satisfies a Lipschitz condition on «, of order a, 0<aX1, we say that 
f(z) is of class L(p, a) on y. It is immaterial here whether we require that 
f‘”(z) and the Lipschitz condition should be one-dimensional or two-dimen- 
sional; compare Hardy and Littlewood [1932], Walsh and Sewell [1940]. It 
obviously follows that if f(z) is of class L(p, a) on y then the indefinite integral 
of f(z) is of class L(p+1, a) on y and (provided p >0) the derivative f’(z) is of 
class L(p—1, a) on y. In this connection it is appropriate to consider the fol- 
lowing theorem due to Hardy and Littlewood [1932]: 


THEOREM 2.1. A necessary and sufficient condition that f(z), analytic for 
| s| <1, should belong to class L(0, a), 0<aZ1, is that 


(2.1) | f'(re*)| M(A — 


where z=re‘* and where M is independent of r and 0. 


- 
or . 
dol 
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This theorem suggests a new definition: If the function f(z) is analytic for 

|z| <1 and if we have 

(2.2) | | < M(1 — r<1,0<aS1, 


where p <0 is an integer, where z= re*’, and where M is independent of r and 0, 
then f(z) is said to be of class L(p, a) on y. With this terminology we prove 


THEOREM 2.2. If the function f(z) is of class L(p, a) on y, 0<a31, then 
the indefinite integral of f(z) is of class L(p+1, a) on y unless a+p=—1, and 
the derivative f'(z) is of class L(p—1, a) ony. 


We set 
2.3 F = dz; 
(2.3) J 


our conclusion concerning F(z) for p20 has already been mentioned, and 
for p= —1 follows from Theorem 2.1. For p< —1 we take the path of integra- 
tion in (2.3) a radius, which involves no loss of generality: 


F(re**”) = f (re) dr, 
0 


where @ is fixed. We have by (2.2) 


(2.4) | F(re#”)| u — r)etedr < M’[(1 — — 1], 


from which our conclusion on F(z) (and on any indefinite integral of f(z)) 
follows. 

In the case p>0 the conclusion of Theorem 2.2 concerning f’(z) has al- 
ready been mentioned, and this conclusion for p =0 follows from Theorem 2.1. 
Suppose now ~<0, so that p+a<0. Let z be fixed interior to y. We choose 
p=#(1-— | z| ) and study the integral 


1 
(2.5) = — 
(¢ — 2)? 
On the path of integration we have (2.2) satisfied, whence 


2M [1 —|2| — 


1—|:| 


as we were to prove. Theorem 2.2 is established. 

It will be noticed that the proof of (2.4) fails in the case a+p= —1, that 
is to say, in the case p= —2, a=1. In this connection it is useful to introduce 
a new definition, namely that f(z) shall ve of class L'(p, 1), p= —1, provided 
f(z) ts analytic interior to y, and provided f‘?+*(z) is of class L(—2, 1). 
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We make the following observation: 
THEOREM 2.3. If f(z) és analytic and uniformly bounded interior to y, then 
f(z) ts of class L’(—1, 1). 


As above we use equation (2.5), where p=(1— | s| )/2; then we have 
. M 2xp 
=> = 2Ma 
2x p? 


thus f’(z) is of class L(—2, 1), so the theorem follows. 

We shall now establish 

THEOREM 2.4. If f(z) is of class L’(p, 1), p>—1, then f'(z) is of class 
L'(p—1, 1); moreover f‘»+*+(z), where k is a positive integer, is of class 
L(-—1-—k, 1). 

Also, if f(z) is of class L'(p, 1) then for r near unity we have 
(2.7) | | < M| log (1 — 7) |, 
and on the radii f(z) satisfies the pseudo-Lipschitz condition for r near unity 
(2.8) | — f(rei*) | M’(1 — 1) | log (1—»)|, 


where M' is independent of 0; under these conditions the qth integral of f(z) is of 
class L'(p+q, 1), g>0. 


If f(z) is of class L’(p, 1), with p> —1, we have by definition | fie+®(z) | 
M(1i—r)-'; but f+ (z) is the derivative of order +1 of f’(z) and hence, 
also by the definition of class L’(p, 1), the function f’(z) is of class L’(p—1, 1). 
Furthermore it is clear from the proof of (2.6) that | firt2+® (g)| s M(i-r)-**, 
k a positive integer, and hence f‘?+*+*)(z) is of class L(—2—k, 1) by definition. 

If f(z) is of class L’(p, 1), an inequality on f‘?+”(re*) follows directly from 
the inequality on f‘?+® (re**) : 


r dr 
= M| log (1 — »)|, 
0 


and since f‘?+» (0) is a constant we have the inequality of the theorem. The 
function f‘”)(z) can be defined on the boundary as the integral of its derivative 
and the pseudo-Lipschitz condition (2.8) is an immediate consequence of the 
integration of (2.7) from r to 1 along an arbitrary radius. The remark about 
the gth integral follows from the definition and the fact that the derivative 
of an indefinite integral is the function itself under the above conditions. 

The uniform pseudo-Lipschitz condition (2.8) on the radii, for functions 
of class L’(0, 1), implies a similar condition on the circumference: 


[March 
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Coro.uary. If f(z) is of class L’(0, 1), then f(z) is continuous in the two- 
dimensional sense on | s| =1, and satisfies on that circumference a uniform 
pseudo-Lipschitz condition of the form 


(2.9) | — fle’) | log | — 6’||-| 
where |0—0'| is sufficiently small. 
Let 6 and 0’ be given, |o—0'| <1. By (2.8) we have 
| fle) — — 1)| log (1—1)|, 
| — fre) | — 1) | log (1 — 
Also by (2.7) we have |f’(re®®) | <M| log (1-r)|, 
| (rei) — | M| log (1 — 
The choice 1—r= |e—0'| now yields (2.9). 
3. Degree of approximation, unit circle. We now present a proof of the 


following theorem, which connects the class L(p, a) whether » is positive, 
negative, or zero with degree of approximation: 


THEOREM 3.1. If f(z) belongs to class L(p, a), O0<a<X1, ony: || =1, then 
there exist polynomials p,(z) such that we have on the circle || =1/p<i1 
(3.1) | f(z) — pals) | 

For the case p20, Theorem 3.1 has already been established [Walsh and 
Sewell, 1940]; a new proof is given below, Theorem 10.5, second proof. For 
the case ~<0 we proceed as follows. The formula 


Isl <r, 


1 
Sis) ous" = 


2xi | t]=r<1 z) 


where f(z) =) >5-9¢m2", |z| <1, is well known. Thus we obtain 
M /1\**! (1 — 
2x — 1/p) 
If we let r, =1—1/m, we have for m sufficiently large 
M,(1/n)?+« 


p 


S1/p <r. 


< 1/p, 


fe) — 


since (1—1/m)* approaches 1/e as m becomes infinite. For a suitably chosen 
constant M; this inequality is valid for all m, n=1, 2, - - - , and the proof of 
the theorem is complete. 

By way of complement to Theorem 3.1 we state the following theorem, 
whose proof is postponed until §4: 
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THEOREM 3.2. If f(z) belongs to class L’(p, 1), p= —1, then there exist poly- 
nomials p,(2) such that we have on the circle |z| =1/p<1 


(3.2) | (2) — Pa(z)| S 


Of course the hypothesis of Theorem 3.2 is less restrictive than that of 
Theorem 3.1 in the case a=1, p= —1. 

4. Operations with approximating sequences. It is our object in the pres- 
ent section to show how certain assumptions on a function imply immediate 
results on degree of approximation by polynomials to the various derivatives 
and integrals of that function. 

THEOREM 4.1. Let f’(z) be of class L(p, a), pS —1, 0<a3l1. Let p,! (2) de- 
note the sum of the first n+1 terms of the Taylor development of f'(z). Then we 
have for |z| =1/p<1 


[f'(s) — pl (2) | S M/p*-neter, 
0 


We have the usual formula 


f'(2) — pa (2) = dt, S1/p<r <1, 


and hence 


| ther 


where for simplicity the path of integration is chosen along a radius. But for 
>|s| we have 
gnts 


z gntl 1 gnt2 
aa — 
| 


for |t| =r and |z| <1/p the modulus of this function is dominated by 


1 1 
np” F 


Thus by the method employed in the proof of Theorem 3.1 with r, =1—1/n, 
we obtain the inequality 


and the proof of the theorem is complete. 
Theorem 4.1 is stated merely for the first integral of a function of class 


a 
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L(p, a), but obviously extends to the iterated indefinite integrals of every 
order. Theorem 4.1 thus yields a new proof of Theorem 3.1 for the case p20, 
and furnishes a proof of Theorem 3.2, which was not proved previously. 

Another theorem relating to integration of approximating sequences (and 
which extends to iterated integrals of arbitrary order) is 


THEOREM 4.2. Let f(z) be analytic interior to y and continuous on y. Let 
there exist polynomials P,(z) such that we have 


| f(z) — Pa(2)| zon 
Let p,(z) denote the sum of the first n+-1 terms of the Taylor development of f(z). 
Then for |z| =1/p<1 we have 


— pals) | < Me,/n-p*. 


Theorem 4.2 admits of a relatively simple proof, but is to be reconsidered 
later (§7), and hence is not established in detail here. It may be noted that 
Theorem 4.2 with its extension to higher integrals yields by a transformation 
z’=02 a new proof of Theorem 3.1 for the case p>0 by virtue of Theorem 3.1 


itself for the case p=0. 
In connection with the differentiation of approximating sequences we also 
have two results analogous to Theorems 4.1 and 4.2: 


THEOREM 4.3. Let f(z) be of class L(p, a), pS —1, 0<aS1. Let p,(z) denote 
the sum of the first n+-1 terms of the Taylor development of f(z). Then we have 
for |z| =1/p<1 

| — pe S 
Theorem 4.3 can be proved by the method used for Theorem 4.1, and is 


in a sense to be generalized later as well (Theorem 7.9). 


THEOREM 4.4, Let f(z) be analytic interior to y: | s| <1, and coniinuous on y. 
Let there exist polynomials P,(2) such that we have 


| f(z) — Pa(z)| en, zon 
Let p»(2) denote the sum of the first n+-1 terms of the Taylor development of f(z). 
Then for | z| =1/p<1 we have 
| — pa Mne,/p*. 
The proof.of Theorem 4.4 is likewise postponed (compare Theorem 7.10 


below). Both Theorem 4:3 and Theorem 4.4 extend at once to higher deriva- 


tives. 
5. Inverse problem. Examples. In the direction of a converse to Theorem 


3.1 we establish 
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THEOREM 5.1. Let there exist polynomials p,(z) such that we have 
(5.1) | f(z) — palz)| M/p*-nerer, |z| =1/p <1, 
where p is integral and 0<aZ1. Then f(z), if properly extended analytically from 


the circle |z| =1/p, belongs to class L(p, a) on |z| =1 if p+a+1 is not a posi- 
tive integer, and to class L'(p, a) if p+a+1 is a positive integer. 


Theorem 5.1 has already been established for the case p20, a<1 (Walsh 
and Sewell [1940]). From (5.1) we may now write 
| — | S (nm + |z| = 1/p, 
whence also by (5.1) we have, whether +a+1 is positive or nonpositive, 
(5.2) | — pa(z)| | z| = 1/p. 
The extended Bernstein Lemma (e.g. Walsh [1935, p. 77]) then yields 
(5.3) | Pays(z) — Pa(z) | S | =r>I1/p. 


We define f(z) in the region 1/p<|z| <1 by means of the convergent se- 
quence p,(z), so from (5.1) we see that f(z) is analytic throughout the region 
|z| <1. On the circle |z| =r<1, r>1/p, we can write 


S(2) = pr(z) + [pa(z) — pil=)] + — +---, 


(5.4) | f(@)| S 
n=1 
If p+a<0 we write g=p+a+1, 


> r*/ne <f -f e* los x 
n=2 0 0 
= T(1 — g)(— logr)*" S — 


thus we have for |z| =r<1 


so the conclusion follows unless p+a-+1 is a positive integer. 
If now p+a-+1 is a positive integer, we write from (5.1) by the least- 
square property of the Taylor development of f(z) =) 9:2", 


M? p 


| f(z) — pa(z) |*| ds| 


k=0 n+l 


it follows that we have for every n 


f 
4 
4 
f 
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| an | S My/nrtets, | mptetig, | < Mi, 
S Me. 


As in the use of (5.4) for p+a<0 it follows now that f‘?+«+(z) is of class 
L(—2, 1), hence that f(z) is of class L’(p, a); Theorem 5.1 is established. 

It will be noticed that there is a discrepancy of unity in the exponents of n 
in Theorems 3.1 and 5.1, in such a way that those theorems are not exact 
converses of each other. This discrepancy is inherent in the nature of the prob- 
lem, as we shall show by examples. Such examples have already been pro- 
vided [Walsh and Sewell, 1940] for the case p>0; we consider now the case 
p<0. 

Let »<0 be given, and also a, 0<a<1. If for every function of class 
L(p, a) we could establish the existence of polynomials p,(z) with 


(5.5) | — pa(z)| S en | z| = 1/p <1, 
where 


(5.6) lim p*-n?+ae, = 0, 


we should have by virtue of the least-square property of the Taylor develop- 
ment 


2 


= J — pa(z)|?- | dz| = | — sa(z) |2- | 


p 


where s,(z) is the sum of the first +1 terms of the Taylor development 
f(z) Let F‘)(z) denote the (—)th indefinite integral of f(z), where 
the constants of integration at the origin are chosen to vanish: 


Thus we have 


n a,z*-P 
F®)(z) — d: 
(k + 1)(k + 2)--- (k— p) | 


= | ax |? 
bent+l p**-27(k + 1)*(k + 2)? (k p)? 
| a, |? 


J | f(z),— sa(z) |?- | dz | < 


a 
(5.7) 
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The extreme members of (5.7) form an inequality valid for an arbitrary func- 
tion F‘”)(z) of class L(0, a), an inequality which taken together with (5.6) 
has already been shown (loc. cit.) to be impossible. 

The reasoning just given does not apply to the case a=1, but for this 
case we can establish a less precise result. We shall show that it is not possible 
to prove for every function of class L(p, 1) the existence of polynomials p,(z) 
such that we have (5.5) valid with 


(5.8) én M/p*-n?+its, 


If (5.8) could be proved for every function f(z) of class L(p, 1), inequality 
(5.8) could be proved for every function of class L(p+1, 5:), 0<6:< 6, which 
is necessarily also of class L(p, 1); but we have just proved that (5.5) and 
(5.8) cannot be established for ali functions of the class L(p+1, 6:); this re- 
mark completes our proof that Theorem 3.1 cannot be essentially improved, 
in the sense that for arbitrary p and a the exponent of m in the second member 
of (3.1) can be replaced by no larger number. 

We show now that Theorem 5.1 cannot be improved, in the sense that 
in (5.1) the exponent of m in the second member can be replaced by no smaller 
number. Let p and a@ be given, 0<a<1. We choose the function 


f(z) = (1 — = 2", 
from which there follows (e.g., de la Vallée Poussin [1914, §399]) 
(5.9) |a,| M/nrtet, 


Thus we have 


f(z) > M/p*- |z| = 1/p. 


k=0 k=n+1 


Since p*/?.k?++! increases with k, for k sufficiently large, we find for the last 
sum the bound 


x 
k=n+1 


That is to say, we have exhibited a function f(z) of class L(p, a) and of no 
higher class for which (5.1) holds; thus for arbitrary p and 0<a<1 the ex- 
ponent of m in (5.1) cannot be decreased without altering the conclusion of 
Theorem 5.1; this conclusion applies, by supplementary reasoning similar to 
that used in connection with (5.8), also for arbitrary p with a=1. 

6. Degree of approximation—isolated singularities. In the preceding sec- 
tion (§5) it was shown that if f(z) =(1—s)?+*=)-*_,a_2” then 


(6.1) f(2) — anz™| S |z| 1/p, 


m==0 


4 
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a higher degree of approximation than is asserted in Theorem 3.1; for f(z) 
is of class L(p, a), unless +a is a non-negative integer, and is of no higher. 
class. Functions with isolated singularities are thus of particular interest in 
the study of the degree of approximation; this section is devoted to an in- 
vestigation of such functions. 

We state a generalization of the above conclusion: 


THEOREM 6.1. Let 
f(z) = Filz) + + - - + 

+ ki(z — 21)" +--- + — 2,)*, =1,---,u, 
where ts of class L(p;, a;) or L'(p;, Let Hi= pita; and 
h=min (h;—1, H;). Then there exist polynomials p,(z) such that 

f@) — pals)| S M/p-n', | = 1/p. 


The proof simply consists in applying Theorem 3.1 and the conclusion 
(6.1), and is left to the reader. If here f(z) =) an2", we have |a,| < _M;/n*. 

In a similar way we obtain for the special function f(z) =log (1—z), which 
is of class L’(—1, 1), a stronger result than that of Theorem 3.2: 


THEOREM 6.2. Let f(z) =log (1—z) =)... 12"/m. Then we have 


f(z) - 2"/m < M/p*-n, |z| =1/p <1. 
m=1 


These theorems can be extended to somewhat more general functions by 
means of certain inequalities concerning multiplication of series. [See, e.g., 
Hardy and Littlewood, 1935.] If f(z) =) g(2) =) f(2)g(2) 
=P and if |an| <Mi/r™-m*, SMs/p", 1Sr<p, then 
M/r™m*. Thus we have 

THEOREM 6.3. Under the hypothesis of Theorem 6.1 or 6.2, the conclusion 
is valid if the function f(z) is replaced by the product f(z)g(z), where g(z) is ana- 
lytic in $1. 

We also have in the above notation as a consequence of the inequalities 
|am| | bn | <M2/m!', the following inequalities: 

| cm| M3/m*, l=>h>1,l>h2=1, 
| cm| Ms log 1=hA21. 


Thus we have 


THEOREM 6.4. Let f(z) | == | =1, 
2122. Then we have 
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€é, = 1 > hy => he; 
€é, = M/p*-n™, he 2 hy > 1, or he > hy 2 1; 
= M log n/p” -n™+h2-1, 1 = hy = ho. 


The extension of Theorem 6.4 to functions of the type [ [2-;(s—z:)"*~ is 
immediate; details can be supplied by the reader. Also, Theorems 6.1—6.4 ex- 
tend with identical conclusions to approximation on an arbitrary analytic 
Jordan curve, by replacing the Taylor development by the Faber [1920] de- 
velopment of the function. 

7. Extensions to more general regions. It is olfvious that much of the 
preceding discussion can be applied to the study of approximation on point 
sets more general than circles; we proceed to discuss some of the details of 
this extension. Broadly considered, the extension (for instance Theorems 7.5 
7.9) applies to Jordan curves which are required to be smooth but not neces- 
sarily analytic; however, some of the following methods of proof (Theorems 
7.7 and 7.8) apply only to analytic Jordan curves, so for simplicity we restrict 
ourselves to that case. 

The reader may notice that some of the following treatment (e.g., Theo- 
rems 7.5, 7.9, 7.10, 7.11) applies also to approximation on point sets which 
are not connected but are bounded by disjoint analytic Jordan curves, pro- 
vided C, has no multiple points. 


DEFINITION. Let I be an analytic Jordan curve in the z-plane. Let the in- 
terior of T be mapped conformally onto the interior of y: | w| =1, by the trans- 
formation w= ®(z), z=V(w). The function f(z) analytic interior to T is said to 
be of class L(p, a) on T if the function f|¥(w) | (suitably defined on y if neces- 
sary) is of class L(p, a) on y, where 0<aZ1 and p is an integer, positive, nega- 
tive, or zero. 


Thanks to the analyticity of the Jordan curves considered, and of the con- 
sequent continuity of the derivatives of the mapping functions in the closed 
regions, the following theorems are immediate consequences of the discussion 
of §2: 

THEOREM 7.1. If the function f(z) is continuous on and within the analytic 
Jordan curve 1, then a necessary and sufficient condition that f(z) be of class 
L(p, a) on T with p=0 is that f(z) satisfy on T a Lipschitz condition of order a. 


THEOREM 7.2. Let T be an analytic Jordan curve, and let T(p) be a sequence 
of analytic Jordan curves interior to T defined for all values of p in an interval 
Po Sp <p: by an equation of the form 


3 

240 

| m=0 | 

where 
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(7.1) T(o): | F(2)| =, 


where F(z) is analytic on T', with F'(z) different from zero on 1’, and with the 
property | F(z)| =pion I’. Then a necessary and sufficient condition that a func- 
tion f(z) be of class L(p, a) on T with p<0O is 


(7.2) | f(z) | — p)?**, z on T'(p), 


where N is independent of 2 and p. 


The property expressed by (7.1) and (7.2) is independent of the particular 
analytic function F(z) considered. 


THEOREM 7.3. If the function f(z) is of class L{p, a) on the analytic Jordan 
curve T', 0<a<1, then the indefinite integral of f(z) is of class L(p+1, a) on T, 
and the derivative f(z) is of class L(p—1, a) on T. 


The proof is easy and is left to the reader. 
The class L’(p, 1), p2>—1 on T is defined as the transform of the class 
L'(p, 1) on y. Analogous to Theorem 7.3 we have 


THEOREM 7.4. If the function f(z) is analytic and bounded interior to I’, it 
is of class L’(—1, 1) on I. 

If f(z) is of class L'(p, 1), p>—1, on T, then f'(z) is of class L'(p—1, 1) 
on I’; moreover f‘?+2+"(z), k>O, is of class L(—2—k, 1) on T’; the qth integral of 
f(z) ts of class L'(p+-q, 1). 

Theorems 7.3 and 7.4 are the respective extensions of Theorems 2.2 and 
2.3 together with 2.4. Likewise the study of degree of approximation for I can 
be treated precisely like the study for the unit circle (§3). We leave to the 
reader the proof of the extension of Theorem 3.1, already established [Walsh 
and Sewell, 1940] for p20, and to which the method of Theorem 3.1 applies 
for »<0 with the interpolation formula for equidistributed points: 


THEOREM 7.5. Let C be an analytic Jordan curve, and let the function f(z) 
analytic interior to C, be of class L(p, a) on C,. Then there exist polynomials 
P»(2) such that we have on C 


(7.3) | 2) — pa(s)| 


We shall indicate the proof of the extension of Theorem 3.2: 


THEOREM 7.6. Let C be an analytic Jordan curve, and let the function f(z) 
analytic interior to C, be of class L'(p, 1) on C,, p= —1. Then there exist poly- 
nomials p,(2) such that we have (7.3) valid on C. 


Theorem 3.2 follows from Theorem 4.1 precisely as Theorem 7.6 follows 
from a general result of which Theorem 4.1 is a limiting case: 
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THEOREM 7.7(*). Let C be an analytic Jordan curve and let f(z) be analytic 
in the interior of C,. Let f'(z) be of class L(p, a), pS —1, 0<a3l on C,, and 
let p,! (z) denote the polynomial of degree n defined by interpolation to f'(z) in 
points uniformly distributed on a suitable level curve C,_; interior to C belonging 
to the analytic family of curves C,. Then we have for z on C 


i) — pu (2) | 


where a is an arbitrary point interior to Ci_3, and where the path of integration 
contains no point exterior to C. 


Theorem 7.7 is stated merely for the first integral, but extends at once 
to an arbitrary integral. 

We use the well known Lagrange-Hermite interpolation formula for z in- 
terior to C, 


wn(z)f’(t) 
f'(2) — pa (2) = dt, 1<r<p, 


where w,(z) =(z—2:)(z—22) - - - (—Zn41), the points 2; lying interior to the 
curve C,. Then we have for z interior to C, 


Cc, a t am. 


Let w=¢(z) map the exterior of C onto w| >1 with ¢(©)= ©, and let 
6>0 be chosen so small that the locus C;_;: ¢(z) | =1—6 is an analytic Jor- 
dan curve interior to C, with ¢(z) analytic (except at infinity) and univalent 
throughout the closed exterior of C,_;. We set = (1— 8) /| )| =(1—5)A. 

We make use of the inequality [Curtiss, 1935 or Walsh and Sewell, 1940] 


Wn (2) 


eM 
ntl) o(qyntt an 1) 


< e“, zonor exterior toC;_,, 


where the points z; are chosen as equally distributed points on C,_3, and where 
w now and henceforth represents the function w=¢(z)/(1—6) which maps the 
exterior of Ci_; onto | w| >1. Thus we have for z on Ci_; 


| wa(z) | S — 
The function w,(z)/w"*! is analytic for z in the closed exterior of Ci, even 


at infinity, and w has the modulus unity for z on Ci_3; so we may write for z 
on and exterior to Ci_; 


(7.4) | wa(z)| — 8)*+1| w| 


(*) Some of the details of the present proof are due to the referee, replacing incorrect de- 
tails of our original draft. 


é 
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We integrate from an arbitrary 2) on C;_, to z on C, choosing as path the 
image (“Radiusbild”) in the z-plane of a radius of the unit circle in the plane 
of w=¢(z)/(1—4); for all ¢ on C,, where r is sufficiently near p, we have 


f (z)dz Ms f | $(z) |»+1 | dz | < f (2)dz | 


0 zo 


= MA*"[| | — | o(¢0) + 2) + 2). 


Here M; is independent of n, t, 29, and z. If a is a fixed point interior to Ci_., 
further use of (7.4) yields for z on C 


< wn(z)dz + c= < M,A*t?/(n + 2). 


t—2 t—2 t= 


Also for ¢ on or exterior to C we have | wn(t)| = M;A**'|9(0)| "+150; hence 
for z on C we have 


f [f'(z) — pi (2) Mg-max t on C,]/r-n: 


From Theorem 7.2 it follows that \f’(2)| <= N(p—r)*+= on C,; if we put 
r=p(1—1/m) we obtain the conclusion of the theorem. 

This reasoning cannot be carried through if the points of interpolation are 
chosen equidistributed on C itself. Let C be the unit circle |z| =1, whence 
w,(z) =2"+!—1; then for z on C we have 


z 
f — 1)dz = — 4, 
0 n+2 


so no additional factor m appears in the denominator due to the integration. 
For the particular function f’(z) =(¢—z)—, | ¢| =p>1, of class L(—2, 1) on C,, 
with C the circle || =1 and w,(z)=s"t!—1, the conclusion of Theorem 7.7 


is false. 
An extension of Theorem 4.2, which likewise extends to higher integrals, is 


THEOREM 7.8. Let C be an analytic Jordan curve. Let f(z) be analytic in- 
terior to C,, continuous in the corresponding closed region, and let polynomials 
P,,(2) exist such that we have on C, 


| f(z) — Pa(z)| S en. 


Let p,(2) denote the polynomial which interpolates to f(z) in n+-1 points equally 
distributed on Cis, 5>0, where 1—6 ts sufficiently small. Then we have 


— pa(z)]dz| Me,/np”, zonC, 


| 
it 
| 
4; 
1 
| 
| 
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where a is an arbitrary point interior to C\_3, and the integral is taken along an 
arbitrary path containing no point exterior to C. 


The proof here is similar to that of the preceding theorem. Instead of the 
Lagrange-Hermite interpolation formula we use the following form employed 
by the authors [1940] 


wna(z) (f(t) — Pa(é)] 
wn(t)(t 2) 


where P,,(z) is the polynomial mentioned above and ?,(z) is the polynomial 
of degree n which interpolates to f(z) in the roots of w,(z), namely, the points 
z; on C,_, used in the proof of Theorem 7.7. The procedure goes through with 
only obvious modifications(‘). 

An analogue of Theorem 4.3 is 


THEOREM 7.9. Let C be an analytic Jordan curve; let f(z) be of class L(p, a), 
ps—1, 0<a3l, on C,. Let p,(2) denote the polynomial of degree n which in- 
terpolates to f(z) in n+1 points equally distributed on C. Then we have 


| — (z)| zonC. 


1 


In the formula 
f(z) — = — z on or within C, 1 <r <p, 
Ce w,(t)(t = 2) 


let us differentiate with respect to z: 
1 — 2)wn (2) + a 


But | wn(z) | < MA"*', z on C, and hence by an extension of Bernstein’s theo- 


(*) We mention here the following theorem, analogous to Theorem 7.8: 


Let C be an analytic Jordan curve, let f(z) be analytic interior to C and continuous in the corre- 
sponding closed region, and let there exist polynomials P,,(2) such that we have for z on C, 


| f() — Pals) | en. 
| — aapo(s) — arpi(s) — — anpa(s)| Men/p%, 
where > axpx(z) is the expansion of f(z) in Faber polynomials belonging to C. 
This theorem follows from the formulas (in the notation of Faber [1920]) 
My tf 


— 


for the expansion of P,(z) in Faber polynomials is unique, whence 


Then we have 


| 
zonC, 
k>n; 
P,(t) 
d= 0. k>n. 


1941] POLYNOMIAL APPROXIMATION 245 


rem [Sewell, 1937] it follows that |w, (z)| < MA**"(n+1), z on C. Thus we 
have for z on C 


| — pa (z)| S Min-max [| f()|, ¢ on C,]/r™*; 


by using Theorem 7.2 and putting r=p(1—1/m) we obtain the inequality of 
the theorem; the proof is complete. 
A direct analogue of Theorem 4.4 is 


THEOREM 7.10. Let f(z) be analytic interior to the analytic Jordan curve C, 
continuous in the corresponding closed region. Let there exist polynomials P,,(2) 
such that we have on C, 


| f(z) — Pa(z)| < én. 


Let p,(2%) denote the polynomial of degree n which interpolates to f(z) in n+1 
points equally distributed on C. Then we have 


| ’(2) — pn (2) | Mne,/p", zoncC. 


The proof here is similar to that of the preceding theorem except that we 
use the formula (7.5). The details are left to the reader. 

Theorem 7.10 includes the conclusion of Theorem 7.9 with the restriction 
p20, in the boundary case p+a=0 we set €, = Mo. 

The theorems just established are the analogues of those of §§3 and 4; 
the latter are limiting cases but not properly special cases of the former. In 
the converse direction we have the following analogue of Theorem 5.1: 


THEOREM 7.11. Let C be an analytic Jordan curve and let f(z) be defined on C. 
For each n, n=1, 2,---, let a polynomial p,(2) exist such that 


| f(2) — palz)| sonC, p> 1. 


Then f(z), when suitably defined, is analytic interior to C, and is of class L(p, a) 
on C, if p+a+1 is not a positive integer, and of class L'(p, a) if ptat+l1isa 
positive integer. 


The extension of Bernstein’s lemma [Walsh, 1935, p. 77] applies here and 
there are no essential changes necessary in the proof of Theorem 5.1 as given, 
except that in the case where p+a+1 is a positive integer we now use the 
polynomials g,(z) normal and orthogonal on C. The function f(z) is analytic 
throughout the interior of C, [Walsh, 1935, p. 78], and we have f(z) 
=) 5.0429:() throughout the interior of C,, uniformly on any closed set 
interior to C,. By virtue of the given p,(z) and the least-square property 
of the g,(z) we have 


| S 


The polynomials g,(z) are uniformly bounded on C [Szegé, 1939, p. 365], so 


| 
is 
tH 
a 
| 
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by Bernstein’s inequality in an extended form we have 


pta+l 


ame. cat 


(ptati)(z)| < > Ms-r*/p*, z on C,; 
k= 


the reasoning used in connection with (5.4) now applies. 

A consequence of such theorems as 7.5—7.10 is inequalities on degree of 
approximation of polynomials of best approximation in the sense of Tchebycheff. 
For such polynomials and others (e.g., as in Theorem 7.11), Problem y, 
namely, the study of degree of convergence on C,, 1<o<p, can be treated 
by the methods that we have already developed. 

It is to be observed that the methods we use in §7 apply to much more 
general measures of degree of convergence and asymptotic conditions than 
those exhibited by functions of class L(p, a). In fact we have the following 
theorems: 

THEOREM 7.12. Let C be an analytic Jordan curve and suppose on each C, 
for which r lies in an interval ro<1r <p we have |f(z)| $o(e—r), where the func- 
tion (x) is defined in some interval 0<x<xo. Then there exist polynomials 
p.(2) such that we have 


sent 


— palz)| 

The usual results hold also for approximation to integrals and derivatives 

of f(z) ; additional factors m appear on the right in denominator or numerator. 

THEOREM 7.13. Let f(z) be defined on C and polynomials p,(z) exist such that 
o(1/ 

| fe) — pals) | zon C, 


where (x) is defined and monotonic throughout some interval 0<x<x921. Then 
we have 


provided this series converges. 


8. Approximation on a line segment. Trigonometric approximation. Ap- 
proximation on a finite line segment is analogous to approximation on an 
analytic Jordan curve, provided the approximated function is analytic on the 
given segment. In §7 we studied approximation on Jordan curves by inter- 
polation in equally distributed points; these same points serve in the study 
of approximation on a line segment. 


[March 
n=l 
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The roots of the polynomial T,,(z) =2-**t! cos (m cos~! z) are equally dis- 
tributed on the segment C: —152<1. The 


is known [for instance Walsh and Sewell, sank We may choose M independ- 
ent of p, for p>po>1. Consequently the discussion of §7 concerning direct 
approximation on C is valid in the present case; we state 


zonC,#onC,, 


THEOREM 8.1. If C is the segment —1 S21 and f(z) is analytic interior 
to C, and of class L(p, a) or L'(p, a) on C,, then there exist polynomials p,(z) 
such that we have on C 


| — pals) | 


For the case p20, Theorem 8.1 has already been established [Walsh and 
Sewell, 1940]; for the case p <0, the proof follows that of Theorem 3.1. The 
polynomials p,(z) are chosen as the polynomials interpolating to f(z) in the 
zeros of 7,4:(z). For the class L’(p, a), compare the remarks on integration 
below. 

In the direction of a converse we have 


THEOREM 8.2. Let C be the segment —1S251 and let f(z) be defined on C. 
For each n, n=1, 2,-- - , let a polynomial p,(z) exist such that 


| f(z) — pals) | S zonC,p>1. 


Then f(z) when suitably defined, is of class L(p, a) on C, if p+a+1 is not a 
positive integer, and of class L'(p, a) if p+a+1 is a positive integer. 


The proof of Theorem 8.2 is essentially the same as that of Theorem 5.1 
for p+a-+1 not a positive integer; for p+a+1 a positive integer we proceed 
as in Theorem 7.11, using polynomials normal and orthogonal on a particular 
C., 1<oa<p, and the inequality 


| f(z) — pa(z)| S z on C,. 


The entire discussion of §7 concerning differentiation and integration of 
sequences remains essentially valid, except that in differentiation the ad- 
ditional factor m is to be eaten by n?; on the segment —1 5251, we have 
| (z)| 

In the study of integration. of sequences (compare Theorems 7.7 and 7.8) 
we use the following evaluation. From the interpolation formula 

T,.(z) 


1 


we have by integration 


i 
4 | 
| 
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2rid c, T,(t) 


Thus we have to consider merely 


* cos (m cos“ z)dz 1 . 
f = f cos (m cos~! se | 
0 


t—3 0 


dz 
0 (¢ — 2)? 
for all ton C, and z on C we have 


* cos (m z) 
f dz s M,/n. 
0 i—2z 


Consequently we obtain the same inequalities for integration of sequences in 
the case of a line segment C as for C an analytic Jordan curve. 

This completes our study of the line segment. It is of interest to note that 
Theorems 8.1 and 8.2 might have been proved by mapping the complement 
of C conformally on the exterior of the unit circle y: | w| =1, and applying 
the results already obtained (Theorems 3.1, 3.2, 5.1) for the unit circle. How- 
ever the above method is more direct. 

We now consider the unit circle and functions analytic in the annulus 7,: 
p>|z| >1/p<1. Suppose f(z) =)-"-* .ca2” is analytic in 7,; it is well known 
that we may write f(z) =f:(z) +f2(z), where 
fils) = cuz”, |z| <p, = D> |z| > 1/p. 

m=0 m=—1 
If fi(z) and f2(1/z) belong to the class L(p, a) or L’(p, a) on | z| =p we say 
that f(z) belongs to the class L(p, a) or L’(p, a) on y,. With this definition it 
is easy to establish theorems analogous to Theorems 3.1, 3.2, and 5.1. 


THEOREM 8.3. Let f(z) belong to the class L(p, a) or L'(p, a) in the annular 
region p> | z| >1/p<1, and let f(z)=>>*__.cm2”. Then with the notation 
Om =Cm+C—m, Om =1(Cm — Cm) we have the relation 


de 
fle® + >> (an cos + sin 


In the converse direction we are concerned with a polynomial p,(z, 1/z) 
of degree m in z and 1/z, namely a function of the form 


Pa(z, 1/2) = ans + ays". 


THEOREM 8.4. Let f(z) be defined on | z| =1 and let polynomials p,(z, 1/2) 
exist such that 


4 
4 
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| — pals, 1/2)| S |z| =1,p>1. 


Then f(z), if properly extended from the unit circle, belongs to the class L(p, a) 
in the annulus p> || >1/p if p+a+1 is not a positive integer, and to the class 
L'(p, a) if p+a+1 is a positive integer. 


For p20, a<1 Theorems 8.3 and 8.4 have already been proved [Walsh 
and Sewell, 1938]; for p<0, 0<a3X, and for p20, a=1 the methods for the 
unit circle may be applied to fi(z) and f2(z); in the latter case we make use 
of S. Bernstein’s theorem concerning the derivative of a trigonometric poly- 
nomial of order . Theorems 8.3 and 8.4 may be interpreted as results on 
trigonometric approximation (loc. cit.) ; in fact the transformation w= e* sug- 
gests directly the definitions involved in the following theorems; formal defini- 
tions and proofs may be easily supplied by the reader: 


THEOREM 8.5. Let the function f(z) be periodic with period 2m and of class 
L(p, a) or L'(p, a) in the band | y| <log p>0, z=x-+iy. Then there exist trigo- 
nometric polynomials t,(z) such that we have for all real z 


| f(z) — ta(z)| S 


THEOREM 8.6. Let the function f(z) be defined for all real 2 and periodic with 
period 2n. Let trigonometric polynomials t,(2) exist such that for all real z=x+iy 


| f(z) — ta(z)| S 


Then f(z) belongs to the class L(p, a) on | y| <log p if p+a+1 is not a positive 
integer, and to the class L'(p, a) if p+a+1 is a positive integer. 


Results analogous to those of the present section have already been estab- 
lished by de la Vallée Poussin [1919] and S. Bernstein [1926], who study 
approximation by trigonometric polynomials and approximation on the seg- 
ment (—1, 1), for the case that the function f(z) has only isolated singularities. 

9. Approximation measured by an integral. Well known methods apply 
to our results of §§3—8 on approximation, and give us theorems on approxima- 
tion by polynomials as measured by line integrals. For instance under the hy- 
pothesis of Theorem 7.5 or 8.1 there exist polynomials p,(z) such that we have 


(9.1) f | f(z) — pa(z)|™- | dz| S M/p™*n™(r+a), m > 0. 


Conversely an inequality of form (9.1) implies that f(z) is of class L(p—1, a) 
on C, if +a is not a positive integer and of class L’(p—1, a) on C, if p+a 
is a positive integer; but of course when (9.1) is given, the function f(z) ap- 
pears in our hypothesis merely almost everywhere, and the characterization 
of f(z) just given contemplates a revision of the definition of f(z) on a set of 
measure zero. 


| 
| 
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The statements just made have already been established [Walsh and 
Sewell, 1940, 1940a] for the case p+a—1>0, p+a not a positive integer, 
and can be established for the remaining case by standard methods [Walsh, 
1935, p. 92]; compare the proof of Theorem 8.2. 

These remarks on approximation as measured by an integral apply like- 
wise if a suitably restricted norm function is introduced. 

10. Integrated Lipschitz conditions and integral asymptotic conditions. We 
described in §2 a classification of functions based on results of Hardy and 
Littlewood, a classification which we have seen (§§3—5) to be highly appro- 
priate in the study of both direct and indirect theorems under Problem 8. 
Still another classification, likewise based on results of Hardy and Littlewood, 
is of interest and also appropriate in the study of Problem 8. But this new 
classification is far less elementary and intuitive than the former one, and 
also has been far less used; for this reason we have emphasized the one rather 
than the other. Nevertheless the more sophisticated classification deserves 
some treatment, which we proceed to develop in the special case of the circle, 
and to apply in the study of approximation. 

If the function f(z) is analytic for | z| <1, we use the definition (|2| =r<1) 


1 : 
Mn = Ma(f) = Male.) = (= f "| 
this has a meaning for every m >0, but is to be used below primarily for m = 2. 
We shall say that the function f(z) analytic for | z| <1 is of class L2(p, a), 
where ? is a negative integer and 0<a<1, provided we have 


(10. 1) M.(f) < M(1 — 


We shall say that the function f(z) analytic for | s| <1 and with boundary 
values almost everywhere on | z| =1 is of class L,(0, a), 0<a@SZ1 provided 
there is satisfied the integrated Lipschitz condition of order a: 


(10. 2) f | — |2d0 < Mh, 


With these definitions, Hardy and Littlewood [1932] prove three important 
theorems: 

THEOREM 10.1. If p+a<0 and if f(z) is of class L2(p, a), then f(z) is of 
class L2(p—k, a). 

THEOREM 10.2. If p+a<0, p—k+a<0, and if f(z) is of class Lo(p—k, a), 
then the kth integral of f(z) is of class L2(p, a). 


THEOREM 10.3. A necessary and sufficient condition that f(z) be of class 
L.(0, a), 0<a@31, is that f’(z) be of class L2(—1, a). 


“ 
| 
it 
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It is now natural to say that f(z) is of class L2(p, a), where p is a non- 
negative integer and 0<a3Z1 provided f‘?*"(z) is of class L2(—1, a). With 
this understanding we have at once for every p and k 


THEOREM 10.4. If f(z) is of class Le(p, a), then the function f'” (z) is of class 
L2(p—k, a) and if (p+a)(p+k+a+1) is not a negative integer the kth integral 
of f(z) is of class Lo(p+k, a). 


As in §2, there is here an exception if a=1. We define the class L/ (—1, 1) 
as the class of integrals of functions of class L2(—2, 1), and the class L# (p, 1) 
as the class of (p+2)th iterated integrals of functions of the class L2(—2, 1), 
where p> —2. It follows that if f(z) is of class L?/(p, 1), with p>—2, then 
f(z), 0<k<p+2, is of class L/(p—k, 1); also f(s), R2p+2, is of class 
L2(p—k, 1); if f(z) is of class Lo(p, 1), p< —2, then f(z) is of class L2(p—k, 1) 
and the kth iterated integral of f(z) is of class L2(p+k, 1) or Ld (p+k, 1) ac- 
cording as p+kS —2 or p+k> —2. 

These preliminaries completed we are in position to study approximation: 


THEOREM 10.5. If f(z) is of class Li(p, a) or of class Ld (p, a), there exist 
polynomials p,(2) such that we have for |z| =1/p<1 


(10.3) | f(2) — pals) | 


In the case p+a30, the method previously given (§3) is applicable; we 
employ (10.1) and the Schwarz inequality; in the case p+a>0, we use that 
same method but applied now to the function f‘?+”(z), and integrate p+1 
times under the integral sign in the interpolation formula. 

We present an alternative proof of Theorem 10.5 for the class L2(p, a), 
p20. If f(z) =>oa,z" is of class L2(0, a) we may write [this method is well 
known | 


s= 
gt 


1 2 


1 1 f 
d. dé 
0 


ein? 
dé 
ind 


eind e 


whence by Schwarz’s inequality and the fundamental definition of class 
L,(0, a), we have |an| < M./n*. If f(z) is of class L2(p, a), p>0, we 
have by p-fold differentiation and use of the preceding relation, |an| 
< M’'/n**@(5), Consequently on the circle |z| =1/p<1 we have 

n+1 


v=0 n+1 neta n+1 p” 


0 


which establishes (10.3) for the case p20. 


(°) This last inequality is readily proved for functions of class L(p, «), L’(p, a), L2(p, a), 
and Li (p, «), for every p and 


| 
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The indirect approximation problem is similarly handled: 


THEOREM 10.6. Let there exist polynomials p,(z) such that 
(10.4) | (2) — paz) | S 


is valid for | z| =1/p <1; then f(z) ts of class L2(p, a) if p+a+1 is not a positive 
integer and is of class Li (p, a) if p+a+1 is a positive integer. 


Our proof of Theorem 10.6 uses not (10.4) directly, but the inequality 


(10.5) > | a, |*/p” f(z) = 4,2”, 


which is a direct consequence of (10.4) by virtue of the least-square property 
of the polynomials s,(z) =)>* 90,2” on the circle | z| =1/p: 


2 


| (2) — pas) |2| 


An inequality which follows from (10.5) is 
(10.6) | an |? S 


Let us now choose the non-negative integer k in such a manner that we have 
2k >2p+2a+1; we have from (10.6) 


(10.7) 


| bn |2 


A consequence of (10.7) is (see below) 


|2| deg |= b, < M 2k—-2p—2a—1y2n 


— 


whence f(z) is of class L2(p—k, a). By Theorem 10.4 the kth integral of 
f(z) is of class L2(p, a) if p+a+1 is not a positive integer; and the kth in- 
tegral of f(z) is of class L¢ (p, a) if p+a+1 is a positive integer, so Theorem 
10.6 is established. 

It remains to justify the last inequality in (10.8); this is accomplished by 
the method used in the treatment of inequality (5.4). 

It has been noted that our proof of Theorem 10.6 uses not (10.4) as hy- 


= 
3 
[March 
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pothesis, but rather (10.5). It is of interest to remark that the hypothesis may 
be taken as 


where m is an arbitrary positive number. For (10.9) implies by standard alge- 
braic inequalities (e.g., Walsh [1935, p. 93]) 


f | — pals) |™| dz| 
|z|=1/p 


which in turn yields (Walsh [1935, p. 92]) 
(10. 10) | — Pals)| 


on the circle | z| =1/p:, with 1<pi<p. Inequality (10.10) implies by the 
method of proof of (10.5) 


which is precisely of form (10.5) with p replaced by 1, and which suffices to 
prove the conclusion of Theorem 10.6. 

We mention the following beautiful result, stated without proof by Hardy 
and Littlewood [1928]: The class of functions f(@) satisfying an integrated Lip- 
schitz condition of order a is identical with the class of functions which can be 
approximated in the mean by trigonometric polynomials of degree n with error 
not greater than M/n*. It is to be noted that Theorems 10.5 and 10.6 have been 
proved without the help of this result. Nevertheless this result can readily 
be used to give a new proof of Theorem 10.5 for the case p20, by the methods 
already developed by the authors [1940]. 

Theorems 10.5 and 10.6 are obviously to be compared with Theorems 3.1 
and 5.1. The discrepancy between the exponents of m in (10.3) and (10.4) is 
only 4, whereas that between the exponents of m in (3.1) and (5.1) is unity, 
so in this respect Theorems 10.5 and 10.6 are an improvement over Theorems 
3.1 and 5.1. It may be remarked, however, that the proof of Theorem 10.6 
as given does not admit of direct extension to an arbitrary analytic Jordan 
curve C. 

Theorems 10.5 and 10.6 are in a sense the best possible results, namely 
in the sense that we cannot replace p+a in (10.3) by any a’ >p+a, and that 
we cannot replace p+a in (10.4) by any a’’<p-4-a; we proceed to illustrate 
this fact by specific examples. 

For an example in connection with Theorem 10.5 we set 


fle) = 


| 

| 

i 

| 

| 

if 

| 

B> 0; 

n=1 | 
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we have for |2| =r 


> 2622" | < f < M(1 — 
1 


and hence a fortiori f(z) is of class L2(p, a) where 0<a3X1, p is a negative 
integer, and —8=p-+a. Also it follows by the method used in §5 that there 
exist no polynomials p,(z) such that for every m we have 


| — pa(z)| < M/pnrters, 5>0, |z| =1/p <1. 


Thus we see that in the sense mentioned, Theorem 10.5 cannot be improved 
for p+a<0; by integration and Theorems 10.2 and 10.3 the conclusion ex- 
tends to non-integral positive +a. The case of integral non-negative p+a 


can be treated as in §5. 
For an example in connection with Theorem 10.6 we choose 


f(s) = (1 = 


m=0 


where [e.g., de la Vallée Poussin, 1914, §399] 


M2 M, 


(10.11) 


In §5 we have seen that 


f(z) > Qmz™| S 


But we have 
1 

m=0 
and hence by inequality (10.11) we see that f(z) is of class La(p, a), if 
B=p+a<0, and of class Li (p, a) if B=p+a=0; in each case f(z) is of no 
higher class. The same method as above serves to extend the scope of the 
example to all values of +a. Consequently Theorems 10.5 and 10.6 are the 
best possible in the sense mentioned. 

It may be observed that for 6>1 the Hélder inequality 


finsu(finy” 


and for 5=1 more elementary inequalities establish the conclusion of Theo-- 
rem 10.5, where now f(z) is an arbitrary function of class L;(p, a) or Lj (p, a); 


= 
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B <0, 

|s| = 
m=0 
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suitable definitions of these classes are fairly obvious from our previous defini- 
tions. We remark that L;(—1, 1) is identical with the class of functions H; 
studied by F. Riesz [1923], namely functions f(z) analytic for |z| <1 such 


that 
J 


is uniformly bounded for all r <1. 

Theorems 10.5 and 10.6 extend at once to the situations of §8. Theorem 
10.5 extends also to the case that C is an arbitrary analytic Jordan curve; 
but the writers have not as yet extended Theorem 10.6 to this more general 

-case. We have in the present paper insisted on ordinary Lipschitz conditions 
and asymptotic conditions rather than on integrated Lipschitz conditions 
and mean asymptotic conditions because the theory of the latter concepts is 
not as yet widely developed, and because the former concepts are relatively 
simple and more direct. 

11. Direct methods on Problems a and £. In the above sections we have 
established various results on Problem 8, results which are as favorable in 
many respects as can be obtained. On the other hand, our methods have been 
in part relatively high-powered, for instance in our proofs of Theorems 7.7 - 
and 7.8. However, some results only slightly less favorable than those ob- 
tained above and elsewhere can be established by thoroughly immediate and 
elementary methods, with a minimum of machinery, as we now proceed to 
indicate for both Problem a(*) and Problem 8. For the present we restrict 
ourselves to the case of functions analytic in the unit circle y: | z| =1. 

If f(z) is of class L(p, a), p+a0, our results as already established 
(Theorem 3.1) for approximation on | | = 1 are obtained by elementary meth- 
ods; these results refer to Problem 8, and Problem a does not properly pre- 
sent itself. 

If f(z) is assumed to satisfy a uniform radial Lipschitz condition we can 
also proceed by elementary methods: 


THEOREM 11.1. Let f(z) be analytic and bounded for | z| <1 and satisfy a 
uniform radial Lipschitz condition, in the sense 


(11.1) | fle) — f(re*)| < — 0<r<1, 
where M is independent of r and 0. Then there exist polynomials p,(z) such that 
we have for all 6 
(11.2) | — pa(e*)| M’ (log n)#/n2; 

(*®) For the set C: |s| 1, Problem a is the study of degree of approximation on C of a 


function analytic in |s| <1 satisfying given conditions of continuity on or in the neighborhood 
of y: |s| =1. 
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indeed, the p,(2) may be defined as $,(1n2), where s,(2) ts the sum of the first n+1 
terms of the Taylor development of f(z) and r, =1—(2 log n)/n. 

We set f(z) Sa(z) =D and by the boundedness of f(z) 


1 8) ntl t Myr 


— 2) 1-r 


| f(re®) — = 


for z=re”, where M; is a constant depending only on f(z). We have from 
(11.1) by addition 
My,r**? 
| fle”) — sp(re*) | + M(1 — r)*. 
Corresponding to each m we choose 
r=r, = 1 — 2 log n/n, 


whence by writing 


2 log 2 log log log n 
( n 3 n 


which is asymptotic to n~*, we obtain the inequality (11.2). 
Theorem 11.1 is a result on Problem a; the corresponding result on Prob- 


lem £ is - 
THEOREM 11.2. Let f(z) satisfy the hypothesis of Theorem 11.1. Then there 
exist polynomials p,(z) such that we have 
| — pa(z)| M”(log n)*/p"-n2, | = 1/p <1. 


We write 
1 
fla) — pals) = — J 
1 f — f(rt)] 


dt, 
O0<r<l. 


For each n we choose r =r, = 1 —log n/n, whence by the method used in Theo- 
rem 11.1 we have the inequality of the theorem. 

The method of Theorem 11.2 extends in an elementary way to yield re- 
sults on approximation to integrals and derivatives of f(z); compare §4. 
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A THEORY OF ABSOLUTELY CONTINUOUS 
TRANSFORMATIONS IN THE PLANE 


BY 
T. RADO AND P. REICHELDERFER 


CHAPTER I. GENERAL OUTLINE OF THE THEORY 


1.1. The concept of an absolutely continuous function of a single real 
variable plays a fundamental réle in a variety of one-dimensional problems in 
geometry and analysis. Many efforts have been made to develop an equally 
useful concept of two-dimensional absolute continuity. The purpose of the pres- 
ent paper is to make a contribution to this field through a comprehensive 
study of a new type of absolute continuity for continuous transformations in 
the plane('). In view of the number and variety of concepts and results, it 
seems advisable to present first a detailed outline of the theory, in order that 
the reader may more easily obtain a general idea of it. Thus this chapter con- 
tains statements of the fundamental definitions and of the more important 
theorems, as well as some remarks concerning the relationship of this theory 
to previous literature. In order to avoid duplications, the rest of the paper 
consists essentially of concise proofs of the results stated in this chapter. 

1.2. We commence with a few remarks concerning the very extensive rele- 


vant literature(*) (see Banach [1, 2], Bray [1], Caccioppoli [2], McShane 
[1], Morrey [1], Rademacher [1], Radé [5], Schauder [1], Young [1, 2, 3]). 
For definiteness, let us consider a continuous transformation T of the form 


T: «= x(u,v), y= y(u, 0), 


where x(u, v), y(u, v) are defined and continuous in the unit square 
S: Osusil, 


Two essentially different types of two-dimensional absolute continuity have 
thus far been considered in the literature in the study of such a transforma- 
tion. The first type, due to Banach (see Banach [2]), is a direct generalization 
of the concept of an absolutely continuous function x =x(u) of a single real 
variable (where the relation x =x(u) is interpreted as defining a continuous 
one-dimensional transformation). If E is any set in the square S and if T(E) 


Presented to the Society, April 15, 1939, under the title Some properties of continuous 


transformations in the plane; received by the editors June 6, 1940. 
(*) The class of transformations which are absolutely continuous, in our sense, in a do- 
main D will be denoted by K:(D), and will be described in 1.32. Important subclasses of K:(D) 


will be defined in §1.34 and §1.37. 
(?) Numbers in square brackets are used to refer to the references listed in the bibliography 


at the end of this paper. 
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denotes the image of E in the xy plane, then define(*) 
=| 
If there exists a finite constant M such that 
V(s;) << M 


for every finite sequence of nonoverlapping, closed, oriented(*) squares Ss; in S, 
then T is of bounded variation in the sense of Banach. If, for every ¢>0 there 
exists an 7=7(€) >0 such that 


X <e 


for every finite sequence of nonoverlapping, closed, oriented squares s; in S 


satisfying 
<a, 


then T is absolutely continuous in the sense of Banach. For transformations T 
absolutely continuous in this sense, Banach (see Banach [2]|) and Schauder 
(see Schauder [1]) developed a comprehensive and very beautiful theory 
which has since been completed in many respects by Radé (see Radé [5]). 
While this theory is wholly satisfactory from the aesthetic point of view, it 
is a fact that the underlying concept of absolute continuity is too restrictive 
to permit extensive applications. Indeed, many important classes of continu- 


ous transformations, which have been studied by various mathematicians (cf. 
§1.3) in recent years, do not possess the type of absolute continuity required 
by Banach. 

1.3. In a majority of recent investigations in this field, the assumptions 
concerning T read as follows. 

(i) The functions x(u, v), y(u, v) are both absolutely continuous in the 
sense of Tonelli(®). 

(ii) Further assumptions, concerning x(u, v), y(u, v) jointly, which we do 
not have to state. We observe only that these assumptions vary considerably, 
both in character and in generality. 

In contradistinction to the type of absolute continuity described in 1.2, 
the above condition (i) requires, so to speak, iterated linear absolute continuity 


(*) If e be any set, then |e| will denote the exterior measure of e. 

(*) A rectangle R, or a square S, is termed oriented when its sides are parallel to the re- 
spective coordinate axes. Only such squares and rectangles are considered in this paper. 

(°) The function x(u, v), for example, is absolutely continuous in the sense of Tonelli if 
(i) x(u, v) is of bounded variation in the sense of Tonelli, and (ii) for almost every v=, 0Sy31, 
the function x(u, 7) is absolutely continuous in u, and, for almost every x=, OS£3S1, the 
function x(t, v) is absolutely continuous in v. Denote by V(m) the total variation of x(u, 7) 
as a function of u on 0Su3S1; denote by V(£) the total variation of x(é, v) as a function of v 
on 0Sv3S1. Then x(u, v) is of bounded variation in the sense of Tonelli if V(n) and V(é) are 
summable functions of 7 and é respectively on the interval (0, 1). 
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of x(u, v) and y(u, v) separately. While results of great importance and gen- 
erality have been derived from assumptions of this character, it is also a fact 
that for several of the most advanced results, it has been shown that the as- 
sumption (i) above either can be replaced by bounded variation in the sense 
of Tonelli(*), or can be discarded entirely (see Radé [3, 4]). 

1.4. The preceding remarks suggest that the concepts of absolute con- 
tinuity described in §1.2 and §1.3 may not represent the ultimate in useful- 
ness. The purpose of the present paper is to develop, for continuous transforma- 
tions in the plane, a theory of absolute continuity which is, in the first place, as 
truly two-dimensional as the theory initiated by Banach, and which is, in the 
second place, sufficiently comprehensive to permit us to account for and to improve 
upon the major results obtained for classes of transformations of the character de- 
scribed in §1.3. 

1.5. The basic idea in our theory is to replace, in the definition of absolute 
continuity due to Banach (cf. §1.2), the function of squares ¥(s) = | T(s)| by 
a (generally) smaller function, making thereby the requirement of absolute 
continuity less restrictive, and hence the class of absolutely continuous trans- 
formations more comprehensive. Intuitively speaking, we shall replace the meas- 
ure of the image of the square s by the measure of the essential part of that image. 
This idea was derived by Radé from a study of the profound and involved 
work of Gedcze on the area of continuous surfaces (see Radé [1] for refer- 
ences). After the publication in 1928 of the first applications of this idea 
(see Radé [1]), essentially the same idea was used in 1930 by Caccioppoli 
(see Caccioppoli [2]) to develop a theory of absolutely continuous transfor- 
mations in the plane; he applied his theory, in a series of subsequent papers, 
to a variety of fundamental problems involving double integrals. Since the 
work of Caccioppoli is based essentially upon the same original ideas and is 
pointed toward the same general objectives as our work, the following general 
remarks seem important. 

1.6. The theory with which we are concerned is, fundamentally, a metric 
theory of topologically defined set functions. Such set functions are, as a rule, 
directly defined only for certain simple sets. A basic feature of the work of 
Caccioppoli is the additive extension of the range of definition of these set 
functions to the class of all Borel sets (at least). He infers the possibility of 
such extensions from one of his theorems which may be described as follows 
(see Caccioppoli [1]). 

Let there be given a function ® defined for all open sets comprised, say, 
in a fixed rectangle R and satisfying the following conditions: (i) ®(O) 20 for 
every OCR; (ii) if O01, O2,--- are nonoverlapping open sets in R, then 
(>_0,) (iii) if CR, then ®(0’) ®(0”); (iv) if O, denotes 
the (open) set of those points in O (where O is any open set in R) whose dis- 


(*) See (*). 
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tance from the boundary of O exceeds e, then lim ®(O,) = ®(O) as € tends to 
zero, for every choice of OCR. According to Caccioppoli, it should then al- 
ways be possible to extend the definition of ® to all Borel sets in R in such a 
way that the extended function is completely additive on the class of all 
Borel sets in R. 

1.7. Unfortunately, the preceding theorem is false, as the reader will easily 
verify by considering the following example: let S denote a fixed closed square 
in the interior of R; define ®(O) =1 if OD S, and ®(O) =0 otherwise. Not only 
is this general extension theorem of Caccioppoli false, but it is also a fact that 
the particular set functions which he proposes to extend additively cannot 
generally be so extended. Since many of his basic definitions are stated in 
terms of (generally non-existing) additive extensions, we were unable, not- 
withstanding considerable effort, to understand the details of his theory. 
However, it would seem that the fundamental error pointed out above pre- 
vented Caccioppoli from recognizing essential difficulties in the situation— 
difficulties which delayed the completion of our own work for several years(’). 

1.8. We now proceed to give a summary of the contents of this paper. 
Let S denote a bounded point set in the uv-plane. A pair of (real-valued) 
functions x(u, v), y(u, v), bounded and continuous on S, determines a continu- 
ous transformation 


T: x= x(u, 2), y = y(u, (u,v) ES. 

The symbol € will be used to mean “is an element of the set.” For concise- 
ness, we shall also use the complex notation z=x+iy, w=u+iv, and write 

T: z= tw), wes, 

where ¢(w) is then bounded and continuous on S. We term T a bounded con- 

tinuous transformation defined on S. If E is any set in the w-plane, then T(E) 

will denote the image of the set E-.S under T in the z-plane. If E is any set in 

the z-plane, then 7-'(E) will denote the set of all those points w&.S whose 


image is in E; this set is termed the inverse of the set E under T. 
1.9. If we are given a second bounded continuous transformation 


Ts: 3 = 6,(w), 
and if E is any set in the w-plane, then we define 
Lu.b. | t%(w) — #(w)| for w€ E-S, if E-S #0, 
0 if = 0. 
This quantity p(T, T; E) will be called the distance of JT, and T on the set E. 


(*) A detailed analysis of fundamental portions of Caccioppoli’s work is contained in the 
(as yet unpublished) Ohio State University Dissertation, Some properties of continuous trans- 
formations in the plane, 1939, by Paul V. Reichelderfer. 
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Clearly this distance is symmetric, satisfies the triangle inequality, and van- 
ishes if and only if t.(w) =¢(w) on E-S (provided £-S is not empty). 

1.10. We shall use the symbol N(z, T, E) to denote the number (possibly 
equal to + ©) of distinct points w in the set E- T—'(z). The set of those points 
z for which N(z, T, E) = + © will be denoted by G(, T, E). 

1.11. The symbol § will be used to denote generically a (bounded, finitely 
connected) Jordan region(*). Given a bounded continuous transformation T 
defined on a Jordan region ® in the w-plane (cf. §1.8), and a non-negative 
integer k, we define the set R(k, T, R)—termed the kernel(®) of order k of the 
image of R under T (see Radé [5, p. 202])—as the set of those points z for 
each of which there exists a number e=€(k, 2, T, R) >0 such that, for every 
continuous transformation Ty defined on ® and satisfying the inequality 
p(Tx, T; R) <e (cf. §1.9), it is true that N(z, Tx, R) Sk (cf. $1.10). Clearly 
a kernel of order k >0 is a subset of every kernel of lower order. Next, we set(*°) 


R(o, = Rte, T, ®). 


This set will be called the kernel of order + ©. Some, or all of the kernels of 
order k21 may be empty. 

1.12. In the z-plane, we now define a function x(z, T, R)—called the es- 
sential multiplicity of the point z in the image of R under T—as follows (see 
Radé [5, p. 205]): . 

k for K(k, T,R) — + 1, T, VR), 

+ © for s€ T,®). 

Obviously «x(z, T, R) < N(z, T, R). While N(z, T, R) apparently possesses no 
useful continuity properties, we shall see (cf. §2.5) that x(z, T, R) is a lower 
semi-continuous function of its arguments z and T. 


1.13. Next, we consider a bounded domain(!') D in the w-plane, and on it 
a bounded continuous transformation (cf. §1.8) 


T: z= we OD. 


x(z, T, R) = { 


If a sequence of Jordan regions §, is such that (i) R,C, and (ii) for every 
closed set there exists an m= m(F) such that FC®, for all >mo, then 
we shall say that the Jordan regions ®, fill up D from the interior. For such 


(®) Since the terms region and domain do not seem to possess standardized meanings, we 
agree on the following terminology. A domain is a connected open set, while a region consists of 
a connected open set plus its boundary. 

(*) For k=1 this concept was proposed and studied in Radé [1]. 

(?°) Since our definition of the kernel of a finite order would remain meaningful for k= + ©, 
it is important to note that we use an entirely different definition for the kernel of order + ©. 

See (*). 
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a sequence of Jordan regions we shall see (cf. §2.6) that the sequence 
x(z, T, R,) converges for every choice of z, the limit being possibly equal to 
+ ©. The limit is then clearly independent of the choice of the Jordan regions 
which 4ll up D from the interior. We define 
x(z, T, D) = lim x(z, T, R,). 
no 
This function «(z, T, D)—termed the essential multiplicity of the point z in 
the image of D under T—is fundamental in our work. To state one of our prin- 
cipal results, we need the following concepts. 

1.14. Let be a Jordan region comprised in D. Let C be one of the bound- 
ary curves of ® and let z be a point in the z-plane. As a point w describes C 
once in the positive sense with respect to ®, the point ¢(w) describes a directed 
closed continuous curve in the z-plane, which we shall denote by C. We define 
u(z, T, C) as the topological index (see Kerékj4rté [1] or Radé [5]) of the 
point z with respect to C if z is not on C; if z is on C, we put u(z, T, C) =0. 
Finally, if z is not on the image, under T, of the boundary of ®, we define 
u(z, T, R) =>ou(z, T, C), the summation being extended over all the boundary 
curves of 9%; we set u(z, T, R) =0 if z is on the image, under T, of the boundary 
of 

1.15. If w(z, T, R)0, then we shall say that R is an indicator region for 
the point z under 7, or briefly, an indicator region (z, T). An indicator system 
(s, T) of order k is defined as a system of k nonoverlapping indicator regions 
(z, T). 

1.16. Given a point z in the z-plane, let us consider a component of its 
inverse T—1(z) (cf. §1.8). Such a component may or may not be a continuum 
(although it is always a closed set relative to D); but if it is, we shall call it a 
maximal model continuum of z under T in D and we shall denote it generically 
by o(z, T). Ao(z, T) will be called essential if every open set which contains 
it also contains a Jordan region ® which is an indicator region (z, JT) and 
which contains o(z, T) (necessarily in its interior). 

1.17. We have then the fundamental theorem(#*) (cf. §2.6): 

x(z, T, D) ts equal to the number of distinct essential maximal model con- 
tinua of z under T in D. 

1.18. Given a bounded continuous transformation T defined on a bounded 
domain D (cf. §1.13), we define a subset € = E(T, D) of D as follows. A point 
woED belongs to E if wo itself constitutes an essential maximal model con- 
tinuum of its image ¢(wo). We define further a subset N=N(T, D) of the 
set E as follows. A point w€E belongs to N if there exists a neighborhood 
N(wo) of wo such that I(w) —wo contains no point of any essential maximal 
model continuum of ¢(w»). 

1.19. If wEE, then we have, by definition, in every neighborhood N(w») 


() This theorem is one of the principal results in the dissertation cited in (7). 
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of wo a Jordan region ® such that wCR("*) and R is an indicator region 
(t(wo), T) (cf. §1.15‘. From the definition of an indicator region, it follows 
that p(t(wo), T, R)¥0. Generally pu(t(wo), T, R) will depend upon the choice 
of R. We shall see, however, (cf. §2.20) that if w€N, then there exists a 
neighborhood Jto(wo) of wo such that, for every choice of R in Mo(wo) (as de- 
scribed above), the quantity u(t(wo), T, R) has one and the same value, which 
we shall denote by j(wo, T), and which we shall call the essential local index. 
For wo not in N, we set j(wo, T) =0. By definition then, we have 


j(w,T)=0 iff wED-N, 
j(w,T) #0 iff wEN 


1.20. A fundamental fact about the essential local index j(w, T) is ex- 
pressed in the theorem: the set Nx=Ns«(7, D) of those points w where 
| j(w, T)| >1 is always denumerable("*). It is interesting to observe that the proof 
of this theorem (cf. §§2.31-2.40) involves an argument whose scope seems to be 
restricted to the plane—namely, the use of transformations of the form z=w"*, 
where k is a positive integer. Otherwise it seems to us that our theory applies 
equally well in m-dimensional Euclidean space. It would seem that a complete 
generalization of this theory to n-space may necessitate very fascinating geo- 
metrical investigations. 

1.21. In §§1.8—1.20 we described the topological facts needed in our work. 
We turn now to its purely metrical aspects. Given a bounded continuous trans- 
formation T defined on a bounded domain D in the w-plane (cf. §1.13), let 
us choose a point set B in the w-plane (not necessarily contained in D), which 
we shall term the base set. Concerning B we make the following measurability 
assumptions: (i) the set B is measurable; (ii) for every oriented(“) rectangle R 
such that R°CD("*), the set T(R®-B) (cf. §1.8) is a measurable set ir the 
z-plane. 

1.22. We may now define a function of rectangles G(R), for all oriented 
rectangles R such that R°CD, as follows(*”): 


G(R) =| T(R®- 8) |. 


As a matter of fact, G depends upon R, T and 8, and should accordingly be 
denoted by G(R, T, B), but we shall use the notation G(R) unless more explicit 
notation is needed. 

1.23. We shall say that T is of bounded variation, with respect to the base 
set B, in D—briefly, B.V. B in D—if there exists a finite constant M such that 


G(s;) < M 


(#3) R° denotes the set of interior points of R. 

(*) This theorem is a substantial generalization of a theorem in Radé [5, pp. 199-200]. 
See (*). 

See (1). 

(?7) See (). 
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for every finite sequence of nonoverlapping, closed, oriented squares s; such 
that s?CD. We shall say that T is absolutely continuous, with respect to the 
base set B in D—briefly, A.C. B in D—if, for every €>0, there exists an 


n=n(€) >0, such that 
<e 


for every finite sequence of nonoverlapping, closed, oriented squares s; such 
that s?CD and 
< 9. 


1.24. In the special case when the base set B is the domain D itself, these 
concepts become (essentially) identical to those of Banach (cf. §1.2). Clearly, 
if B is a proper subset of D, then our definitions generally require less than 
those of Banach. It is a matter of fundamental importance for our work that 
every base set B, satisfying the measurability conditions stated in §1.21, gives 
rise to a theory as complete as that of Banach (cf. Chapter 3). We proceed 
to state the fundamental facts of this general theory. 

1.25. Using the measurability assumptions set forth in §1.21, one sees 
easily (cf. §2.28) that the function N(z, T, D-B) (cf. §1.10) is measurable. 
We have then the theorem(!*) (cf. §3.11): T ts B.V. B in D if and only if 
N(z, T, D-B) is a summable function. 

1.26. Given a point wD, let us consider a sequence of oriented closed 
squares s, such that wEs8CD and lim | s.| =0. If, for every such sequence, 
the quotients G(s,)/ | Sal converge to a finite limit (which is then necessarily 
the same for all such sequences), then this limit is called the derivative of 
G(R) at w and will be denoted by D(w)—or by D(w, T, B) when the need for 
more explicit notation arises. We have then the theorem (cf. §§3.14, 3.15): 
if Tis B.V. Bin D, then D(w) exists a.e.(**) in D, is measurable and summable 
in D, and we have, for every open set OCD, the inequality(?°) 


f frm T, 8) sf N(z, T, O- B). 


1.27. If T is B.V. B in D, then we have, in particular, 


T, 8) sf N(z, T, D- 8B), 


(#8) This theorem shows that our concept of bounded variation is independent of the choice 
of the axes. In a similar way, further theorems in this paper can be easily shown to guarantee 
this invariant character for the entire theory. 

(*) The abbreviation “a.e.” is used consistently for “almost everywhere”—“except on a 
set of measure zero.” 

(*°) For conciseness, we omit the symbols dudv and dxdy respectively in writing double 
integrals. In the z-plane, we shall have to integrate solely functions which vanish outside a 
sufficiently large disk. The range of integration will be then such a disk, and reference to it will 
be omitted in the formula. 


j 
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and we have the theorem (cf. §§3.20, 3.21): T is A.C. Bin D if and only if the 
sign of equality holds in the preceding relation. 

1.28. Now let H(z) be a finite-valued, measurable function in the z-plane. 
We cannot generally assert that H(t(w)) is measurable in D, but we have the 
theorem (cf. §3.18):if Tis B.V. Bin D and if H(z) is a finite-valued, measura- 
ble function in the z-plane, then H(t(w))D(w) is measurable in D. (Of course, 
this product is defined only a.e. in D.) Furthermore (cf. §3.19), if we are given 
two such functions H(z) and H(z), and if Hi(z)=H2(z) a.e. in the z-plane, 
then H,(t(w))D(w) = H2(t(w))D(w) a.e. in D. 

1.29. Assume that T is A.C. B in D (cf. §1.23), and that H(z) is finite- 
valued and measurable in the z-plane. For every measurable set ECD we 
have then the fundamental transformation formula (cf. §3.24) : 


T, B) -ff H(z)N(s, T, E-8), 


provided only that one of the two integrals involved exists. That is, if one of the 
two integrals exists, then the other one exists also, and the two are equal. 

1.30. We shall combine presently the topological facts (cf. §§1.8-1.20) and 
the metrical facts (cf. §§1.21-1.29) at our disposal. Given a bounded continuous 
transformation T defined on a bounded domain D in the w-plane (cf. §1.13), 
we select the essential set E defined in §1.18 as the base set (cf. §1.21) in the preced- 
ing metrical theory. We shall verify (cf. §§2.22—2.29) that E satisfies the meas- 
urability requirements stated in 1.21. We shall then proceed to study con- 
tinuous transformations T which are B.V. E in D and A.C. € in D respec- 
tively (cf. §§1.23, 1.18). In the proofs (cf. Chapter 4), we shall have to 
consider several auxiliary set functions, together with their derivatives; the 
derivative D(w, T, E) of G(R, T, E) (cf. §1.22) will be denoted by D.(w) or 
by D;(w, T) when more explicit notation is needed. In case T is B.V. E in D, 
it follows that D,(w) exists a.e. in D and is summable in D (cf. §1.26). We 
then define a generalized Jacobian (cf. §4.3) by the relation 


F(w, T) j(w, T)D2(w, T) 


which we also denote by 7(w). From §1.20 it follows that | F(w) | < D,(w) a.e. 
in D; hence F(w) is also summable in D. 
1.31. Given any domain Ds CD, we define an essential index function 


v(z, T, De) as follows (cf. §§1.8, 1.10, 1.18, 1.19): 


T) for w € E-D,-T-“(s), if not in S(~, T, E-D,), 
v(z, D,) = w 
0 if z T, E-D,). 


We shall show (cf. §2.30) that »(z, T, Ds) is a summable function provided 
that T is B.V. E in Dy. 
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1.32. Given a bounded domain D in the w-plane, our fundamental class of 
transformations on D will be denoted by Ki(D) and will consist of all those 
bounded continuous transformations defined on D (cf. §1.13) which are A.C. Ein 
D(?") (cf. §1.23). By the general metric theory described above (cf. §1.29), 
we have then, for every finite-valued, measurable function H(z) and for every 
transformation T€K,(D) the metrical transformation formula 


ff = ff 7,0-, 


as soon as one of these integrals exists. We shall establish (cf. §4.9), for 
every finite-valued, measurable function H(z) and for every transformation 
TEK(D) the topological transformation formula (cf. §1.31) 


ff 2 = ff 7,0) 


provided that the integral on the left exists. That is, if the integral on the left 
exists, then the integral on the right exists, and the integrals are equal. The 
converse is generally false (see Radé [5, p. 214]). 

1.33. The preceding formulas are of extreme generality. In particular, the 
topological transformation formula of §1.32 implies all the results on the trans- 
formation of double integrals in the literature of which we are aware (cf. Bib- 
liography). As a matter of fact, very special cases of the preceding results are 
ample for that purpose. We proceed now to describe such special cases for the 
purpose of applications to be presented on another occasion. 

1.34. Given a bounded domain D in the w-plane, let K2(D) denote the 
class of all transformations TEK,(D) (cf. §1.32) for which N(z, T, E-D) 
=«(z, T, D) a.e. in the z-plane (cf. §§1.10, 1.13, 1.18). For transformations 
TEK.2(D) we shall see (cf. §4.7) that | #(w) | =D,.(w) a.e. in D (cf. §1.30). 
Next, we shall consider the special case when D is the interior R° of a Jordan 
region ® (cf. §4.9). For this case, we shall derive the following theorem: if T 
ts continuous on the Jordan region R, if TE K2(R°), and if the image of the 
boundary of R is a set of measure zero, then, for every finite-valued, measurable 
function H(z) we have (cf. §1.14) 


as soon as the.integral.on the left exists. 
1.35: of the class K2(D) is expressed in the fol- 


lowing: 


(*) That is, T€K;i(D) if T is absolutely continuous in D with respect to its own essential 
set E= E(T, D). 
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CLOSURE THEOREM. Let there be given bounded domains D and D,, in the 
w-plane, and continuous transformations (cf. §1.8) 


T: s=tw),wED, T,: 2 = t,(w), Dy, 


with the following properties: (i) the domains D, fill up D from the interior(??) ; 
(ii) the generalized Jacobian F(w, T) exists a.e. in D and is summable in D; 
(iii) T,€ K2(D,) for n=1, 2,--- ; (iv) for every closed set FCD we have 
lim p(T,, T; F) =0 (ef. §1.9), and 


lim Sf 7 T) — F(w, Tn) | = 0. 


Then TEK2(D) (ef. §4.11). 


1.36. Next, we have the following theorem (cf. §4.14): in a Jordan region 
®R let there be given continuous transformations T and T, with the following 
properties: (i) TE K2(R°), T,€ Ke(R°) ; (ii) lim p(T,, T; R) =0; (iii) the image 
of the boundary of # under T is a set of measure zero; (iv) we have 


lim Sf. | ¥(w, T) — F(w, Tn) | = 0. 


Then (cf. §1.14) 


im ff | u(z, T,R) — w(z, Tn, | = 0. 


That is, strong convergence of the generalized Jacobians (cf. $1.30) implies strong 
convergence of the index functions p (cf. §1.14). 
1.37. We now write the transformation T in the form (cf. §1.8) 


T: x = x(u, 0), y = y(u, 2), (u, v) E D, 


and denote by K;(D) the class of all transformations TE K2(D) (cf. §1.34) for 
which the ordinary Jacobian J(w, T) = J(u, v, T) exists a.e. in D. 

Note that this is the first time that we refer to the ordinary Jacobian, either in 
the theorems or in the proofs. 

1.38. We have the important theorem (cf. §5.5): if TEK3(D), then 
J(w, T)=F(w, T) a.e. in D. This theorem permits us to replace 7(w, T) by 
J(w, T) in the transformation formulas in §1.32 and §1.34. In this fashion we 
obtain formulas which include all similar results in the literature of which we are 
aware. We now list some theorems which account for these results. 

1.39. Suppose that the functions x(u, v), y(u, v) defining T (cf. §1.37) 
satisfy a Lipschitz condition in D in the following restricted sense : there exists 


(#) The domains D, are said to fill up D from the interior if (i) D,C D and (ii) for every 
closed set FC D, there exists an mo=mo(F) such that F C D, for all n>no. 
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a finite constant L such that, if (, 01), (ue, v2) are any two points in D for 
which the line segment joining them is contained in D, then 


| v2) — 21) | 
| v2) — 01) | 


Then TEK;(D) (cf. §5.8). 

1.40. Suppose that the partial derivatives x., x», Yu, Y» exist and are con- 
tinuous in D and that the ordinary Jacobian J(w, T) is summable in D. Then 
TEK;(D) (cf. §5.9). 

1.41. For the class K;(D) we have the following: 


CLOSURE THEOREM. Let there be given bounded domains D and OD, in the 
uv-plane, and continuous transformations (cf. §1.8) 


T: «= x(u, y(u, (u, ED, 
Ta: = X,(%, 0), y = yn(u, 2), (u,v) Day 


with the following properties: (i) the domains D, fill up D from the interior (?*) ; 
(ii) the ordinary Jacobian J(w, T) exists a.e. in D and is summable in D; 
(iii) T,€K3(D,) for n=1, 2,--- ; (iv) for every closed set FCD we have 
lim p(T,, T; F)=0 (cf. §1.9), and 


tim ff | T) — J(w, T,)| = 0. 


Then TEK3(D) (cf. §5.7). 


1.42. The reader will note that the ordinary Jacobian J(u, v) =xuy.— Xu 
appears only in the last few sections, after the general theory has been com- 
pleted. As far as our theory is concerned, the ordinary Jacobian is entirely ir- 
relevant, and we consider it solely for the purpose of applications to previous 
literature. This situation leads quite naturally to the question as to whether 
the ordinary Jacobian is really an essential concept in formulating and study- 
ing fundamental problems involving double integrals in analysis and in ge- 
ometry. 

CHAPTER II. TOPOLOGICAL FOUNDATIONS 


2.1. In this chapter we shall give concise proofs of the geometrical facts 
in this theory. Most of these facts have been stated in §§1.8—1.20. In order to 
verify them, however, we shall find it necessary to use many auxiliary results; 
for the proofs of these, we refer the reader to the literature, unless we are 
aware of no simple published proofs. 

2.2. Let R be a Jordan region in the w-plane (cf. §1.11), and let T be a 


(*) See (*). 


| 
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continuous transformation defined on ® (cf. 1.8). We state two properties of 
the kernel of order k (cf. §1.11) needed in the sequel. 


Lemma 1. Every kernel R(k, T, R) of finite order is an open set(). 


Proof(**). If & is empty, the lemma is trivial. So suppose z€ &; we assert 
that every point z satisfying | zs <e=e(k, T, R) (cf. §1.11) is also in &. 
Set A\=2—2¢, & ; clearly >0. If Ty be any continuous transforma- 
tion defined on ® and satisfying p(7Ts, T; R) <€« (cf. 1.9), then clearly the 
transformation 7* defined by ¢*(w) =ts(w) +A, wER, is continuous on and 
satisfies p(T*, T; R) <€; consequently N(z, T*, R) =k (cf. §1.11). But obvi- 
ously N(ze, Tx, R) = N(z, T*, R) ZR; thus K by definition. 


LEMMA 2. If { T,} be a sequence of continuous transformations defined on R 
and satisfying lim p(T,, T; R) =0, then lim inf R(k, T, R), pro- 
vided k ts finite. 


The proof is obvious (see Radé [5, p. 205]). 

2.3. We pause to introduce some definitions and notations useful in the 
sequel. Given a function f(w) defined on some set in the w-plane, and any set 
E on which it is defined, we denote by M(f, E) the least upper bound of | f(w) | 
for wE&E; we denote by O(f, E) the least upper bound of | f(w’) —f(w’’)| for 
w’, w’’CE. Obviously O(f, E) 2M (f, E). If 6 be any positive number, we 
denote by O(4, f, E) the least upper bound of | f(w’) —f(w'’)| for w’, w’’CE, 
| w’ —w’’| <6. If f(w) is continuous and E is a bounded closed set, then 
O(4, f, E) converges to zero with 6. 

2.4. In §1.12 we observed that x«(z, T, R) S$ N(z, T, R). However, we shall 
have use for the stronger result contained in the 


Lemma. x(z, T, R) S N(z, T, R°)(*). 


Proof. Clearly it is sufficient to show that, if N(z, T, R°) =k<+ ©, then, 
for every €>0, there exists a continuous transformation 7, defined on R and 
satisfying p(T., T; R)<e¢ and N(z, T., R) Sk. Let R be a Jordan region (cf. 
§1.11) in a #-plane having the same connectivity as R, each of whose bound- 
ary curves is a circle. Map ® onto by a biunique and continuous trans- 
formation given by w=f(w), wE®R (see Kerékjarté [1]). The inverse trans- 
formation given by w=f-(w), ®#ER, is also biunique and continuous, and 
maps § onto R. Define a continuous transformation T from § to the z-plane 
by the relation z =i(w) =t (f-"(w)), HER (cf. §1.8). Let 5 be a positive number 
such that O(4, #, R) <e (cf. §2.3). If € denotes a typical boundary circle of , 
choose in R° a concentric circle C, at a distance less than 6 from C so that the 


(*) Radé (see Radé [5, p. 203]) proved the weaker result that every kernel of finite order 
isan F,. 

(*) For brevity, we write R for & (k, T, ®) if the meaning is clear from the context. 

(*) See 
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circles C, bound a Jordan region R. in R° having the same connectivity as R 
and for which N(z, T, R.) = N(z, T, R°) Sk. Define a continuous transforma- 
tion T, from ® to the z-plane by the relations 


DER; 
iW,), Wy ER — 


T.: s=i,(®) = { 


where w is the closest point to ® on a boundary curve of §.. Clearly 
T; R)<e and N(z, T., R)=N(z, T, R°) Sk. Finally, set T.: 
=i,.(f(w)), wER. Clearly the transformation T, thus defined (cf. §1.8) has 
the required properties. 

2.5. Asa corollary to the results in §2.2 and §2.4 and to the definition of 
the essential multiplicity (cf. §1.12), it follows that x(z, T, R) is a lower semi- 
continuous function of z and of T(?"), as asserted in §1.12. 

2.6. We turn now to establish the important 


THEOREM. x(z, T, R) is equal to the number of distinct essential maximal 
model continua of z under T in R® (cf. §1.16). 


The proof of this theorem will follow (cf. §2.17) from a series of simple 
facts which we presently state and verify. The reader will easily see that this 
theorem accounts for all the assertions made in §1.13 and for the fundamental 
characterization theorem for the essential multiplicity function «(z, T, D) 
for a domain D which is stated in §1.17. 

2.7. To approach the proof of the theorem stated in §2.6 (and for later 
purposes also), we need the following facts concerning the function yu(z, T, R) 
defined in §1.14. Given a point % in the z-plane, define ¢(z, T, ®) to be the 
minimum of | for wER— R28). Clearly €(z, T, R) =0 if and only 
if 2ET(R—R°) (cf. §1.8). 


Lema 1. Consider the continuous transformations (cf. §1.8) 
T;: 2=t,(w), weR,i=0,1,---,m. 


Suppose that, for points 2, 2m, tt is true that Ti, R)>O0 for 
it=1,---,m,and 


to(w) — = II [t:(w) zil, w R. 


To, R) Ti, ®). 


(?7) A sequence of continuous transformations T,, defined on § is said to converge to Ton R 
if lim p(Tn, T; R) =0 (cf. §1.9). 
(#8) R—R° is the set of boundary points of R. See (8), (1%). 


Then 
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This lemma is a ready consequence of the properties of the topological 
index (cf. §1.14). 


LEMMA 2. Assume that e(z, T, R) >0. (a) If 2 be any point in the z-plane 
satisfying | <e(z, T, R), then T, R)=p(z, T, R). If Tx be any 
continuous transformation defined on KR and satisfying p(Tx, T; R—R°) 
<e(z, T, R), then Tx, R) T, R). 

This lemma is an immediate consequence of the theorem of Rouché(?*). 


Lema 3. u(z, T, R)=0 for z not ET(R) (see Radé [5, p. 196] also for 
further references). 


LemMaA 4. Assume that R is simply connected. Let 2 be a point of the z-plane 
for which €(2, T, R)>0 and pu(%, T, R)=0. Then there exists a function f(w) 
having the following properties: (i) f(w) is defined and continuous on ®; 
(ii) f(w) =t(w) for (iii) M(f(w) — 20, R) = M(¢(w) —z0, R—R°); (iv) 
f(w) #20 for wE®R (see Radé [5, p. 196] also for further references). 


LemMaA 5. Let Ri, --- , Rm be any finite number of nonoverlapping Jordan 
regions in R—Ro. Given a point x in the z-plane, let §={(z0, T, {Ri}%) denote 
the greatest lower bound of | for wERo—>_ If 20 be any point 
for which then T, Ro) T, Ri). 


Proof. Clearly R:)=¢>0 for i=0, 1, --- , m. Let Ty be any con- 
tinuous transformation defined on ®, and such that p(T, T; R)<f and 2% 
not €S(, R) (cf. $1.10) (**). From Lemma 2, it follows that Tx, 
=p(zo, T, Ri) for i=0, 1,---, m. Since 2% not €S(, Tx, R), the sets 
T; '(zo) Rf are finite for i=0, 1, - - - , m (cf. §§1.8, 1.10). We shall discuss the 
general case when none of these sets are empty, leaving special cases for the 
reader. If wi, - - , wij, denote the points of Ty *(zo)- RY fori =1, - - - , m, then 
clearly the points in the set T;'(z0) -R® consist of 


Wii, Wijy*** » Wmty*** » 


Choose j; mutually exclusive simply connected Jordan regions R;; such that 
wij;E RY for j=1,--- , ji, i=1, -- , m. Asa consequence of Lemma 3, and of 
the assumption {>0, it follows that u(zo, Tx, Ri) =) Tx, Rij) for 
i=1,2,---,m,and 


(2°) We mean the purely topological statement of the theorem of Rouché as given, for 
example, in Szilard [1, p. 655]. 

(3°) The existence of such a transformation as T+ may be inferred as follows. Since every 
Jordan region is topologically equivalent to a polygonal region of the same connectivity, we 
may assume that ® is a polygonal region—that is, a Jordan region each of whose boundary 
curves is a simple polygon. Given ¢>0 one may choose a triangulation of ® so fine that one 
may define upon a continuous transformation 7; which is linear and biunique in each triangle 
of the triangulation, and for which p(T;, T; R)<f¢. Clearly G (©, Tz, R) is empty; thus 7; has 
the desired properties. 
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m i m 
j=l i=1 
In view of preceding equalities, the lemma now follows. 
2.8. Using Lemma 2 in §2.7 and the definition of an indicator system 
(z, T) (cf. §1.15), the reader will easily verify the 


LemMA. If © be any indicator system (2, T) of order k, then e(z, T, S) =the 
minimum of €(z, T, Rx) for Rx ES, ts positive. (a) For every point 2» satisfying 
| oe —3| <e(z, T, S), it is true that S is also an indicator system (2x, T) of order 
k, and T, Rx) T, Re) for every RxES. (8) For every continuous 
transformation Tx defined on ® and satisfying p(Tx, T; Rx —RY) <e(z, T, S) 
for every Rx EGS, it is true that S is also an indicator system (z, Tx) of order k, 
and pu(z, Tx, Rx) =u(z, T, Re) for every Re ES. 


2.9. Let 2 be any point in the z-plane. The least upper bound of the orders 
of all indicator systems (2, T) in R® will be denoted by ¥(z0, T, N°). It follows 
from Lemma 3 in §2.7 that every indicator region (z, 7) contains (in its in- 
terior) at least one point of T~'(z) (cf. §1.15). Consequently, in view of the 
definitions of x(z, T, R) (cf. §1.12), and of an indicator system (2, T) (cf. 
§1.15), it follows from the lemma in §2.8 that ¥(z, T, R°) Sx(z, T, R). Fur- 
ther, if @(z, T, R°) denotes the number of essential maximal model continua 
of under T in R° (cf. $1.16), it is clear that $(z0, T, SW(zo, T, R°). 

2.10. Assume, for the moment, that z not CG(«, T, R°) (cf. §1.10). Then 
the point set J—'(z)-R°® is finite; consequently, if w&7~—'(z)-R°, then there 
exists a neighborhood Jto(w) of w containing no further points of T—'(z). Now, 
for every Jordan region Rx in Jto(w) and containing w in its interior, it follows 
by Lemma 3 in §2.7 that u(t(w),7,Rs) has the same value. If u(t(w), 7, Rx) €0, 
then clearly w constitutes an essential maximal model continuum of z=¢(w) 
belonging to the set N(7, R°) (cf. §1.18). Thus the assertion made in §1.19 
regarding points of N is now verified for a!l points w€N for which ¢(w) is not 
E€S(«, T, R°). Further, it is obvious that ¢(z, T, R°)=N(z, T, N) in this 
case (cf. §2.9). But, moreover, we have the 


Lemma. If z not CS(~, T, R°), then x(z, T, R) = N(z, T, N)(*). 


Proof. A point z not €S(, T, R®) has a finite number of models under 
T in denote the points of in Nby - -, we; denote the points of 
T-*(zo) in R°—N by wes, ---, wz We shall first show that x2k(*?). Evi- 
dently one may choose k mutually exclusive (simply connected) Jordan re- 
gions R;CR® so that w;ER? and T-'(%)-R;=w; for j=1,---, k. Since 


(*) Radé (see Radé [5, p. 204]) used the same methods in proving a slightly less general 


result. 
(#) For brevity, we write «x for «(z, T, R) where no misunderstanding is possible. 
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clearly u(zo, T, Rj) =j(w;, for j=1,---, (cf. §1.19), it follows by 
§1.15 that the k Jordan regions 8; constitute an indicator system (2, T) of 
order k, hence «2k (cf. §2.9). We shall next prove that «Sk. In view of the 
lemma in §2.4, it is sufficient to exhibit, for every €>0, a continuous trans- 
formation 7, defined on ® for which p(7., T; R) <e and N(z, T., R°) Sk. One 
may obviously choose /—k mutually exclusive simply connected Jordan re- 
gions R;CR® so that wjER?, Ry =w;, and M(t(w) —z, R;) <€/2 for 
j=k+1, --- , 1. Since —N, it follows that T, R;) =j(w;, T) =0 for 
j=k+i,---,2 (cf. §1.19). Thus by Lemma 4 in §2.7, there exist ]—k func- 
tions f;(w) forj7=k+1, - - - ,/ with the following properties: (i) f;(w) is defined 
and continuous on §;; (ii) f;(w) =t(w) for wER;— NR); (iii) M(f;(w) —20, Rj) 
<e/2; (iv) f;(wo) #2 for wER;. Define T, by the relations 


t if 
T.: s=i,(w) = (w) vee 


f(w) if wER;, kt+i,---,b 


Clearly T, is a continuous transformation defined on ®, p(7., T; R) <e€, and 
N(2, T., R°) =k. Combining preceding inequalities, we have T, R) =k 
= N(z, T, N), as asserted. 

2.11. Surveying the remarks in §§2.9, 2.10 and the lemma in §2.10, we 
observe that the theorem stated in §2.6 is now established in the special case 
when z not CS(@, T, 

2.12. Given a continuous transformation T defined on a Jordan region ®R 
(cf. §1.8). Let r be any positive number, and 2% any point of the z-plane; 
denote by G=G(r, 2, T, R) the set of all points wER°® for which | t(w) —z»| <r. 
Clearly T-"(z9) CG. Since G is an open set, it is the sum of at most a denumer- 
able number of mutually exclusive components, which we shall denote generi- 
cally by g=g(r, 2, T, R). Each set g is a connected open set; denote by g the 
set g plus all its boundary points. Clearly | =r for wE(Z—g) -R°; 
thus, if wo be a point of g—g for which |t(we)—20| <7, it follows that 
—R°. 


2.13. LemMA 1. Assume that x not CS(o, T, R°). If g be any component of 
G=G(r, 2%, T, R) for which | ¢(w) forweg—g and T, g) >0, then 
there exists a simply connected Jordan region Rs Cg and a continuous transfor- 
mation T, defined on Rx and satisfying the following conditions: (i) p(Ts, T; 
Re — RE) =0; (ii) T; Re) < 27; (iii) N(zo, T, g— RL) =0; (iv) N (eo, Tx, Re) 
= N(2, Tx, =1. 


Proof. Our assumptions imply that there exists a simply connected Jordan 
region «Cg which contains the set 7~'(zo)-g in its interior. Map ® onto 
the closed unit disk Rs with center at the origin in the #-plane by a biunique 
and continuous transformation given by #=f(w), wERs (cf. Kerékjarté [1]). 
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i(f-"(w)) if wens — 
i, = Zo if = 0, 
CAC) — | + 20 if — 0, 


where w» is the unique point of R« —R¢ on the ray from 0 through #. Finally, 
set Ty: z=tx(w) =ix(f(w)), wE Rs. Clearly the Jordan region ®, and the 
transformation 7, thus defined have the required properties. 


LEMMA 2. Assume that % not €CS(o, T, R°). If g be any component of 
G=G(r, 20, T, R) for which there exists a point wy %—g such that | t(wo) —25| <r 
and N(z, T, g)>0, then there exists a simply connected Jordan region Rs CZ 
and a continuous transformation Ty defined on Rx and satisfying the following 
conditions: (i) p(Tx, T; (Rxe—RS)-R) =0; (ii) T; Re) <27; (iii) 
N(2o, T, =0; (iv) N(z0, Tx, Re- =0. 


Using the fact that mER—R? (cf. §2.12), the reader may construct the 
proof by methods similar to those used in the proof of Lemma 1. 


2.14. Lemma. ¥(z, T, R°) >x(z, T, R) (of. $§1.12, 2.9). 


Proof. Clearly the lemma is established if we show that, if for a point 2 
we have x(%, T, R) =k, then there exists an indicator system (zo, T) of order k 
in R°. Since x is a lower semi-continuous function of T (cf. §2.5), there exists 
an € >0 such that, for every continuous transformation 7, defined on ® and 
satisfying p(Tx, T; R)<e, it is true that x(z, Tx, R) 2k. Set r=e/3 and 
€=«/6=7/2. Now there exists a continuous transformation T, defined on R 
and satisfying p(T., T, R)<e and % not €S(@, T., R)(*). Clearly iust a 
finite number of the components of the set G(r, 2, T., R) (cf. §2.12) contain 
points of T>'(z)—denote by gi, - - - , gi those for which | t.(w) —20| for 
w€g;—g; and fori=1, - - - ,1; denote by gi41, - - - , gm those for each of which 
there exists a point w;€Z;—g; such that | t,(w;) —20| <7 for i=/+1, - - - , m. 
Evidently each of the g; for i=1, - - -, ] satisfies the assumptions of Lemma 1 
in §2.13, and each of g;fori=/+1, - - - , msatisfies the assumptions of Lemma 
2 in §2.13. Thus there exist m simply connected Jordan regions ; and m con- 
tinuous transformations 7;: z=t,(w) defined on and satisfying the condi- 
tions set forth in these lemmas. Since the 2; are nonoverlapping, so are the R; 
for 7=1,---, m. Set Ri. Define 


t.(w) if wE Q; 
ti(w) if wER, t=1,-++,m. 


Ts: 2 = = { 


Evidently T; is a continuous transformation defined on ¥ and satisfying the 


(*) See (*). 


1941] 275 
Define 


276 T. RADO AND P. REICHELDERFER [March 


following conditions: (i) T; 2) (ii) T: R) (iii) N (20, Ts, R°) 
=l. In view of (ii), (iii) and §2.10, it follows that k<x(z, Ty, ®) 
= N(20, Ty, N(Ty, R°)) Sl. Let 6 be a positive number such that O(46, ty, R) <e 
(cf. §2.3). Obviously one may choose Jordan regions Ry; (not necessarily 
simply connected) such that R:CR,:Cgi and Ry:—RG, lies in a 5-neighbor- 
hood of g;—g; for i=1, - - - , 1. Since each of the Ry; clearly contains exactly 
one point w,;€7;'(zo) in its interior and none on its boundary (cf. §2.13), 
it follows that T;, =7(wyi, Ty) for i=1, -- - , (cf. §2.10). On the 
other hand, it is clear from the choice of the ®,; and from (i) above that 
€(2o, Ty, Rgi) >€> p(T, Ty; —RY) for i=1,---, (cf. §2.7). Thus, by 
Lemma 2 in §2.7 it follows that u(zo, T, =u (20, Ty, for i=1,--- , 
Since clearly Tj and K(zo, Ty, R) Zk, it follows that at 
least k of the points w,; are in the set N(7y, R°). Thus, for some k of the 
Jordan regions ®,i, it is true that u(z, T, Ry) #0; these & mutually exclusive 
Jordan regions constitute an indicator system (2%, T) of order k in R°. So the 
lemma is proven. 


2.15. LemMA. If R« be any indicator region (z, T) in R°, then there exists 
an indicator region such that M(t(w) —20, Ry) $$-M(t(w) Rx) (ef. 
§2.3). 


Proof. Set r=4e(%, T, Rx) (cf. §2.7); clearly r>0. Consider the set 
Gs =G(r, 20, T, R- Rz) (cf. §2.12). Since it is clear that Gs G3, it follows that 


but a finite number of the components of Gs contain points of T~'(z)—de- 
note these components by - - - , ge. Since | —20| =T>0 for wEgi—g; 
and for i=1,---, R& (cf. §2.12), it follows that one may choose in each g; a 
Jordan region ®; containing the set 7—'(z9) -g; in its interior. By Lemma 5 in 
§2.7 it follows that T, R*) u(20, T, Ri). Now since T, Rx) 
(cf. §1.15), it follows that for some R;—denote it by Ry—n(2, T, Ry) ¥0. 
Clearly ®, is an indicator region (%, JT) with the required property. 


2.16. Lemma. Every indicator region (2, T) in R® contains an essential maxi- 
mal model continuum of z under T in its interior; hence o(z, T, R®) =W(z, T, R°) 


(cf. §2.9). 


Proof. If 3%) be any indicator region (z, JT), the lemma in §2.15 insures the 
existence of a sequence , Rn, - of indicator regions (%, such that 
for n=0, 1, 2,---, and lim M(t(w)—z, The reader will 
verify without trouble that the set []*_,%, is an essential maximal model 
continuum for 2 under T in 9. 

2.17. In view of the results in §§2.9, 2.14, 2.16 the theorem stated in §2.6 
is now proven. Moreover, from the definitions of «(z, T, R) (cf. $1.12) and 
of x(z, T, R°) (cf. §1.13), we have, using the theorem in §2.6, the following 


COMPATIBILITY THEOREM. x(z, 7, R)=x(z, T, R°). 
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2.18. In the sequel we shall assume that T is a bounded continuous trans- 
formation defined on a bounded domain OD in the w-plane (cf. §1.13). Then 
x(z, T, D) (cf. §1.13) possesses the following strong lower semi-continuity 
properties. 


THEOREM. Given a sequence of domains D, which will fill up D from the 
interior(**), and a sequence of continuous transformations T,, defined on D,, and 
such that, for every closed set F in D it is true that lim p(T,, T; F) =0. Then, for 
every 2, lim inf x(z, T,, Da) 2«(z, T, D). 


Proof. Clearly it is sufficient to show that, if x(z, T, D)2k, then 
x(z, Tn, Dn) ZR for all m sufficiently large. If x(z, T, D) 2k, it follows by the 
theorem in §1.17 and by the definition of essential maximal model continua 
for z under T (cf. §1.16), that there exists in D an indicator system © of 
order k for z under T. Since the OD, fill up D from the interior, and since the 
Jordan regions R € GS are closed, it follows that S is an indicator system (z, T) 
of order k in D, for all m sufficiently large. But, from the lemma in §2.8 and 
the assumption that lim p(T,, T; R)=0 for every REG, it follows that S 
is also an indicator system (z, T,) of order k in D, for all » sufficiently large. 
Consequently, by the lemma in §2.16 and the theorem in §1.17 it follows that 
x(z, T,, Dn) 2k for all m sufficiently large, and the theorem is established. 

2.19. We turn, next, to the task of verifying the results stated in §1.19; 
indeed, we shall establish more comprehensive results than those which have 
been stated there. Our results depend upon the 


Lemma. If R; and KR: be any two indicator regions (z, T) in D (cf. §1.15) 
which contain the same essential maximal model continuum a(z, T) (cf. §1.16), 
and are contained in a neighborhood of a(z, t) which is free of points belonging to 
other essential maximal model continua of 2 under T(*), then w(z, T, Ri) 


=p(z, T, Re). 


Proof. First, assume that %:C}?. Consider the closed set #:—R2; clearly 
this set consists of a finite number of Jordan regions ®, -- - , Rx, such that 
e(z, T, R;) >0 fori=3,---,k, andno fori=3, - - - , contains any essen- 
tial maximal model continuum for z under T; thus (cf. §2.16), it follows that 
u(z, T, Ri) =0 for i=3,---, k. But by Lemma 5 in §2.7, it is true that 
u(z, T, Ri) => ou(z, T, Ri) =u(z, T, R2). Thus the lemma is established in 
this special case. In the general case, since o(z, T) is an essential maximal 
model continuum in the interior of 91-2, there exists (cf. §1.16) in the in- 
terior of R1-R2 an indicator region Rs containing, of course, o(z, T). The pre- 
ceding reasoning shows that u(z, T, 1) T, Rs) =u(z, T, Re), and the 
lemma is now established. 


See (*). 
(**) If o(z, T) consists of a single point w, then clearly w € N(T,D). 
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2.20. The assertions made in §1.19 now follow as a corollary to the lemma 
in §2.19. Moreover, we may now introduce a general local index as follows: 
If o(z, T) be any essential maximal model continuum which has a neighbor- 
hood free of points belonging to other essential maximal model continua of z 
under 7, then the quantity u(z, T, R) is independent of the choice of an indi- 
cator region ® for z under T in this neighborhood(*) by the preceding lemma; 
we denote its value by j*(o, T). Clearly, if w be any point of N(T, D) (cf. 
§1.18)—that is, if w constitutes an essential maximal model continuum o— 
then jx(o, T) =j(w, T) (cf. §1.19). Thus the general local index coincides with 
the essential local index on the set N(T, D). It is quite interesting to observe 
that, while the general local index is topologically and aesthetically more 
beautiful, it is the essential local index which plays the fundamental réle in 
our applications (cf. Chapter IV). This happens, of course, because of metric 
assumptions (cf. Chapter IV) which reduce the essential maximal model con- 
tinua which do not consist of single points to insignificance. But one interesting 
and enlightening fact concerning the general local index is contained in the 


THEOREM. If R be any Jordan region in D containing but a finite number of 
essential maximal model continua o;(z, T),---, ox(2, T) and for which 
e(z, T, R)>O (ef. §2.7), then w(z, T, T). 


Proof. In #° choose k mutually exclusive indicator regions ®; for z under 
T such that ¢;C®; for i=1, - - - , &. The closed set R—}-3_, R? consists of a 
finite number of Jordan regions Ri41, - - - , Ri, such that e(z, T, R;) >0 for 
4=k+1,---,/1. In view of the lemmas in §2.16 and §2.19 it is evident that 


T) for 1,---,h, 
0 for i=k+1,---,2. 


But by Lemma 5 in §2.7 it follows that u(z, T, R) => o}_.u(z, T, Rs). Thus 
T, R) T), and the theorem is proven. 

2.21. The following corollary to the results in §2.20 will be useful in the 
applications of our theory (cf. Chapter IV). 


THEOREM. Given a bounded continuous transformation T defined on a Jordan 
region KR (cf. §1.8). Let E be any set in the z-plane satisfying the conditions: 
(i) | E-R( ©, T, R)| =0; (ii) | E- T(M—R)| =O; (iii) «(z, T, R) = N(z, T, E-R°) 
a.e. on E. Then p(z, T, R) =v(z, T, R°) a.e. on E (cf. §§1.10—1.14, 1.31). 


Proof. In view of the assumptions, for almost every point zC€E it is true 
that «(z, T, R) = N(z, T, E-R*) << + and that e(z, T, R) >0 (cf. §2.7). For 
such points, we have v(z, T, R®) =)_j(w, T) for wEE-R®- by definition. 


(*) In particular, if o(s, T) consists of a single point w € N(T, D) (see §1.18), then we may 
always choose ® as a simply connected Jordan region. However, simple examples show that 
generally ® may not be chosen as a simply connected Jordan region. 
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On the other hand, every maximal model continuum which is essential for 
such a point z (cf. §1.16) consists of a single point which is clearly in N (cf. 
§1.18). In view of the facts stated in §2.20, the theorem is now obvious. 

2.22. For the applications (cf. Chapter IV) we shall need to know that 
the sets E(T, D) and N(T, D) (cf. §1.18) are Borel sets, and that the function 
j(w, T) (cf. §1.19) is a Baire function. We proceed to develop point-set identi- 
ties which will reveal these facts (cf. §§2.23—2.26). 

2.23. Let m be any positive integer, m any integer. Denote by E,,, the 
set of all points w€D for each of which there exists a Jordan region RCD 
satisfying the following conditions: (i) wE&®®; (ii) R is contained in the open 
disk with center w and radius 1/n; (iii) u(t(w), T, R) =m. From Lemma 2 in 
§2.7 it follows that E,,,, is an open set. Clearly En,» Em,n4i for m=1,2,---. 
The reader will easily verify that 


E(T, D) = Il 


n=1 m0 


2.24. For purposes in the sequel, we need another tool which we now in- 
troduce. Given a bounded domain D in the w-plane, choose an oriented (*) 
square Q containing OD in its interior. Let D,, denote a subdivision of Q into pj 
congruent (oriented) squares s, where p; is the jth positive prime. If, now, w be 
any point in D, it follows that there exists a jo.=jo(w) such that, for every 
j>jo the point w is comprised in the interior of some square of D,, (see Radé 
[5, p. 197]). 

2.25. Given a bounded continuous transformation T defined on a bounded 
domain D (cf. §1.13), let U denote the set of all points wED each of which has 
a neighborhood 9(w) such that Jt(w) —w contains no essential maximal model 
continuum for ¢(w) under T (cf. §1.16). The reader will easily verify that 
(cf. §§$1.11, 2.24) 


j=1 "CD 
Thus U is a Borel set, since the sets R(k, T, s) fork<+ © are open by Lemma 
1 in §2.2, and the inverse (cf. §1.8) of an open set under the continuous trans- 


formation T is open. 
2.26. The reader will now see without difficulty that (cf. §§2.23, 2.25) 


N(T, D) =U-E=U- I » 


n=1 


Further, if Nn=Nn(T, D), m0, denotes the set of points w&D where 
j(w, T)=m (cf. §1.19), then the reader will easily show that 


(*") See (*). 


= 
= 
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Nw (T, D) = U- Il m 0. 


In view of the point-set identities in §§2.23, 2.25 and 2.26, the assertions 
made in §2.22 are true. 

2.27. Given a set E in the z-plane, we shall denote by g(z, E) its charac- 
teristic function—that is, the function whose value is 1 for z€E and 0 other- 
wise. Obviously g(z, E) is a measurable function of z if and only if E is a 
measurable set. 

2.28. The reader will verify without difficulty that, if E be any set in the 
w-plane, then (cf. §§1.10, 2.24) 


—> N(s, T, E-D). 
Consequently N(z, T, E-D) is a measurable function of z whenever the set 
T(s°- E) is measurable for every choice of the square s such that s°CD (cf. 
§2.27). 

2.29. If E be any Borel set in the w-plane, then s°-E is a Borel set for 
every choice of the square s in the w-plane. Consequently the set T(s®*-E) 
is measurable for every square s (see Kuratowski [1, p. 249](*). Since the 
sets E(T, D), N(T, D), Nu(T, D), m0, are all Borel sets (cf. §§2.22—2.26), 
we have the 


THEOREM. If B be any Borel set in the w-plane, then the functions 
N(z, T, €-B), N(z, T, N-B), N(z, T, Nn-B), m0, are all measurable. 


2.30. For the applications (cf. Chapter IV), we want to discuss the meas- 
urability of v(z, T, D) (cf. §1.31). We have the 


_Lemma. v(z, T, D)=N(z, T, T, for z not 
ES(~, T, E-D)+T(Nx). 

Proof. Ourassumptions imply that »(z, T,D) j(w, T) forwEE-D-T-(z), 
and that | j(w, T)| <1 for wEE-D-T-(z) (cf. §§1.16, 1.20). Thus the identity 


is obvious. 

Since N(z, T, E-D) is a measurable function of z (cf. §2.29), it follows that 
the set G(«, T, E-D) is measurable. Now we have »(z, T, D)=0 for 
z©€SG(o, T, E-D). In §2.39 we shall show that the set T(Nx) is denumer- 


able. Consequently we have the 
THEOREM. v(z, T, D) is a measurable function of z. 


2.31. We have yet to establish the fact that the set Nx defined in §1.20 


(#8) Since, in later chapters, we consider only transformations which satisfy certain metric 
restrictions, we could very well do without this general theorem on the measurability of the 
continuous image of a Borel set. 


280 
n=1 
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is denumerable. In order to do this, we require some results concerning single- 
valued continuous kth roots of a complex function of a complex variable. 
If ¢(w) is a single-valued continuous function of w on a connected set ©, then 
we say that a function f(w) is a single-valued continuous kth root of ¢(w) on € 
if (i) f(w) is single-valued and continuous on G, and (ii) f(w)* =(w) on GC. 


2.32. Lemma. Let € denote a connected set in the w-plane. If t(w) be any 
bounded continuous function defined on © for which there exists a single-valued 
continuous kth root f(w) defined on ©, then O(f, ©) $3[O(t, ©) ]"/* (cf. §2.3)(*). 


Proof. For k=1 the lemma is obvious, since then f(w) =i(w), wE€ (cf. 
§2.31); consequently O(f, €)=O(t, €). So assume that k>1. It is now con- 
venient to consider two cases. I. First, assume that 


(1) M(t, ©) > 20(t, ©). 


Consider the continuous transformation T defined by z =t(w), wE€ (cf. §1.8). 
It is clear that 7(€) is contained in a closed disk D of radius O(t, ©) whose 
center is at a distance exceeding 20(¢, €) from the origin in the 2z-plane. 
Hence z=0 is exterior to D and we have a single-valued continuous kth root 
of z in D which we denote by g(z), z€D. Clearly g(t(w)), wEG, is a single- 
valued continuous kth root of ¢t(w) on ©. Thus g(#(w)) =af(w), wE&C, where a 
is a kth root of unity; hence it is clear that O(f, ©) =O(g, T(€)) SO(g, D). 
Now g(z) is an analytic function of z in D and therefore we have, for any two 
points 2’, 2’’in D, 


where the path of integration may be chosen as a straight segment joining 2’ 
and z’’. Evidently 


k[g(z)]* 


In view of (1), (2), (3) and the fact that k>1, we have 


(3) = 


O(f, ©) S O(g, D) S M(g’, D)20%, ©) [O(e, ©) © 


Thus the lemma is established in this case. II. Next, assume that M(t, ©) 
<20(t, €). Then clearly (cf. §2.3) 
O(f, ©) 2M(f, ©) S 2[M(t, ©) © ©) 


since k >1. The lemma is now established. 


(?*) Simple examples show that the integer 3 may not be replaced by a smaller integer. 
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2.33. LEMMA. Let R denote any bounded convex region(**) in the w-plane. If 
t(w) be a continuous function defined on R for which there exists a single-valued 
continuous kth root f(w) defined on R, then O(4, f, R) $3 [O(4, t, R)]"* for every 
positive number 56 (cf. §2.3)(**). 


Proof. Given 5>0, let w’ and w’’ be any two points of ® eiititines 
| w’—w’’| <8. Denote by C the closed line segment with end points w’ and 
w’’. Now CC® since ® is convex. Thus it follows by the lemma in §2.32 that 


| fw’) — flw!)| OF, C) 3[06, 


Consequently O(6, f, R) $3[O(4, t, R)]*/*, as asserted. 


2.34. LEMMA. Let R denote any Jordan region in the w-plane. If T be a con- 
tinuous transformation defined on R for which p(0, T, R)=+k, k>O, and the 
set T-(0) consists of a single point woER°, then t(w) possesses a single-valued 
continuous kth root f(w) in R. 

Proof. Let / denote a closed line segment joining wo to the boundary of ®. 
In the simply connected domain —/ it is true that #0; consequently (*?) 
there exists a single-valued continuous argument ¢(w) for ¢t(w) in R°—/1. Now 


tw) = | t(w) | [cos ¢(w) + i sin ¢(w) ], we —1. 
Set 


= | x) cos w ER — 1, 


Using Lemma 1 in §2.7 and the assumption that (0, T, R) = +k, the reader 
will easily show that, for every wxE®, lim g(w) for wER®—1, wwe exists. 
Define 


f(wy) = lim g(w), for ER. 


The reader will find that f(w) is a single-valued continuous kth root of t(w) 
on ®. 

2.35. LEMMA. Let R be any bounded convex region in the w-plane. Let there 
be given continuous transformations 


T: s= iw), T,: 2 = t,(w), weER, 


which satisfy the following conditions: (i) lim p(Tn, T; R) =0; (ii) T-1(0) con- 


(*°) A bounded convex region is always simply connected and bounded by a Jordan curve. 
(“) Indeed, since every simply connected Jordan region is topologically equivalent to a 
bounded convex region, this result is also true for any simply connected Jordan region. Conse- 
quently the results in §§2.35, 2.36, 2.37 are true for any simply connected Jordan region, but we 


do not need this fact. 
(*) We use here the so-called monodromy theorem (see Kerékjarté6 [1, p. 175]). 
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sists of a single point w,ER®; (iii) u(0, T,, R) = +k, R>O. Then t(w) possesses 
a single-valued continuous kth root f(w) on ®R. 


Proof. In view of the assumptions on the 7, it follows by the lemma in 
§2.34 that each t,,(w) possesses a single-valued continuous kth root f,(w) on R. 
Since lim p(T,, T; R) =0, it follows that the functions ¢,(w) are uniformly 
bounded (“) and equi-continuous(“) on . Using the lemma in §2.33 one shows 
that the functions f,(w) are also uniformly bounded and equi-continuous on 
R. It follows then, by the theorem of Arzela, that there exists a subsequence 
of the f,(w) which converges uniformly to a (continuous) function f(w) on §. 
Since f,(w)*=t,(w) for every n, it follows that f(w)*=i(w),.wE®. That is, 
f(w) is a single-valued continuous kth root of ¢(w) on &. 


2.36. LEMMA. Let T be a continuous transformation defined on a bounded 
convex region Win the w-plane. Assume that z=0 is a point of the z-plane having 
exactly one essential maximal model continuum under T in R, and this consists 
of a single point wER°® for which j(wo, T)= +k, k>0 (cf. §1.19). Then there 
exists a t>0O such that x(z, T, R) =k for every z satisfying 0< | z| <r. 


Proof. Since «(0, T, R)=1 (cf. §2.6), it follows from the definition of x 
(cf. §1.12) that there exists a sequence of continuous transformations 7, 
defined on ® and satisfying the following conditions: (i) lim p(T,, T; R) =0; 
(ii) T-'(0) consists of a single point w,E R°; (iii) u(0, T,, R) = +R (cf. Lemma 
2, §2.7). But then, from the lemma in §2.35 it follows that ¢(w) possesses a 
single-valued continuous kth root f(w) on ®. Consider the continuous trans- 
formation Ty defined by z=f(w), w&R. The reader will verify without diffi- 
culty that the only essential maximal model continuum of z=0 under T. 
consists of the single point w) and that u(0, T+, R)=+1. Thus we have 
x(0, Tx, R) =1 (cf. §2.6), and consequently (cf. §2.5) there exists a tx >0 such 
that x(z, Tx, R) 21 for every z satisfying z| <r. Set r=7. We assert that 
x(z, T, R) Sk for every z satisfying 0<|s| <r. For let 2 be any point such 
that 0< | zo| <r; then % has exactly k distinct kth roots 2, --- , 2;. Clearly 
| z,| <tT and consequently we have x(z:, Tx, R)21, for i=1,---, k. Thus 
(cf. §2.6) each z; possesses at least one essential maximal model continuum 
o:=0(z:;, Tx) in R°. Since the 2; are distinct, so are the o; for i=1,---,k. 
Now clearly for i=1, - - - , &. Consider the functions 


gi(w) = f(w) +5, w ER, 


fori=1, - - - ,k. Evidently each g,;(w) is continuous on ®, and g;(w) = +0 
for wo; and for i=1, - - - , k. Consequently there exists a neighborhood %; 


(*) The sequence of functions f,(w) is said to be uniformly bounded on §& if there exists a 
finite constant M such that M(f,, R) <M for every n. 

(“) The sequence of functions f,( w) is said to be equi-continuous on & if, for every «>0, 
there exists a such that fn, R)<« for every n. 
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of o; in R such that g;(w) ~0 for wEN;. Let R; be any indicator region (z;, T+) 
(cf. §1.15) such that o;CR:CR; for i=1, - - - , k. We have the identity 


t(w) — = (f(w) — 2,)g:(w), wen. 


Thus, by Lemma 1 and Lemma 3 in §2.7 it follows that u(z, T, ®;) 
=p(z:i, Tx, Ri) #0 for i=1,---, &. Thus each @; is also an essential maxi- 
mal model continuum (z, JT) in R°—that is, «(zo, T, R) [k, as asserted. 


2.37. LemMMA. Let T be a continuous transformation defined on a bounded 
convex region Rt in the w-plane. Assume that 2% is a point of the z-plane having 
exactly one essential maximal model continuum under T in R, and this consists 
of a single point wER°® for which j(wo, T)= +k, k>O. Then there exists ar>0 
such that x(z, T, R) =k for every z satisfying 0< | 3 — 29| <r. 


Proof. Consider the transformation 7) defined by the relation z=4(w) 
=t(w) —2, we, and apply the lemma in §2.36. 

2.38. Now let T be a bounded continuous transformation defined on a 
bounded domain D in the w-plane (cf. §1.8). Given a positive integer k, define, 
for every square s such that s°CD, the set V(k, s) to be the set of all points z 
having the following properties: (i) z possesses exactly one essential maximal 
model continuum o(z, T) in s; (ii) o(z, T) consists of a single point wEs°; 
(iii) j(w, T) = +k (cf. §1.19). It follows immediately from the lemma in §2.37 
that V(k, s), for k>f, is an isolated set, and hence denumerable. Next, let 
V(k, D) denote the set of all points z for each of which there exists a point 
wEN-T-(z) (cf. §1.18) for which the essential index j(w, T)=+k. The 
reader will easily verify the identity (cf. §2.24) 


=>: V(k,s). 


j=1 


Thus, if k>1, it follows that the set V(k, D) is denumerable. Consequently 
the set 


V=> 00,0) 


is also denumerable. 
2.39. The reader will find it easy to verify the 


Lemma. T(Nx«) = V (ef. §1.20). 

Thus the image of Ns under T is a denumerable set. 

2.40. Now, for every point z, the set Ns -7~—'(z) is clearly an isolated set. 
But obviously we have 


Ns ys Ns: T(z), 
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since Nx CT-(V) by the lemma in §2.39. Since V contains at most a denu- 
merable number of points, so does Nx; thus the important fact stated in 
§1.20 is established. 


CHAPTER III. METRIC FOUNDATIONS 


3.1. We state first a few facts concerning functions of rectangles(*), due 
essentially(“*) to Banach (see Banach [1], Radé [5]). Let F(R) be a function 
of rectangles defined for all closed oriented rectangles in a given bounded 
domain D. Then F(R) is said to be of bounded variation in D if there exists a 
finite constant M such that 


| Fs) | < M 


j=1 
for every system of closed squares in D without common interior points. 
F(R) is said to be absolutely continuous in OD if, for every €>0 there exists an 
n(€) >0 such that 


for every system of closed squares in D, without common interior points, 
which satisfy the condition 


>| s;| S 


j=l 


If F(R) is absolutely continuous and bounded on D, then it is also of bounded 
variation in D (see Radé [5, p. 193]). 

3.2. Take a point w in D and consider all possible sequences {s;} of 
closed squares such that 


Es;CD 


and |s;|—20. The least upper bound of lim sup F(s;)/|s;|, for all such se- 
quences {s;}, is the upper derivative F’ (wo). The lower derivative is defined in 
a similar way. These derivatives may be equal to + . They are always meas- 
urable. If the upper and lower derivatives are finite and equal at a point wo, 
then their common value is the derivative F’(wo) of F(R) at the point wo. 

3.3. Let S be a closed square comprised in D, and let s;, - - - , Sm be a sys- 


(**) Let us state again (see (*)) that we consider only rectangles having sides parallel to the 


respective axes. 

(*) The facts listed in §§3.1-3.5 are not stated in exactly the same form in which the reader 
finds them in Banach [1], but in a form convenient for our purposes. However, the necessary 
modifications in the proofs of Banach are quite obvious (see Radé [5, p. 192] for further re- 
marks on this subject). 
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tem of closed squares without common interior points contained in S. We 
say that F(R) is of type A if the following conditions are satisfied(*’): (i) 
F(s)=0 for every square sCOD; (ii) 50%, F(s;)SF(S) for every system of 
squares S, 51, : - - , Sm as described above. 

If F(R) is of type A, then its derivative F’(w) exists a.e. in D and is sum- 
mable in every rectangle RCD. Furthermore, we have, for every rectangle 


RCD, 
S F(R). 


3.4. Given a function of rectangles F(R) in D, suppose that F(R) is ab- 
solutely continuous in D and that the derivative F’(w) exists a.e. in D. Then 
we have, for every open set OCD, the relation (cf. §2.24) 


f fr. 


3.5. Let us now assume only that F(R) 20, and that the derivative F’(w) 
exists a.e. in D. Take any open set OCD and assume that 


(4) l=liminf F(s)< +o. 


fro 


Then F’(w) is summable in O, and 


sl. 


To prove this assertion, define the functions ¢,;(w) as follows: if s is a square 
such that s°CO, sED,,, then ¢;(w) = F(s)/|s| on the interior of s. Otherwise 
=0. Then clearly 


(5) ¢o;(w) > F’(w) ae. in O, 
and (cf. §2.24) 


6) J = 


In view of the lemma of Fatou(), (4), (5), (6) imply our assertion. 
3.6. Let us consider now a transformation (cf. §1.13) 


T: we D. 


(*") This type of rectangle functions is not considered explicitly by Banach, but his methods 
(see Banach [1]) yield easily the desired results. 

(**) The lemma of Fatou may be stated as follows. Let , 20, 620 be measurable functions 
on a bounded measurable set S. Suppose that (i) ®, is summable on S; (ii) @,—@ a.e. on S; 
(iii) lim inf <+ ©. Then @is also summable on S,and Slim inf See, for instance, 


Saks [1, p. 29]. 
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Since ¢(w) is bounded by assumption, the set T(D) is contained in some finite 
open circular disc A in the z-plane. Let there be given, in the w-plane, a base 
set B with the measurability properties described in §1.21. 

3.7. If E is a set comprised in D, we shall use the symbol(**) A(E£, k) to 
denote the set of those points z for which N(z, E) =k. We have then the iden- 
tity (cf. §2.24) 


(7) LC 0). 
j=1 seDp;,8°C 


If Ei, -- - , Z, are nonoverlapping sets contained in a set ECD, then we have 
the following relations (cf. §§1.10, 2.27): 


(8) E;-B) < E-8), 


j=l 


(9) T(E;-B)) < E-8), 


j=l 


(10) > — T(E;-8))] < E-B) — g(z, T(E-B)). 


j=1 


If O is any open set comprised in D, then 
(11) T(s*- B)) —> O- 8), 


seDp;,0°CO 
and, a fortiori, 


(12) Mz, s*-B) — Mz, O-8). 
seDp; CO 
The verification of these simple facts is left to the reader. 

3.8. Since g(z, T(s®-B)) is, by assumption, measurable for every s°CD, 
it follows from (11) that N(z, O-B) is measurable for every open set OCD. 
As a consequence, the sets A(O-8, k) (cf. §3.7) are measurable. 

3.9. Take now any closed set CCD, and put O=D—C. We have then 
N(z, D-B) = N(z, C-B)+N(z, O-B). In view of §3.8, it follows that N(z, C-B) 
is measurable on the complement of the set A(D-8B, + ). Hence, if this latter 
set is of measure zero, then it follows that N(z, C-B) is measurable for every 
closed set CCD. 

3.10. Now let E be any measurable set comprised in D. We can write 
E=e+T, where e-'=0, |e] =0, and where C:CGC --- CC; 
C ---+ and every C; is a closed set. We have then 

(**) Since the transformation T is fixed throughout this chapter, we shall delete the argu- 


ment T from the notations introduced in Chapter I; for example, we write N(z, E) instead of 
N(z, T, E). 


if 
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N(z, E-B) = N(z, e-B) + N(z, B), N(z, C;- B) N(z, 8). 


In view of §3.9, we obtain the 

Lema. If | T(e-B)| =O whenever | e| =0, and if |A(D-B, + ~)| =0, then, 
for every measurable set ECD the function N(z, E-B) is measurable. 

3.11. Let us assume now that T is B.V. Bin D (cf. §1.23). We can write 
(cf. §§1.10, 2.24, 2.27) 
< N(z, D- 8B), 


vie) = ron N(z, D- 8B). 


seDp 


Then (cf. §1.22) 


f f = 


Since T is B.V. Bin D, the summation on the right side of this equality is less 
than a fixed finite constant independent of 7. Hence, by the lemma of 
Fatou(®*), N(z, D-B) is summable. 

Conversely, suppose that N(z, D-B) is summable. Then, for any system 
Si, °° * , Sm Of closed squares without common interior points and such that 
s?,- ++, are contained in D, by (9) T(s?- B)) SN(z, D- B), and 


hence, by integration 


Das) < ff 


j=l 


Thus T is B.V. B in D. 
3.12. If T is B.V. B in D, then by §3.11 the function N(z, D-B) is sum- 


mable, and hence the set A(D-B, ~) is of measure zero (cf. §3.7). 

3.13. If T is B.V. Bin D, then N(z, D-B) is summable (cf. §3.11), and 
hence, a fortiori, N(z, R®-B) is summable for every closed rectangle R such 
that R°CD. We can consider therefore the rectangle function 


G*(R) -ff N(z, 8B). 


It follows then by integration from (8) that G*(R) is of type A (cf. §3.3). 
Hence the derivative of G*(R) exists a.e. in D. We shall denote this deriva- 
tive by D*(w). 

It follows by integration from (10) that the rectangle function G*(R) 
— G(R) is also of type A, and hence that its derivative exists a.e. in D. Con- 


(5°) See (*). 
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sequently the rectangle function G(R) =G*(R) —(G*(R)—G(R)) also has a 
derivative a.e. in D. We shall denote the derivative of G(R) by D(w). 

3.14. Suppose T is B.V. B in D. Take any open set OCD. Since N(z, D- B) 
is now summable (cf. §3.11), it follows from (8), (9), (11), (12) that 


and hence also 
— Gs) 0. 


seDp;,8°CO 


By 3.5 it follows that D(w) and D*(w) are summable on O and 


2 <f N(z, O- B). 


In particular, it follows, for O=D, that D(w) is summable on D. If we apply 
the result in §3.5 to the rectangle function G*(R) —G(R), for O=D, then we 
obtain the inequality 


f form 0. 


Since obviously D*(w) —D(w) 20, it follows that D*(w) =D(w) a.e. in D. 


3.15. Lemma. Suppose T is B.V. B in D. Let E be a measurable set in the 
z-plane, such that N(z,D-B) =0a.e. on E. Then D(w) =0 a.e. on the set T(E). 


Proof. Since T(D) is a bounded set contained in a finite open disc A (cf. 
§3.6), clearly 7-'\(E)=T7-(A- E). Hence we can assume that £ itself is 
bounded. Take then a sequence of open sets O, such that 0,50; - - - DO, 
>---DE, |6,||E]. Put 7-(0,)=0,, T-\(E)=E. Then 
clearly 0:02 --- DIDE, and hence it is sufficient to show 
that D(w) =0 a.e. on I’. Using §3.14 we have 


ff2@ sf s ff ,0.-8) = ff 


sf 0-8) — f 0-8) = 0. 
On £ 


f f 20 = 0. 


Hence D(w) =0 a.e. on I’, and the lemma is proved. 
3.16. The preceding result implies various corollaries. 


Thus 
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Coro.iary a. If T is B.V. Bin D, and if E is a set of measure zero in the 
z-plane, then D(w) =0 a.e. on T-(E). 

b. If T is B. V.B in D, then D(w) =0 a.e. on T-'(A(D-B), + &)) 
(cf. §§3.12, 3.7). 

Coro.iary c. If T is B.V.B in D, then D(w) =0 a.e. on T-'(A(D-8), 0)) 
(cf. §3.7). 

3.17. Finally, let us observe that if T is B.V. B in D then it is clearly 
B.V. B in every subdomain of D. Corollary b, Corollary c, and the identity (7) 
imply therefore the following 


THEOREM. If T is B.V. B in D, then D(w)=0 a.e. on D—-B. 


3.18. Suppose T is B.V. B in D. Consider, in the z-plane, a finite-valued 
measurable function H(z). We cannot then assert that H(t(w)) is measurable 
in D, but we shall see presently that H(t(w))D(w) is measurable in D. 

Proof. Since T(D) is contained in a finite open disc A (cf. §3.6), we can 
restrict ourselves to consider H(z) in A. Since H(z) is measurable there, we 
have a sequence of continuous functions H,(z) in A such that H,(z)—H(z) 
on A—BE, where E is some set of measure zero. Put E= 7-"(E). The function 
H,,(t(w)) is continuous in D, D(w) is measurable in D, and hence our assertion 


will be proved if we can show that 


(13) H,(t(w))D(w) — H(t(w))D(w) a.e. in D. 


Now (13) holds a.e. on D—E, since there H,(t(w))—H(t(w)) and D(w) exists 
a.e. in D. On E, we have D(w) =0 a.e. by Corollary a in §3.16, and hence (13) 
holds there also. 

3.19. Assume again that T is B.V. B in D. Suppose Hi(z), H2(z) are finite- 
valued measurable functions in the z-plane, such that H(z) = H2(z) except on 
a set E of measure zero. Put E=7-1(E). Then the equation 


(14) H,(t(w))D(w) = H2(t(w))D(w) 


holds a.e. on D—E, since there H,(t(w)) = H2(t(w)) and D(w) exists a.e. in D. 
On E, we have D(w) =0 a.e. by Corollary a in §3.16 and hence (14) holds a.e. 


on E. Thus the equation (14) holds a.e. in D. 
3.20. Suppose now that T is A.C. B in D (cf. §1.23). By §3.1 it follows 
that T is also B.V. B in D. From §§3.13, 3.14 and §3.4 it follows then that 


-f N(z, O- B) 


for every open set OCD, in particular, for O=D. 
3.21. Now suppose that T is B.V. B in D, and that 


ABSOLUTELY CONTINUOUS TRANSFORMATIONS 


ff, -f N(z, D- B). 


We wish to show that T is A.C. B in D. 

Proof. Take any rectangle R such that R°CD. We have then a sequence 
{R;} of rectangles such that R, Ri, ---, R;,--- have no common interior 
points, and such that }/R?+R°=D, except for a set of measure zero. Using 
§3.14 we have then 


ff sf R’-8), Sf 2 sf fv, R‘-8), 
i 


and hence 
sffrer a+ 
<f N(z, D- B) fp. 


Hence the sign of equality holds throughout in the preceding relations. In 
particular (cf. §3.13), 


Sf 2 N(z, R°- B) = G*(R). 


This shows that G*(R) and hence G(R) (cf. §1.22) are absolutely continuous 
in D (cf. §3.1). Thus T is A.C. B in D. 


3.22. Lemma. If T is A.C. B in D, and if E is a set of measure zero in D, 
then T(E-B) is also a set of measure zero. 


Proof. Take a sequence of open sets O, in D such that 0:0: - -- DO, 
DE, |O,|-+0. Using §3.20, we have 


| B) | sf N(z, On- B) -f D(w) 0. 


On 
Hence | 7(0,-8)|—0. But 7(E-B)CT(0O,-B) for every n. Thus T(E-8) is 
of measure zero. 


3.23. CoroLiary. If T is A.C. B in D, and if E is a measurable set in D, 
then N(z, E-B) is measurable. 


This follows from §3.22 in view of §§3.10-3.12 and §3.20. 
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3.24. We assume now that T is A.C. B in D and we proceed to prove the 
transformation formula of §1.29. The proof is obtained in several steps. Let 
us first assume that H(z) is the characteristic function of an open set O in 
the z-plane, while the set E coincides with an open set O*C®D. If we put 
O=T-*(O), then obviously the transformation formula is equivalent to the 


formula 
D(w) -ff N(z, O-O*- B). 


By §3.20, this formula is correct, since O-O* is an open set. 

3.25. Suppose next that E is an open set O* CD, while H(z) is the char- 
acteristic function of a measurable set Z in the z-plane. Since T is a bounded 
continudus transformation, we can assume that Z is a bounded set. The 
function H(t(w)) is then the characteristic function of the set Z=7-1(Z). 
Take a sequence of bounded open sets O, in the z-plane such that 
0,50. --->0,.D--- |Z]. Let H,(z) be the characteristic 
function of the set O,. Then we clearly have H,(z)—H(z) a.e. Since | H,(2) | <1 
and since N(z, D-B) is summable, it follows that 


(15) ff H,(z) N(z, or H(z)N(z, O*- B). 


Put O,=T-(0,). Then H,(t(w)) is the characteristic function of O,. By a 


reasoning analogous to that used in §3.18, we see that H,(z)—H(z) a.e. im- 
plies that H,,(t(w))D(w)—H(t(w))D(w) a.e. in D. Since D(w) is summable in 
D and since | H,(t(w)) | <1, it follows that 


(16) f f H(t(w))D(w). 


By §3.24 we have, for every n, 


(17) f = ff 0*- 8). 


(15), (16), (17) imply the desired result. 

3.26. Suppose now that E is an open set O* CD, while H(z) is a bounded 
measurable function which takes on only a finite number of distinct values. 
Then H(z) can be written in the form C,H;(z)+C2H2(z)+ --- +CnHm(z), 
where Ci, - - - , C, are constants, and Hi;(z), - - - , Hm(z) are the characteristic 
functions of measurable sets. Thus the desired result follows directly from 
§3.25. 

3.27. Let E be an open set O* CD, while H(z) is a bounded measurable 
function, say | H(z)| <L. Then we have a sequence { H(z) } of functions of 
the type considered in §3.26, such that | H,(z)| <Z and H,(2)—H(z) a.e. in 


E 

‘ 
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a finite open disc A (cf. §3.6) which contains T(D). The desired result follows 
then from §3.26 by well-known theorems on termwise integration. 

3.28. Let E be any measurable set in D, while H(z) is a bounded meas- 
urable function. In D, take a sequence {0,} of open sets such that 
---D0,D --- DE, | On| Z|. Clearly then 


(18) f f f H(t(w))D(w). 


By §3.27 we have 


(19) Sf, H(t(w))D(w) -ff H(z)N(z, On: B). 


Put !'=[]0O,. Then obviously 
N(z,D- 8), 
N(z, On: 
— N(z, T-B) if N(z, D-B) < + 


Since the set where N(z, D-B)=-+ © is of measure zero, and since H(z) is 
bounded, it follows that 


(20) ff H(z) N(z, O,- B) —ff H(z)N(z, T- 


But |T—E| =0, and hence, by §3.22, we have N(z, (TC —£)-B) =0 a.e. Con- 
sequently 


(21) N(z, T-B) = N(z, E-B) ae. 
The desired result follows now from (18), (19), (20), (21). 


3.29. Let E be a measurable set in D, while H(z) is a finite-valued, meas- 
urable, and non-negative function. For every positive integer n, put 


H(z) if H(z) Sn, 
n if H(z) >n. 


H,(z) = 


By §3.28 we have then 


Since all the functions involved are non-negative, the desired result follows 
by the lemma of Fatou(*"). 

3.30. Let, finally, E be a measurable set in D, while H(z) is a finite-valued, 
measurable function, and such that one of the two integrals 


See (*). 
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(22) J [ ff H(z)N(z, E- B) 


exists. Then one of the integrals 


(23) Sf ff ve 2-8) 


exists also. By §3.29, both of these integrals exist then, and 


(24) Jf | = ff | £2. 


The existence of the integrals (23) implies, however, the existence of both of 
the integrals (22). If we put H*(z) =| H(z)| —H(z), then H*(z)20, hence 
§3.29 applies to H*(z) and we have 


(25) ff -{ H*(z)N(z, E- 8B), 


where the existence of these integrals follows from the preceding remarks. The 
desired result is now obtained by subtracting (25) from (24). 


CHAPTER IV. THE GENERALIZED JACOBIAN 


4.1. In order to establish the theorems stated in §§1.30—1.36, we need a 
sequence of lemmas, which we now proceed to consider. The transformation 
(cf. §1.13) 

T: iw), we D, 
will be fixed until further notice, and hence we shall delete the argument T 
from the notations introduced in Chapter I(5?). The essential set E, defined 
in $1.18, will play a fundamental part in the sequel. 

4.2. Given a rectangle R such that R®°CD, we shall denote by g:(z, R) the 
characteristic function of the set of those points z where v(z, R®°) 0 (cf. §1.31). 
We have then obviously 


(26) gi(z, R) S N(z, E-R°). 


Let us take now a subdivision(®*) of R into a finite number of rectangles 
Ri, - - - , Rm. The reader will easily verify that 


(27) > [W(z, E-Ri) — gx(z, S N(z, E-R") — gals, R). 


t=1 


See 
() A subdivision of R consists of a finite number of rectangles Ri, R2, +--+ , Rm without 
common interior points such that R= R,+R2+ --- +Rnm. 
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4.3. Given a rectangle R such that R°CD, we define g2(z, R) as the char- 
acteristic function of the set T(E - R®)—that is, of the set where N(z, E-R®) £0; 


we define g;(z, R) as the characteristic function of the set where x(z, R°) #0 
(cf. §1.13). We introduce then the rectangle functions(*) 


Gir) =f GR) = f f 2) =| 


GR) = f f els, 


In case N(z, E-D) is summable, we define 


G#(R) -f N(z, E-R°). 


In case x(z, D) is summable, we define 


G#(R) = f f x(z, R®). 


The derivatives of these rectangle functions, if they exist, will be denoted 
by D:(w), D2(w), D3(w), De*(w), Ds*(w) respectively. We define also a general- 
ized Jacobian 

F(w) = j(w)D2(w), 
where j(w) is the local index defined in §1.19. Since, except for a denumerable 
set, we have j(w)=0, +1, —1 (cf. §1.20), it follows that, except for a de- 
numerable set, | F(w) | <= D.(w) whenever D,(w) exists. 


4.4, Lemma. If T is B.V. & in D (ef. §1.23), then (i) D2(w) and D#*(w) 
exist a.e. in D, are summable there, and D,(w) =D*(w) a.e. in D; (ii) Di(w) 
exists a.e.in D and is summable there. 


Proof. The assertion (i) is a direct consequence of §3.14, with B=€. To 
prove (ii) we observe that integration of (27) yields 


G#(Ri) — Gi(Ri)) — G(R). 

This means that the rectangle function G:*(r) —Gi(r) is of type A (cf. §3.3). 
Thus G(r) is the difference of the functions G;*(r) and G(r) —Gi(r), each of 
which is of type A (cf. §3.13). Hence, by §3.3, the derivative D,(w) exists 
a.e. in D. Integration of (26) yields G:(R) SG*(R) and hence D,(w) D#*(w) 
a.e. in D. Since D;*(w) is summable in D, the summability of D,(w) follows. 


(*) The measurability of the functions involved in the following formulas follows from 
§§2.18, 2.22-2.30. 
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4.5. Lemma. If «(z, D) is summable, then the derivatives D.(w), D#*(w), 
D;(w), D#*(w) exist a.e. in D, are summable in D, and D2(w) = D#*(w) = D;(w) 
= D#(w) a.e. in D. 

Proof. Since N(z, E-D)<x(z, D) (cf. §§1.13, 1.18), it follows that 
N(z, €-D) is summable, and hence, by §3.11, it follows that T is B.V. E in D. 
In view of §4.4 it is sufficient to prove that D;(w), D*(w) exist and are equal to 
D.(w) = D#(w) a.e. in D. Now take any rectangle R such that R°C®D, and 
let Ri, Re, - - - , Rm be rectangles forming a subdivision(®) of R. We have then 


> x(z, R‘) = x(z, R’), 
i=1 
by §1.17. Integration yields (cf. §4.3) 


G#(Ri) S G#(R). 

t=1 
Thus G;*(R) is of type A (cf. §3.3), and hence D;*(w) exists a.e. in D. Consider 
again a rectangle R such that R°CD, and define (cf. §2.24) 

oi(2)= x(z, 5°). 
seDp;,2°C RO 

We have then, by §1.17, ¢;(z) S«(z, R®) Sx(z, D) and, whenever x(z, D) <<+ 
and hence a.e., $;(z)>N(z, E-R®). These last two relations guarantee term- 


wise integrability of the sequence ¢;(z) and we obtain 


(28) Gt f f ve = 


seDp;,8°C RO 


We have therefore, by §3.5, 


Sf. D#(w) S G#(R). 


Since this holds for every rectangle, and thus, in particular, for every square, 
in D, it follows that D#*(w) D#*(w) a.e. in D. Since clearly G-*(R) SG#(R) 
(cf. §4.3), we also have D*(w) = D#(w) a.e. in D. Hence D#*(w) = D#*(w) a.e. 
in D. Furthermore, since clearly G2(R) SG;(R) SG#*(R), the upper and lower 
derivatives (cf. §3.2) of G;(R) are comprised a.e. between D.(w) and D;*(w). 
Since we already know that D.(w) = D#*(w) = D;*(w) a.e. in D, it follows that 
D;(w) exists a.e. in D and is equal to D,(w) a.e. in D. Summing up, we have 
D#(w) = D#(w) = D2(w) = D;(w) a.e. in D, as asserted. 


4.6. Lemma. If T is A.C. E in D and if «(z, D) is summable, then 
D,(w) = D#¥(w) a.e. in D. 


(*) See (*). 
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Proof. Let R be a rectangle such that R°COD. Let us consider the auxiliary 
function 


a(z)= gilz,s). 


seDp; 


Clearly a;(z)<N(z, E-R°)Sx(z, D) and a;(z)—>N(z, E-R°), provided that 
D) <<+ Since x(z, D) is summable (and hence x(z, D) <+ © a.e.), it 
follows that the sequence a;(z) can be integrated termwise. Thus we obtain 


(29) Gil(s) —>G#(R). 


seDp; CRO 
The inequality g:(z, R) < N(z, E-R°) yields, by integration, 
(30) S G#(R). 
Since T is A.C. E in D, we have, by §3.20 and §3.14, 


(31) G#(R) = f J D#(w). 


Thus the rectangle function G,(R) has the following properties: (i) Gi(R) is 
absolutely continuous (by (30) and (31)); (ii) the derivative D,(w) of G(R) 
exists a.e. in D (by §4.4). In view of §3.4, these properties (i) and (ii) imply 
that 


(32) ff 


seDy 8° CR? 


(29), (31), (32) imply that 


ff 20 = pew. 


Since R is any rectangle in D, this equality implies that D,(w) = Ds*(w) a.e. 
in D. 


4.7. Lemma. If x(z, D) is summable, then | F(w)| =D2(w) a.e. in D (ef. 
§4.3). 


Proof. Since N(z, E-D) <x(z, D), it follows first, by §3.11, that T is B.V. E 
in D, and hence D,(w) and F(w) =j(w)D2(w) exist a.e. in D (cf. §§3.13, 4.3). 
Let now w be a point such that D2(wo) and (wo) exist and D2(w) ¥ | F(wo) | : 
Then surely D2(wo) #0 and j(wo)# +1. Except for points which belong to a 
set of measure zero, these conditions imply that w€E (since D.(w) =0 a.e. 
on D—€ by §3.17), and that w is not in N (since j(w) = +1 on N except for 
a denumerable set, by §1.20). Hence mC E—N. But T(E—N) is a subset of 
the set of those points z where x(z, D) = + © (cf. §1.18). This latter set being 
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of measure zero (since x(z, D) is summable), it follows by §3.16 that D.(w) =0 
a.e. on E—N. Since D2(wo) #0, the lemma follows. 

4.8. We assume now that TE K,(D) (cf. §1.32). Applying the theorem of 
§1.29 with B=€, we have the fundamental formula 


Jf -{ H(2)N(z, €-E) 


(where E is any measurable set in D and H(z) is any finite-valued measurable 
function) provided only that the integrals involved exist. We also know that 
the existence of one of the integrals involved implies the existence of the other 


(cf. §1.29). 

4.9. Assuming again that 7€K;,(D), let us consider a finite-valued meas- 
urable function H(z) such that H(t(w))¥(w) is summable in D. Since F7(w) =0 
a.e. on D—N (cf. §§1.18, 1.19, 3.16, 3.17), this means summability on the set 
N=NuitAruitNe (cf. §§1.20, 2.26). But Ns is denumerable (cf. §1.20). 


Hence, using §4.8, 


-ff H(sz)N(z, Nas) -f H(z)N(z, N-1) 


-f H(z) [N(z, Ni) N(z, N-1)]. 


By §2.30, N(z, Nui) —N(z, N-1) =v(z, D) a.e., and the theorem of §1.32 is 
proved. The theorem in §1.34 now follows directly by §2.21. 

4.10. Concerning the class K2(D), defined in §1.34, inspection of the lem- 
mas in §§4.5, 4.6, 4.7 yields the 


THEOREM. Jf TE K2(D), then 
D,(w) = D,(w) = D;(w) = D#(w) = D#(w) =| F(w) | 
a.e. in D. 


4.11. We proceed now to prove the closure theorem (cf. §1.35) for the class 
K:(D). Using the assumptions and notations of §1.35 let us take a Jordan 
region RCD. By assumption(®*) 


(%) Of course, tn(w) will be defined in ® only if n is sufficiently large. In the course of the 
proof, the subscript m refers to the transformation 7,. For example, €,= €(7T,, Da). 
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on ff | — Fa(w)|—0, 


and hence, a fortiori, 


t,(w) t(w) on 
33 


Thus (cf. §2.18) a.e. 
(34) N(z, T, E-R°) x(z, T,R) lim inf x(z, T,, R°) = lim inf N(z, T,, E,-R°). 
Using (33), §4.7 and §4.8, we have 


ff 6-99 = ff ff 


By the lemma of Fatou(*’), (34) and (35) imply that «(z, 7, R®) is summable, 


and 


If we apply this inequality to a sequence of Jordan regions which fill up D 
from the interior (cf. §1.13), it follows, by §2.18, and by the lemma of Fatou, 
that x(z, T, D) is summable, and 


(36) ff. 


Since «(z, T, D) is summable, it follows that T is B.V. E in D and by §§3.14, 
4.3 and (36) we can write 


SJ, F(w) | s f N(z, T, E-D) 


Hence the sign of equality holds throughout, and in view of §3.21 the theorem 


follows. 

4.12. We shall need the following well-known theorems in Lebesgue the- 
ory. Let E bea bounded measurable set in the z-plane. Let f,,(z), f(z) be sum- 
mable functions on E, such that f,(z)—f(z) a.e. in E. Let us say that the 


See 
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sequence {f,(z)} satisfies the condition U on E if, for every e>0, there exists 


a 6=46(€) >0 such that 
ffilnolse 


for every measurable subset @ of E such that | é| <6 (see de la Vallée Poussin 
[1]). Then the following statements are true: (i) we have 


for every measurable subset S of E if and only if the sequence {f,(z)} satisfies 
the condition U on E; (ii) we have 


Sf 


if and only if the sequence {f,(z)} satisfies the condition U on E. 
4.13. As an immediate corollary to the preceding statements, it follows 


that 


Jf, ff 


4.14. We proceed now to prove the theorem of §1.36. Using the notations 
and assumptions of that theorem, we first note that yu(z, T,, R)—u(z, T, R) 
a.e. in the z-plane. Indeed, this holds if z is not in T(R—®") (cf. §2.7), and 
we have | T(R—R°)| =0 by assumption. We note also that all the functions 
u(z, T,, R), w(z, T, R) are equal to zero outside of a conveniently chosen circu- 
lar disc (cf. §3.6). In view of §4.13 it is therefore sufficient to prove that 


ff | Ta, | T,%)|. 


Let E denote the set of those points w©®® for which ¢(w) is a point of 
T(R—R°). Since | T(R—R°)| =0 by assumption, it follows by §3.16 that 
F(w) =0 a.e. on E. Choosing H(z) as the function(**) sgn yu(z, T, R), and H,(z) 
as the function sgn u(z, T,, R), we have, for any fixed z not in 7(R—R°), the 
relation H,(z) = H(z) for large values of n (cf. §2.7). Thus H,(z)—>H(z) a.e. in 
the z-plane. But a much stronger relation holds. Indeed, let z be any point 


if and only if 


(*8) If a is a real number, then sgn a= +1, —1, 0 according as a>0, a<0, a=0. 
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not in 7(R—R*). Let ¥ denote a small closed circular disc which contains 2 
but contains no point of 7(R—R°*). Clearly we have an mo such that 
H,(2) = H(z) for z€Y, n>. From this we infer that, if z is not in T(R—R°) 
and if z,—z, then H,(z,)—>H(z), and hence 


(37) H,(t,(w)) > H(t(w)), if w not € E. 


Set 
If = f Fae) #(w)), 


Il! = f (Ha(ta(w)) — (20), 


Ii" = f — H(t(1)))F(w). 


Then clearly 


We have, since | H,| $1, 


hence J,’-+0 as a direct consequence of our assumptions. By (37) we have, 
since |H,—H | <2 and (w) is summable, J,/’->0. Since, by a preceding re- 
mark, =0 a.e. on E, we have =0. Thus 


By the transformation formula of §1.34 this relation yields directly 


ff 9) Heals, 7,90. 


This completes the proof, since by the definition of H,(z) and of H(z) we have 
H,(2)u(z, Ta, R) =| w(z, Tr, R)|, T, R) = | w(z, T, R)|. 


CHAPTER V. THE ORDINARY JACOBIAN 


5.1. In this chapter, we shall consider a bounded continuous transforma- 
tion T defined on a bounded domain D by relations of the form (cf. §1.8) 


T: x = x(u, y = y(u, 2), (u,v) E D. 
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We assume that the partial derivatives x,, x., Yu, Yo exist a.e. in D, and we 
denote the ordinary Jacobian by 


J(w) = J(u, v) = — 


5.2. Let wo =uo+ivo (cf. §1.8) be a point of D and let {sa} be a sequence 
of closed squares comprised in D. We shall say that the point w and the se- 
quence {s,} jointly satisfy the condition C({ sa}, wo) if the following facts 


hold: (i) each s, is an oriented square with center at wp; (ii) lim | sa| =0; 
(iii) J(wo) exists; (iv) if b, denotes the boundary of s,—that is, >, =s,—s§— 
and if we put 


— x(uo, 00) — (4 — uo) 902) — (v — V0) V0) | 
£(Sn, Wo) = max , 
(u,o)ed, — + (v — 


| (u,v) — y(uo, 20) — (4 — to) Yu(to, — (v — 20) V0) 


(u,o)ed,, [(u — um)? + (v — 09)? ]1/2 


n(Sn, Wo.) = max 


then lim &(s,, wo) =0, lim (sa, Wo) =0. 

5.3. Our assumption that xu, X», Yu, Ye exist a.e. in D (cf. §5.1) implies 
that, for almost every point wED there exists a sequence {s,} of squares 
comprised in D for which the condition C({s,}, w) is satisfied (see Radé [5, 
p. 219]). 

5.4. Consider now a point wp and a sequence {s,} satisfying the condition 
C({sn}, wo). Let us introduce the auxiliary affine transformation 


«= Vo) + — to) Vo.) + — 09) Vo), 
y = y(to, vo) + — Uo) ¥ulto, Vo.) + (Vv — V0) ¥o(Mo, V%), (u,v) D. 


By a wholly elementary reasoning(**), we obtain the following statements 
concerning the relation between T and 7. 

Let us denote by 2% the point 7(w:)=7(wo). I. Suppose, first, that 
J (wo) #0. For brevity, denote T(s,) by #,. Then #, is a parallelogram with 


(**) See, for instance Radé [1] for a full discussion of practically the same situation. 
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center at 2. Since T is an affine transformation, we have 
(38) | #.| =| (wo) || sn]. 


As a consequence of condition C({ sa}, Wo), there exist two parallelograms 
T,, Wn,’ each with center at 2 and each similar to 7, with respect to 2 (see 
Figure 1), for which the following statements hold. If ¢, denotes the closed 
strip bounded by the perimeters of 7,’ and 7,’’, and if 0, denotes the perimeter 
of s, then 


C 
lim | /| sa| = 0. 


Further, we have for large m (cf. §2.7) 


(39) 


sgn J(wo) if 
0 if z not 


(40) T, Sn) u(s, T, Sn) = { 


II. Suppose, second, that J(w) =0. Then 7(s,) reduces to a straight seg- 


Fic. 2 


ment /, with center at z. There exists a closed rectangle 7, with center at 2 
(see Figure 2) containing /, in its interior and such that 


C fa, 
lim | #,| /| sa| = 0, 
(42) u(z, T, Sa) = T, Sn) = 0 if not 


5.5. Consider now a continuous transformation TE K;(D) (cf. §1.37). 
For almost every point w€OD the following statements are true: (i) D:(wo), 
D:(wo) both exist, and D:(wo) = De(wo) (cf. §4.6); (ii) J(wo) exists (by assump- 
tion); (iii) there exists a sequence {sa} of squares such that the condition 
C({sn}, wo) is satisfied (cf. §5.3); (iv) wo is not in the subset of D—N where 
D.>0 (cf. §§1.18, 3.17, Corollary b in §3.16). Consider such a point wp. I. As- 
sume, first, that J(wo) #0. Then we have conditions as described in I of §5.4 
and pictured in Figure 1. It follows from (39) and from §2.21 that 


(41) 


(43) u(z, T, sa.) = v(z, T, ss) for a.e. z not E az. 
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From (40) and (43) it follows (cf. §4.2) that 


gi(z, T, Sn) = { 


1 ae. in 

0 ae. not in z,’. 

Hence (cf. §4.3) we have | ar, | | | and consequently 
(44) | —|on| <Gi(s,) <| +| on |. 


Using (38) in §5.4 and conditions (i) and (ii) described in this section, we find 
from (44) that D,(wo) = | J(wo)|, and hence 


(45) D2(wo) = | J (wo) |. 


Thus, in particular, De(wo) >0. In view of condition (iv) of this section, it 
follows that w€N. Consequently we have j(wo) =u(20, T, s,) for all  suffi- 
ciently large (cf. §1.19). But then, in view of (40) and (45) it follows that 


(46) F (wo) = J (w»). 
II. Assume, second, that J(wo) =0. Then we have conditions as described 


in II of §5.4 and as pictured in Figure 2. It follows from (41) and from §2.21 
that 


(47) T, = v(z, T, for a.e. 2 not 7p. 


Thus, from (42) and(47) it follows (cf. §4.3) that Gi(s,) S | 7,,| . Consequently, 
in view of (41) we have D,(w») =0. Using conditions (i) and (ii) of this section, 
we find that 


(48) F(wo) =0= J (wo). 


In view of (46) and (48) we have F7(w) = J(w) for every point w which satisfies 
conditions (i)—(iv) described at the beginning of this section. Since the set of 
points in D which fail to satisfy these conditions is of measure zero, the theo- 
rem in $1.38 is established. 

5.6. In order to prove the closure theorem stated in §1.41, we need the 


following 


LEMMA. Assume that the continuous transformation T (cf. §5.1) ts such that 
x(z, T, D) is summable and J(w) exists a.e.in D. Then D,(w) = | J (w)| a.e.in D. 


Proof. As a consequence of these assumptions, the following conditions 
hold for almost every point w€®D: (i) J(wo), De(wo), Di*(wo) exist, and 
D2(wo) = D#(wo) (cf. §4.5); (ii) there exists a sequence {s,} of squares such 
that the condition C({s,}, wo) is satisfied (cf. §5.3). Let wo be such a point. 
If J(wo) =0, the lemma is obvious. So assume that J(wo) #0. Then we have 
conditions as described in I of §5.4 and pictured in Figure 1. In view of (40) 
we have «(z, 7, s°)21 for z in (cf. §2.7): Consequently (cf. §4.3), for 
every n, 
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= T, 5.) =| >| #| —| on]. 


The lemma now follows by condition (i) above, and by (38) and (39) in §5.4. 

5.7. We prove presently the closure theorem for the class K;(D) stated 
in §1.41. In view of the closure theorem for the class K2(D) stated in §1.35 
it is sufficient to prove that TG K;(R°) for every rectangle RCD; for then we 
can infer from §1.38 that ¥7(w) =J(w) a.e. in D, and consequently the-closure 
theorem for the class K3(D) follows directly from the closure theorem for the 
class K2(D). 

Let R be any rectangle in D. Since F(w, T,,) = J(w, T,) a.e. in D (cf. §§1.38, 
5.5), we have, from the assumptions in the theorem, 


lim ff le T) — F(w, T,)| = 0, 


and hence 


(49) lim T,) | = ffl T) |. 


Furthermore (cf. §2.18), we have x(z, 7, R®°) Slim inf x(z, T,, R®). Now 
T,€K;(D,) and hence(®) 7,€K;(R°) for all ” sufficiently large. Thus it 
follows (cf. §1.37) that 


(50) x(z, T, R®) S lim inf N(z, Tn, E(T,, R°) for a.e. 


and, using (49), we have also 


(51) Tn, E(Tn, Dz) R) = ff ff | T)|. 


By the lemma of Fatou(*'), the relations (50) and (51) yield the summability 
of x(z, T, R®). Thus, by §5.6, it follows that 


(52) | J(w, T)| De(w, T) a.e. in 


Since the summability of x(z, T, R°) implies the summability of N(z, T, E-R%, 
it follows that T is B.V. E in D (cf. §3.11). Using §3.14, the lemma of Fatou, 
and the relations (51), (52), we have 


Sf T)| ff T) s ff T, E-R) sf T, R°) 


< lim inf ff Tx, E(Tn, R°) = ff T)|. 


(®) Note that R CD and consequently R C D, for all m sufficiently large. 
(*) See (#8), 
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Hence the sign of equality holds throughout. In particular, 


(53) f J Daw T) = f f N(z, T, E-R°), 
(54) f f N(s, T, E-R) = f f x(z, T, R). 


By §3.21, (53) implies that T is A.C. E in R®. Since we have N(z, T, E-R®) 
<«(z, T, R®), the relation (54) implies that N(z, T, E-R°)=x«(sz, T, R®) a.e. 
Thus TE K2(R°) (cf. §1.34), but since J(w, T) exists a.e. in D by assumption, 
we have TE K;(R°). 

5.8. Let us now assume that the continuous transformation T (cf. §5.1) 
satisfies a Lipschitz condition in D in the restricted sense described in §1.39. 
If s be any square comprised in D, then clearly 


(55) | T(s*) | < 


and hence, a fortiori (cf. §4.3), 
(56) G:x(s) =| T(E-s®)| < 


Thus obviously TE Ki(D) (cf. §1.32). By (55) however, it follows that T is 
A.C. D in D—that is, T is absolutely continuous with respect to D itself as a 
base set (cf. §1.23). Hence (cf. §3.11), N(z, T, D) is summable, and conse- 
quently the set of points s where N(z, T, D) = © is of measure zero. Conse- 
quently, for almost every point z it is true that J—‘(z) is a finite set, and 
therefore every essential maximal model continuum of z under T (cf. §1.16) 
consists of a single point. So N(z, T, E-D)=x(z, T, D) a.e. (cf. §1.18), and 
hence TE K2(D) (cf. §1.34). But, as a consequence of the restricted Lipschitz 
condition, the partial derivatives x., x», Yu, ¥» exist a.e. in D. So TEK;(D), 
as asserted in §1.39. 

5.9. Finally, suppose that the continuous transformation T (cf. §5.1) is 
such that xu, X», Yu, ¥» exist and are continuous everywhere in D, and that 
the ordinary Jacobian J(u, v) is summable in D. Take a sequence of Jordan 
regions ®,, which fill up D from the interior (cf. §1.13). Clearly T satisfies a 
restricted Lipschitz condition in § for every m and hence TEK;(R%) by 
§5.8. The closure theorem for K; (cf. §1.41), applied with 7, = T and D, = R8, 
yields immediately the fact that TE K;(D). 
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ON THE CLASSIFICATION OF THE MAPPINGS 
OF A 2-COMPLEX 


BY 
HERBERT ROBBINS 


1. Introduction. The continuous mappings of one complex into another 
may be classified in two essentially different ways. Two mappings are called 
homotopic if one may be deformed into the other, and the relation of homo- 
topy partitions the set of all mappings of a complex K into a complex T into 
disjoint subsets of homotopic mappings. This classification is possible for the 
most general spaces, irrespective of their combinatorial structure. The other 
way of classifying mappings is according to their homology behavior. Any 
mapping f of K into T may be deformed into a simplicial mapping, assigning 
to the vertices of each simplex of K the vertices of a simplex of T of the same 
or lower dimension, and affine in each simplex('). Such a mapping induces a 
homomorphism of the homology groups of K into those of 7, and of the 
cohomology groups of T into those of K, for each dimension r and coefficient 
group G. Two mappings which induce the same homomorphisms for each r 
and G may be called homologous, and the set of mappings of K into T may be 
classified by this relation. It is easy to show that if two mappings are homo- 
topic they are homologous. The converse is not true in general, but holds if K 
is an m-complex and T an n-sphere. This theorem is due to H. Hopf, and has 
been generalized by W. Hurewicz to the case where T is one of a more general 
class of spaces whose rth homotopy groups vanish for r<n(?). 

Mappings may also be classified according to the homomorphisms they 
induce of the fundamental group of K into that of T. Again, homotopic 
mappings induce the same homomorphisms. Under certain conditions, when 
T is an “aspherical” space, whose rth homotopy groups vanish for r >1, these 
classifications coincide, as shown by Brouwer and Hurewicz(*). 

Although in general homotopy provides a more finely graduated classifica- 
tion of mappings than combinatorial and group-theoretical methods, it is one 


Presented to the Society, September 6, 1938; received by the editors May 25, 1940. This 
paper contains the results of a doctoral dissertation accepted by Harvard University in May, 
1938. 

(*) See Alexandroff-Hopf, Topologie, pp. 314-319. 

(2) See Hopf, Commentarii Mathematici Helvetici, vol. 5 (1932), pp. 39-54, also AH, 
chap. 13, and Hurewicz, Proceedings, Akademie van Wetenschappen, Amsterdam, vols. 38-39 
(1935-1936) ; in particular, vol. 39, pp. 117-126. 

(?) See Brouwer, Mathematische Annalen, vol. 82 (1921), Hopf, Journal fiir die reine und 
angewandte Mathematik, vol. 165 (1931), pp. 225-236, and Hurewicz, loc. cit., vol. 39, pp. 215— 
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of the objects of combinatorial topology to give combinatorial conditions 
which will be sufficiently strong to ensure homotopy. In all cases where 
such conditions have been given heretofore, with the exception of some re- 
cent work by H. Whitney(‘), the space T is assumed to be simply-connected, 
or the higher dimensional homotopy groups are assumed to vanish. It is the 
object of this paper to give combinatorial methods which shall be adequate to 
classify the mappings of a 2-complex K = K? into a perfectly general space T. 
The results of the present paper give necessary and sufficient conditions for 
the homotopy of two mappings of a 2-complex into a space T; these involve 
the use of chains in K with coefficients from the fundamental group and 
2-dim. homotopy group of T, and are given in Theorem 4. 

The author wishes to express his deep indebtedness to the work of Whit- 
ney mentioned above for the stimulation of his interest in this subject. With- 
out the help of Professor Whitney’s many suggestions and constant counsel 
and encouragement this paper could not have been written. 

2. Coboundary and product of chains. By the coboundary 6o* of an n-sim- 
plex o"=xox; - - - X, we mean the set of all (m+ 1)-simplexes which have it 
as an n-face, with orientations determined by --- x, = > 
where the summation is over all vertices x of K such that xxox; - - - x, is an 
(n+1)-simplex of K(5). A chain is a cocycle if its coboundary vanishes, and 
two cocycles are cohomologous if their difference is a coboundary. 

Let the vertices of the complex K be given in a definite order, and 
suppose that x,;x;--- x: is positively oriented when i<j<--- </. Let 


xi, and xi, be r- and s-chains re- 
spectively. Then by their product AU B* we mean the (r+s)-chain(°) 


The coefficients a and 8 may be from a group or from any system for which 
an operation af is defined. 

3. The space 7 and its covering space. Let P be a fixed point of the space 
T(7). The paths Pp from P to the points p of T define the points of the cover- 
ing space T. Two paths are equivalent if they have the same endpoint and 
if one may be deformed into the other leaving the endpoints fixed ; equivalent 
paths define the same point of T, which is topologized in the usual way, by 
letting a neighborhood of a path consist of all paths which are continuations 


(*) Unpublished; classifying mappings into projective spaces. Many of the methods used 
in this paper have been used in the present work. See also S. Eilenberg, Annals of Mathematics, 
vol. 41 (1949), pp. 231-251, for references to work of Pontrjagin and Freudenthal. 

(5) See Whitney, three papers in Duke Mathematical Journal, vol. 3 (1937); especially 
pp. 51-55. 

(*) See Whitney, Proceedings of the National Academy of Sciences, vol. 23 (1937), pp. 285- 
291; especially p. 286. 

(7) It is usual to assume that T is connected and locally 0- and 1-connected. 
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of it within a given neighborhood of its endpoint. We shall denote by ® the 
function which assigns to each point of T the endpoint of a path which defines 
it; then ® maps T onto T. A path (or rather, a class of equivalent paths) with 
endpoint p will be said to lie over the point p, and may be denoted by 4, 
the subscript denoting the particular path from P to p which defines it. We 
denote the “point-path” which lies over P by P. 

Let S be a simply-connected space (that is, one whose fundamental group 
vanishes) with a fixed point s, and let f map S into T with f(s) =P. Then there 
is a mapping f of S into T with f(s) = P, defined as follows: choose a path sx 
in S from s to x, and let f(x) be the path in T (i.e., point of T) defined by f(sx). 
Since S is simply-connected, this is independent of the particular path chosen. 
We call f the mapping induced by f. Clearly, f =f. Conversely, let F be a 
mapping of S into T with F(s) = P; then f= ®F is a mapping of S into T with 
f(s)=P such that f=F. Let f, and f, be two mappings of S into 7, with 
fils) =fe(s) =P; then f; and fe may be deformed into each other, keeping s 
at P, if and only if f; and f, may be deformed into each other, keeping s at P. 
Thus the homotopy-classes of the mappings of S into T are put into one-to- 
one correspondence with those of S into T, with s at P or P respectively. 

Let S§ be the unit 2-sphere in Euclidean 3-space, with a south pole Pp. 
The homotopy-classes of S$ into T with Py going into P are the elements of 
the 2-dimensional homotopy group m2(T)(*). By pushing away from Py it is 
clear that each elemént of 72(7) may be represented by a mapping in which 
each point of S$ goes into P, with the exception of a small 2-cell whose bound- 
ary goes into P and whose interior is mapped into T as though it werea 
2-sphere corresponding to S$. Clearly, this patch may be pushed over S? into 
any position. If the element h of 72(T) is defined by the mapping f, we write 
h=hy;. The sum hy, +hy, of two elements of 12(7) is defined by a mapping of S$ 
into T which carries each point of S$ into P, except for two disjoint patches, 
one of which is mapped by f; and the other by fe. Since the position of the 
patches is of no consequence, 72(7) is seen to be an abelian group. By the 
preceding paragraph, m2(7)~+22(7T), where the isomorphism is defined by 
letting each mapping f correspond to its induced mapping f. 

Let G be the fundamental group of T, with unit element 1. We shall define 
an operation gh, where g is any element of G and h is in m2(T), such that gh 
is in 72(7T) and the laws 


(3.1) = (gige)h, 
(3.2) ih = h, 
(3.3) g(hi + he) = ghi + ghe 


(*) For homotopy groups, see Hurewicz, loc. cit. S} may be replaced by any homeomorphic 
set, with a fixed point and a chosen orientation. 
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hold. The definition of gh; is as follows: let a circle rise from Pp» to the equator 
as ¢ goes from 0 to 1; map this 1-cell of circles into the points of a path T 
in T defining g, each circle C; going into the corresponding point I’, of T, and 
map the upper hemisphere of S$ into T by f. The resulting mapping defines 
gh;, and the three properties stated are easily verified. 

If a fixed mapping f defining hy; of 72(T) carries another point P* into P 
also, we may regard P* as the fixed point of S$ and get another element hy. 
More precisely, we may consider the mapping f* of S$ into T obtained by first 
rotating S¢ to bring P* to Py and then mapping by f. Suppose f maps a path 
P,P* into g of G. Then 


(3.4) hy = 


This is clear if we consider the induced mappings f and f* into T. For under f, 
a point x of S$ is mapped into a path f(Pox), while under f* it is mapped into 
a path which is equivalent to the path g-'f(Pox). This fact may be used to 
give a simple geometrical proof of (3.3). 

Suppose f maps S¢ into 7, defining the element h of 72(T), in the following 
manner: a small 2-cell ¢ goes into P, and a path P)P* from P, to the boundary 
of o goes into the element g of G. Then if we replace the mapping of o by one 
which (regarding o as a 2-sphere) defines the element h’ of 12(T), the resulting 
mapping of the whole of Sj defines an element H of 72(T), and 


(3.5) H=h+ gr. 


For regarding P* as the fixed point of S$ shows that g-'H =g—'h+h’ by defini- 
tion of the sum of two elements of 72(7), and going back to P» (i.e., applying 
g) gives the desired equality. 

We shall have occasion to regard the boundary dE? of a 3-cell E* asa 
2-sphere, and a mapping of 0E* as defining an element of 72(7). This is com- 
pletely specified as soon as we have chosen a particular point of 0E* as the 
fixed point; the particular homeomorphism of 0E* with S?} which defines the 
element of'72(7) may be set up by placing the 3-cell inside S$ and projecting 
from the center of S$ so that the point chosen as the fixed point of 0E* goes 
into Py». The precise manner in which this is done is immaterial, since we are 
concerned only with homotopy invariants. 

Suppose E}=xox1xexs and E3=yoyry2ys are two 3-cells whose boundaries 
are regarded as 2-spheres with fixed points x» and yo respectively, and suppose 
fi and fe map Ej and E} into T with fi(xo) =f2(yo) =P. Then two elements hy, 
and of are defined. Now suppose that the 2-cells xox:x2 and yoy1ye 
are congruent, with x; corresponding to y;, and that f; on x9x1x%2 coincides with 
fe on yoyxy2 under this congruence. Then we may form a 2-sphere with fixed 
point x» by placing Ej and E} together, bringing x; into coincidence with y; 
(«=0, 1, 2) and dropping out the 2-cells xox:x2 and yoyrye. Denoting the ele- 
ment of 12(7) thus defined by h, we have(*) 
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(3.6) hy + 


For h;,+hy;, is defined by a mapping homotopic to that defined by h, except 
that there are two 2-cells adjacent along an edge, and such that the mapping 
of one is the reflection of the mapping of the other in this edge. This patch 
may be eliminated by a simple deformation, which proves the above relation. 
(3.6) also holds if the 3-simplexes E? are replaced by 3-cells, with mappings 
coinciding along congruent 2-faces. 

Let G be a group (not necessarily abelian) with elements g and operation 
£1g2 =gs. By the group ring G we mean the set of linear forms )\a.g;, where the 
a; are integers, and only a finite number of terms appear. We assume the laws 


(3.7) (a + b)g = ag + bg, 

(3.8) a(bg) = (ab)g. 

Then G is a ring, where + is defined as formal addition, and - by the law(?*) 


We now assume that G operates on the abelian group H, i.e., that a multiplica- 
tion gh is defined, where gh is in H, and the laws (3.1) to (3.3) are satisfied. 
If we now define 


then G will be a ring of operators on H, the laws (3.1) to (3.3) remaining valid. 
In future applications, G will be the fundamental group of T and H will 
be 

Let the fundamental group G of T be given by a set of generators gi, go, - - - 
and a set of relations R;, Re, - - - . Any product of elements of G may be called 
a word, and any word may be written as a product gf'g5" - - - g$” of the genera- 
tors. For each element g of G we choose a fixed representation as a product 
of the g;, and call this the normal form for g. Any product of the g; which 
equals 1 may be shown to do so by using a succession of the relations R,, 
together with the trivial relations gig7'=g7"'g:=1; for each product we choose 
a definite manner of doing so. For each generator g; we choose a definite path 
o;in T determining it; if g=gf' - - - g>? in normal form, we choose as the defi- 
nite path determining it the path of" - - - o3?. Then each relation says that a 
certain path may be shrunk to a point. If the path is @=o{' - - - o?, then if 
the 1-sphere S’ is mapped over @, this mapping may be extended throughout 
the interior R?—S’ of S’. We choose a definite manner of doing this; then to 
each R; corresponds a mapping ¢; of R? into T, defining the (singular) 2-chain 


(*) We suppose the 2-spheres are oriented like A(xexixexs), and A(xoxixexs 


yoyiyeys)- 
(#9) See K. Reidemeister, Mathematische Annalen, vol. 112 (1936) for a similar use of G. 


[March 


1941] MAPPINGS OF A 2-COMPLEX 313 


C;=¢;(R?) of T, with boundary }\a,o;. Likewise there exist the induced 
mappings ¢; of R? into 7, and the chains C;=¢;(R?). 

4. The complex K; standard mappings. Let K be a connected, simplicial 
complex with vertices x; which are ordered in a definite manner according to 
their subscripts: x; <x2<x3< - -- . We assume that the simplexes x;x; - - - x; 
are positively oriented if i<j<--- <i. 

Let f map K into T. We call f normal over K'—the 1-dim. part of K—if 
it maps each vertex x; of K into the fixed point P of T, and each 1-cell x,x; 
into an element of' - - - ¢* of G in normal form, with the convention that the 
normal form for the path defining the unit element of G is the “point-path” P. 


LEMMA 1. Any mapping f of K into T may be deformed into a mapping nor- 
mal over K". 


The required deformation is obtained by first bringing all the vertices to 
P, then extending the deformation through the rest of K, then deforming the 
mapping so that all the 1-cells are in normal form and extending the deforma- 
tion through K, using a simple lemma on such extensions("*). 

Let f be a mapping of K into T, normal over K'. Then we may define a 
mapping f° of K”(®) into T, coinciding with f on K"’, and defined in the 2-cells 
of K as follows: running around the boundary of a 2-cell o? of K defines three 
elements of G, each in normal form; there is a corresponding definite deforma- 
tion of their product to P (since this is equivalent to the existence of an ex- 
tension of the mapping defined on the boundary of o? throughout its interior) 
using the R;, and corresponding mappings into T. Thus we define f° through- 
out the interior of o”, giving f°(o?) =)_a;C;. A mapping f which coincides with 
the mapping f* thus determined throughout a 2-cell o? we shall call standard 
over o?; a mapping which is standard over each 2-cell of K we shall call stand- 
ard (note that if o=x:xjx,, 1<j<k, the three elements of g are, in order, 
g(xix;), and g-(xixx).) 

5. An example. In this section we shall illustrate the concepts defined in 
the preceding pages by choosing a particular space T= “torus with patch,” 
defined as follows: choose a definite simplicial subdivision of the torus, and 
adjoin to it another 2-simplex A whose boundary only is identified with that 
of a congruent 2-simplex of the torus. Intuitively, this space corresponds to 
an inflated inner tube with a small patch cemented to the tube around its 
edge. The fundamental group G of this space has two generators, g; and ge, 
with the single relation 


(R) 8182 = £281. . 


The elements of G may be represented by ordered pairs of integers (a, a), 
with the law of addition given by (ai, a2) = (81, B2) = (a1 + Bi, a2 + Be). 


(#) See Whitney, loc. cit., in note 5, pp. 52-53. 
(#) K”’ is the 2-dim. part of K. 
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We choose paths o; defining the g; as two circles on the torus; then correspond- 
ing to the relation (R) we have the fact that if the boundary of a 2-cell o? 
be mapped into the path o,+02:—0,—o2, this mapping may be extended 
throughout the interior of o?. It is natural to choose as the corresponding 
definite mapping of the interior of the 2-cell into T the mapping into all of T 
except the patch; i.e., into T7—A, as though T were simply a torus. 

Each element of G is of the form (a:, a2), where the a; are positive, nega- 
tive, or zero; we choose as the normal form for such an element the path which 


Fic. 1 


first runs around o,q; times, then around o2a times (in the positive or negative 


senses, according to the signs of the aj). 
If f is a normal mapping of the boundary of a 2-cell x;x;x; into T for which 


g(xix;) = (a1, as), = (81, Be), = (Y1, Y2) 


are the elements of G into which the 1-cells of x;x;x; are mapped by f, then 
the necessary and sufficient condition that f may be extended throughout the 
interior of x;x;x, is that 

a+ = 11, ae + Bo = 72. 
(This will be the case if f is derived from any mapping of K into T normal 
over K', and x,x;x; is a 2-cell of K.) As our definite manner of deforming the 


boundary of x;x;x; to P, we choose the following sequence of equalities in G, 
using the trivial relations and (R): 


+ + + Boo, = + (a2 — 1)o2 + o2 + 01 + (81 — 1)01 + 
— + (a2 — 1)o2 + 01 + o2 + (81 — 1)01 + 
— +++ —> (a1 + Bilor + (a2 + B2)o2 = yi01 + 


In Figure 1 we indicate the corresponding mappings of the interior of x,x;x, 
into T for two cases: : 
(a1, a2) (1, 3), (B1, Bs) (2, 2); (a1, 2) (2, 1), Bs) (- 1, 2). 


The general situation is then clear. Note that in the resulting subdivision of 
xix, each small 2-cell is mapped either into +o; or into T—A, but in no 


1 
1 
1 
2 
2 
2 
2 
ri 2 2 
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case does a point of x;x,;x; lie in A. This gives the definition of standard map- 
ping for this example. 

The covering space T of T is the plane, ruled off into congruent rectangles 
as in the case of the torus alone, except that here each rectangle has a small 
patch like that of T. We may number each rectangle with a double subscript, 
and denote the parts of each rectangle by the symbol denoting the correspond- 
ing part of 7, with a bar above and a double subscript: 


T, A, P;; P(*). 
The nature of 72(T) follows from the 


LEMMA 2. Let W be a simply-connected space with fixed point P, and let S? 
be a 2-sphere. By W+S? we mean the space obtained by identifying a single 
point of S? with P. Then ts isomorphic with m2(W) +I, where Ig is 
the additive group of integers. 


Proof. Let f be a mapping of the 2-sphere S$ subdivided simplicially into 
W-+S? with f(Po) =P. The subdivision may be chosen so that each 2-cell 0% 
of S? is mapped into either W or S? but not both. We may deform f so that 
all vertices of S$ lie at P, and since W+ S? is simply-connected, we may further 
deform f so that all the 1-cells of S$ lie at P. A further deformation will now 
be made. Consider any 2-cell o? of S$; its boundary is mapped into P. We 
deform f in ¢? by shrinking o? into a smaller 2-cell lying within the original o?, 
mapping this small 2-cell just as f mapped o?, and mapping the region between 
the original boundary of o? and the new 2-cell into P. Clearly, this may be 
done by a deformation of f in o?. Proceeding in this way we deform f in all 
the 2-cells of Sf, so that all of Sj is mapped into P, except for a number of 
small islands, each of which is mapped either into W or into S?. We may now 
push all the islands which go into W around 5S; so that they lie in one hemi- 
sphere, and all those which go into S*so that they lie in the other, and so that 
the equatorial circle which separates the two classes goes through P» and is 
mapped into P. The resulting mapping defines an element of 72(W) and one 
of 72(S?), which is isomorphic with Jo. Thus, to each mapping f defining an 
element of 72(W+S?) corresponds a pair of mappings fi, fe of m.(W) and 
m2(.S?) respectively, and this correspondence is the desired isomorphism. This 
completes the proof. 

Now consider a mapping f of S$ into T=torus with patch, and the corre- 
sponding induced mapping f of S? into T=the covering space of T. Since S? 
is compact, we can drop all but a finite block of fundamental regions T;; from 
T without affecting f. The remaining space may be constructed by the addi- 
tion of fundamental regions to each other a finite number of times, and the 
lemma gives the result expressed in 


(8) We remark that x2(7) and x2(T) are not altered if we pull the boundary of the patches 
to single points, so that each becomes a 2-sphere touching the rest of the space at a single point. 
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THEOREM 1. The 2-dim. homotopy group 12(T), where T =torus with patch, 
is isomorphic with the direct sum }.°Io, where the elements of >,°Io are infinite 
sequences of integers, only a finite number of which differ from 0. 


To bring out clearly the effect of G operating on m2(T) we may represent 
the elements of G by ordered pairs of integers g = (a1, a2), and the elements of 
m(T) by matrices h=||a;;||; then gh is the matrix obtained from h by a shift 
of a; places horizontally and ay places vertically. 

An intuitive interpretation of the element a;; in the matrix of the element 
h of m2(T) corresponding to the mapping f of S? into T may be given as fol- 
lows: only a finite number of fundamental regions 7,; will contain images of 
points of S?. Cut T along a rectangle containing all of these, and draw rays 
from the center of the patch A,;. By pushing along these rays we may alter 
f so that all points of S% go into points of the little 2-sphere formed by the 
patch A,; and its underlying simplex, while all points which were originally 
mapped into points of this 2-sphere remain fixed. (For this purpose we may 
identify all patches other than A,; with their underlying simplexes.) Then we 
have a mapping of S$ into a 2-sphere, and its degree in the ordinary sense will 
be precisely a;;. This may be interpreted roughly as the number of times S$ 
covers the small 2-sphere, or, equivalently, as the number of times the patch 
A;; is covered by the mapping f of 53. 

The reader may-find it profitable to consider the details, similar to those 
we have given, for the case where T is the topological product of three circles, 
or where the fundamental group of T is isomorphic with the additive group 
of integers modulo n. 

6. Normal mappings; the degree of a mapping. We return to the case of 
an arbitrary space T. 

The first vertex of a cell of a complex whose vertices are ordered as in §4 
will be called its leading vertex. It is not true that any mapping of a complex K 
into T may be deformed into a standard mapping. But we may alter standard 
mappings on each 2-cell near its leading vertex so that the resulting class of 
mappings is perfectly general in the sense of homotopy. We do this as follows: 
let f° be a standard mapping of x;x,;x, into T. Deform f°, keeping the boundary 
fixed, so that a small 2-cell inside x;x;«, and touching the boundary only at x; 
goes into P. Now replace f° on this 2-cell by a mapping which defines an arbi- 
. trary element of 72(T). The resulting mapping of x;x,x; into T will be called 
normal over x;x;x,. If a mapping is normal over all the 2-cells of K it will be 
called normal. The following lemma holds: 


LEMMA 3. Any mapping f of K into T may be deformed into a normal map- 
ping. 

Proof. First we may deform f into a mapping normal over K', by Lemma 
1. Now consider any 2-cell o? of K. Make another copy of a? and define on it 
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the standard mapping f* which coincides with f along the boundary of o?, 
altered so that a small 2-cell near x; goes into P, as above. Join the two 2-cells 
along their boundaries, and consider the resulting mapping ¢ of the 2-sphere 
thus formed into T. The boundary of the small 2-cell divides the 2-sphere 
into two parts, and itself goes into P, so that the element of 72(T) thus de- 
fined, taking x; as the fixed point of the 2-sphere, is the sum of two elements, 
one of which may be chosen at pleasure. By choosing it properly, we can 
make the resulting mapping homotopic to 0. This is equivalent to saying that 
¢ may be extended throughout the interior of the 2-sphere, or that the map- 
ping f may be deformed into a mapping normal on o”, leaving the boundary 
of o? fixed. Thus we may deform f over each 2-cell of K until it is normal. 

The element of 72(7) by which the standard mapping f* must be altered 
to give a mapping deformable into f on x;x;x, will be called the degree of f on 
xx;xx, and denoted by d;(x;x;x,). This is simply the negative of the element 
of 72(T) defined by f® unchanged and f when the boundaries are identified as 
above. Clearly, if f is already standard on x;x,;x;,, then d;(x:x;xx) =0, so that 
the degree of a mapping on a 2-cell is a measure of its deviation from the cor- 
responding standard mapping. 

Let E*=xixj;x,x, be a . an of K, and let f map the boundary 
Oxixjx,x,0f E* into T, with the leading vertex x; going into P. Then f defines 
an element of 72(7) if we regard dE as a 2-sphere with fixed point x;. We 
shall denote this element of 72(7) by D;(@E*) and call it the degree of f on 0E*. 


Suppose f is normal over 0E* and f° is the corresponding standard mapping. 
We wish to find a relation between D;*(9E*) and D,(@E*). The mapping f is 
obtained from f* by replacing in each 2-cell of 0E* a small piece going into P 
by one which defines an element of 72(T). The following theorem is an im- 
mediate consequence of (3.5): 


THEOREM 2. If E*=x;x;x,x, is a 3-cell of K, and f is a normal mapping 
of into T, then 


D@E*) = Dp(GE*) — xix + 5x1) 


6. 
(6.1) — + 


where g(xix;) is the element of G into which f maps x;x;. 


7. An extension theorem. Let f be a normal mapping of the subcomplex 
K* of a simplicial 3-complex K into T; that is, all vertices x; go into P, all 
1-cells x;x; into elements of G in normal form, and all 2-cells of K* are mapped 
normally. We wish to find conditions that f may be extended throughout all 
of K. First, when may f be extended throughout all the 1- and 2-cells of K? 
Let o?=x,x;x; be a 2-cell of K; then if x,x;, xjxx, and x;x, are mapped into the 
elements g(x;x;),etc., of G, the necessary and sufficient condition that this map- 
ping may be extended throughout the interior of o? is that g(x,x;) - g(xx;,) 
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-g~'(xix,) =1, or in other words, that running around the boundary of a? de- 
fines the unit element of G. It is easily seen that neither the sense nor the ini- 
tial point of the circuit matters for this purpose. Thus, if we define the 
coboundary 6A' of the 1-G-chain 


(7.1) Al = g(xix,) xix; 

to be the 2-G-chain 

(7.2) A? = xix 
where 


then the necessary and sufficient condition that f defined on K* may be ex- 
tended throughout all the 2-cells of K is that a 1-G-chain A} of K of the form 
(7.1) exist such that 6A} is a 2-G-chain each of whose coefficients is 1, where 
g(x:x;) is defined by f on those 1-cells x;x; which belong to K*. A 1-G-chain of 
K whose coboundary vanishes in this sense will be called a cocycle; then our 
condition is that the 1-G-chain 


(7.4) Ay = g( xix; 


summed over all x;x; in K* be part of a cocycle A}; i.e., that elements g(x;x;) 
may be assigned to the 1-cells x;x; in K —K* so that the chain (7.4) then be- 


comes a cocycle. We shall return to this matter of chains with coefficients from 
a non-abelian group in §9. 

Now we assume that f has been defined throughout all the 2-cells of K; 
when may it be extended throughout all the 3-cells? Let E*=x,x;x,x; be such 
a 3-cell; regard its boundary as a 2-sphere with fixed point x;. Then f may be 
extended throughout the interior of EZ? if and only if 


(7.5) D,(@E*) = 0, 
and f may be extended throughout all the 3-cells of K if and only if C* = 


> D,(aE*)E* = 0, where the summation is over all 3-cells x;x;x.x, of K. By 
equation (6.1) we have 


(7.6) 
— + | xix 


We shall now consider the meaning of the first term on the right side of this 
equation. 

As usual, let G be the fundamental group of T and m,(T) the 2-dim. 
homotopy group. We shall define a new sort of operation g; © gz on the ele- 
ments of G giving standard mappings of 2-cells into 7, and an operation 
£1 O ge O gs giving elements of 2(T): 
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(a) gi: O ge is the standard mapping of a 2-cell x;x;x; into T defined as fol- 
lows: map x;x; into g, and xx; into gz; then the uniquely determined standard 
mapping of x;x;x; into T will be denoted by gi © ge. 

(b) Let ¢=g: 0 ge be a standard mapping of xix, into T; then by 
© gs=(gi O ge) O gs we mean the standard mapping of Ox,x;x,x, into T de- 
termined by mapping x,;x;x; into T by ¢ and x,x; by gs. We may omit paren- 
theses and define g; © gz © gs to be the standard mapping of 0x;x;x,.x; into T 
defined by mapping x,x;, xjxx,, and x,x; into gi, ge, and gs respectively. This 
mapping is uniquely determined. For knowing g(x:x;) and g(xjxx) gives 
g(x:x,), defining uniquely the standard mapping on x;x,;x;, and likewise for 
the other faces of x,x;x,x,1. Since each standard mapping of 0x,x;x,x,; into T 
determines uniquely an element of 72(T) we may regard the operation o when 
applied to three elements of G as giving an element of 72(T)("). 

Now let us return to (7.6). As before, let 


summed over all x;x; of K be the cocycle of which Aj is a part; then 


(7.8) D> = Ai U A 


where the multiplication of elements of G is understood in the sense just de- 


fined. 
It remains to investigate the second sum of (7.6). We may write 


— dj jar) + — + 
(7.9) = — + — + 
+ (g(xix;) — 


where (g(x;x;) —1) is an element of G. Let 
(7.10) Ai = dp xix jas) xix jan, 


(7.11) As = — 


where the summation is over all 2- and 1-cells of K, respectively. Then from 
(7.6), (7.8), and (7.9) we have 


(7.12) C +84, Ay 
This proves 


THEOREM 3. Let K* be a subcomplex of K = K* and let f be a normal mapping 


(#*) Perhaps the main difficulty of the classification problem is that of determining this 
multiplication in any concrete case. 
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of K* into T. Necessary and sufficient conditions that f may be extended through- 
out K are 

(i) that Aj be part of a cocycle A}, 

(ii) that the 2-chain A? with coefficients from m2(T) exist such that AXUA}UA} 
+6A?+A3UA?=0, 
where 


1 
summed over all x;x; of K*, 
2 


summed over all xix jx, of K and such that d;;,=d;(x:xjx,) whenever x;x jx, is in 
K*, and 
1 1 
A;= (g(xix;) — = Ay — 


where I'=)-1-x:x; summed over all xix; of K. 


Note that in A}UA{UA} the “product” of elements of G is either a stand- 
ard mapping or an element of 72(7), while in A}\VAj the elements of G are 
operators on 72(T). 

8. The classification. Let K be a 2-complex and let f' and f? be normal 
mappings of K into the space T. Let K XJ be the product-complex of K with 
the unit interval; then f' and f? are homotopic if and only if there exists a 
mapping F of K XI into T such that F(x, 0)=f'(x) and F(x, 1)=f?(x). In 
this section we shall specialize the result of §7 to the case where K*= K? XI, 
and where F is defined on K X0+K X1 by f! and f? respectively. 

We may subdivide K XJ into cells of the form o}XJ, where the o} are the 
cells of K. If in particular K is of the form considered in §4, we shall orient 
K XI as follows: the orientation of K X0 and K X1 shall be as in K, with cor- 
responding vertices y; and z;. The 1-cells y,z; shall be positively oriented in 
that form. Orientation of the 2-cells x;x«;XJ shall be such as to put yxy; on 
the boundary of x;x; XJ in the positive sense, and the oriented 3-cell xxx, XI 
shall have y,yjyx on its boundary in the positive sense. Of course, K XJ as 
defined is not a simplicial complex; it may be simplicially subdivided, and we 
shall do this later. 

When may F as defined above be extended throughout all the 2-cells of 
K XI? The remaining 2-cells are of the form x;x;XJ. Clearly, the necessary 
and sufficient condition is that elements a; of G exist such that 


(8.1) (ai) = 1 


for all i<j such that x,x; is a 1-cell of K, and where fy and fj are respectively 
the elements of G into which f! and f? map x;x;. We may write this in the form 
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(8.2) fis = 

We shall call two 1-G-chains C'=)0g,;«;x; and C?=)-hi;«ix; cohomologous if 
elements a; of G exist such that 

(8.3) = ja5", 

and write C'~C?; this reduces to the ordinary definition if G is abelian. It is 
natural to write A}/A}=6A?° if A} and A} are so related, where 

(8.4) A® = 

The 0-G-chain A® is uniquely determined, if K is connected, when the coeffi- 


cient of any vertex is assigned. 
We may now assert that F as defined may be extended throughout all the 


2-cells of K XJ if and only if 


(8.5) Ais Ay or = 


where 
1 1 1 2 0 

(8.6) Aj = Dd Ag => Dd A= 

Let us now suppose the extension throughout the 2-cells xx; X J made in 
a normal manner; when may we extend the resulting mapping throughout the 
3-cells x;x;x, XI? The boundary of the 3-cell E*=x,x;x, XI may be regarded 
as a 2-sphere with fixed point y;, and the normal mapping of it defines an ele- 
ment Dr(GE*). The necessary and sufficient condition that this mapping may 
be extended throughout the interior of E* is that Dr(@E*) =0, from which it 
follows that the n. and s. condition that this be possible for all the 3-cells of 
KX1I is that 
(8.7) > Dp(dE*) = X X I = 0. 
It follows from (3.5) that 
(8 8) Dr(dE*) Dp(dE*) + dp(x5x;Xx) dp(x 5x; > 4 I) 
Now let 


(8.9) 
bijx = X I). 


Then 
(8.10) X TD) = + nije — — + — (fis — Ibs, 


so that 
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Dr(GE*)E* = X 1+ X I 
(8.11) — [bis — bie + X I 
(fis — X I. 
Now let 
B = jee, B= Dd 
Ay => (fii — 1) x;x;. 
Then (8.7) becomes 
(8. 13) =6B +AiUB. 


We shall now find a simple expression for the term B?. 


(8.12) 


Fic, 2 
We subdivide x,;x;x,; XJ simplicially, as shown in Figure 2. (This subdivi- 
sion is easy to define combinatorially.) Then 
U U = (fii 0 fiz © Ox) 
(8.14) A:UA'UA; = DY (fij0 0; 0 fix) 
U U = (a; © fas © fix) 


and from (3.6) it follows, taking account of orientation, that 


(8.15) UASUAS. 


Thus (8.13) becomes 
C—-A;UA;UA +4;UA' UA, A 
(8.16) — 1 
=6B +A,UB. 


We may now state 
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THEOREM 4. A necessary and sufficient condition that the normal mappings 
f' and f? of K=K? into T be homotopic is that a 0-G-chain A® and a 1-72(T)- 
chain B' of K exist, satisfying 

(i) 64°, 

(ii) (8.16), 
where 


and where A°=)a;x;. 


In certain cases, (8.16) becomes simplified, since the chain B? is automati- 
cally 0; this is so when T = torus with patch, for the standard mappings of 0E* 
into T cover no patches, and are therefore of degree 0, since the 2-dim. 
homotopy group of the plane vanishes. For this case, (8.16) becomes simply. 


(8.17) +4,UB. 


This is also the case for any space with the fundamental group of the torus; 
of course the interpretation of the elements of 72(7) as matrices of integers 
will in general require modification, the integers being replaced by the ele- 
ments of 2(T). 

9. 1-Chains with coefficients from a non-abelian group. We shall conclude 
with a brief account of 1-G-chains, where G is a non-abelian group, in exten- 
sion of the remarks in the preceding two sections. These results were found 
independently by H. Whitney. 

Let K be a complex as in §4. By a 1-G-chain we mean a function f(p, q) 
defined for all ordered pairs of integers (p, g) for which x,x, is a 1-cell of K, 
with values in G, and such that f(p, g) =f—'(g, »). We may denote such a chain 
by the symbol C=)°g;;«.x;, where gi;=f(i, j). C is a cocycle if running around 
the boundary of each 2-cell of K defines the unit element of G. The chain C 
is a coboundary if there exist h; in G such that 


(9.1) = 


for all i, 7 such that x,x; is a 1-cell of K. If C is a coboundary it is a cocycle. 
Let C=)0gi;xix; be a chain, and D=)-hjx; be a 0-G-chain; then by C o D we 
mean the chain 


If Cis a cocycle, so is Co D; if C isa coboundary, so is C o D. The operation o 
is associative, there is a unit, and inverses exist. If C,; and C2 are cocycles, 
and C=C; 0 D for some 0-G-chain D, we say that C; and C, are cohomologous ; 
in symbols, C;—C; or C:/C,= 6D. If G is abelian, this reduces to the ordinary 
notion of cohomology. The preceding remarks show that the set of 0-G-chains 
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form a group of transformations acting on the set of 1-G-cocycles. We shall 
call the class of all cocycles which are homologous to C the coset of C, and 
denote it by [C]. Two cosets are identical or disjoint. A chain will be called 
part of a cocycle if some or all of its coefficients which are 1’s may be replaced 
by other elements of G so that the resulting chain is a cocycle. 

Let f! and f? be two mappings of a complex K into an aspherical(*) space 
T with fundamental group G. They are homotopic if and only if the mapping 
F defined on K X0+K X1 by them may be extended throughout the 2-cells 
xx; X 1 of K X1; for since T is aspherical, it may then be extended throughout 
all the 3-, 4-, - - - cells. This is possible if and only if the 1-G-chain Cag with 
coefficients fi, on yiy; and fy on 2,2; is part of a cocycle. But this is so if and 
only if the 1-G-cocycles Ca=)-fixix; and Ca=)-fixix; of K are cohomolo- 
gous. Thus we have 


THEOREM 5. The classes of mappings of K into the aspherical space T are in 
one-to-one correspondence with the cosets [C], where the C are the 1-G-cocycles 
of K, and G is the fundamental group of T. 


This theorem is equivalent to the well known theorem of Brouwer and 
Hurewicz which states that the classes of mappings of K into T are in one-to- 
one correspondence with the homomorphism-classes of H = fundamental group 
of K into G=fundamental group of 7, since the correspondence ¥;<>[C,], 
where y; denotes the class of homomorphisms derived from that induced by 
the mapping f under the set of inner automorphisms of G, and C;=)-fixix;, 
where f;; is the element of G into which x,x; is mapped by f, is easily seen to be 
one-to-one. (We assume f to be normal; see §6.) 

Proof. We must show that (a) if C;—C, then ¥;=y,, (b) if Yy=y, then 

We shall use the vertex xo as a fixed point in defining the fundamental 
group. 

Ad (a): Run around any circuit in K by f, getting fof - - - fpo of G. Then 
run around the circuit by g, getting, since g;;=A7"'f;;h;, 


(he forks) (Ar (he "fpoko) = Spo) 

Ad (b): Say a closed path C from x» in K mapped by g into the element 
B(C) of G is mapped by f into a'8(C)a. Join each vertex x; to x» by a path 
C;, and let h;=g—(C,)af(C;). Then =a (Ci) (C;)@ for all 
i, j such that x,x; is a 1-cell of K. It follows that 

fis = (Ci = [g-(Ciaf(Ci) 
so that C;—C,. 

(5) See Hurewicz, loc. cit., in note 3. 
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IDEALS IN BIRKHOFF LATTICES 


BY 
R. P. DILWORTH(*) 


Introduction. In previous papers by the author (Dilworth [1, 2])(?) meth- 
ods were developed for studying the arithmetical properties of Birkhoff lattices, 
that is, the properties of irreducibles and decompositions into irreducibles. 
These methods, however, required the assumption of bvth the ascending and 
descending chain conditions. In this paper we give a new technique which is 
applicable in general and which under the assumption of merely the ascending 
chain condition gives results quite as good as those of the previous work. Now 
the descending chain condition is equivalent to the requirement that every 
ideal(*) be principal. Hence if the descending chain condition does not hold 
we find it convenient to relate the arithmetical properties of the lattice to the 
structure of its lattice of ideals. Furthermore since the Birkhoff condition it- 
self may lose much of its force if the descending chain condition does not hold, 
a lattice is defined to be a Birkhoff lattice if every element satisfies the Birk- 
hoff condition(*) in the lattice of ideals. Hence if the descending chain con- 
dition holds, this definition reduces to that used in the previous papers. In 
the lattice of ideals, the existence of sufficient covering ideals to make the 
Birkhoff conditions effective can be proved. 

In D1 and D2 it was shown that the arithmetical behavior of an element a 
was closely related to the structure of the quotient lattice ©, generated by 
the elements covering a. Here we make a similar correlation with the struc- 
ture of the quotient lattice of ideals 2, generated by the ideals covering a. 
The important properties of ©, follow from its finite dimensionality. %, on 
the other hand is in general not finite dimensional and thus one of the essen- 
tial problems of the present treatment is the proof of the archimedean char- 
acter of 2, in the cases of interest. 

If the descending chain condition holds, the Birkhoff condition is equiva- 
lent to Mac Lane’s point-free exchange axiom Es; (Mac Lane [1]). Now Es is 
independent of covering conditions, which suggests that it should be closely 
related to the Birkhoff condition in the lattice of ideals. We show that the 
Birkhoff condition in the lattice of ideals always implies E, and, if each prin- 
cipal ideal is covered by only a finite number of ideals, the two conditions 
are equivalent. 


Presented to the Society, December 27, 1939; received by the editurs May 11, 1940. 

(*) Sterling Research Fellow, Yale University. 

(?) These papers will be referred to as D1 and D2. 

(®) An ideal is a sublattice which contains with each element all of its divisors. G. Birkhoff 
(Birkhoff [1]) uses the term dual ideal for such a sublattice. 

(*) See §1, Conditions B1 and B1’. 
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In D1 it was shown that a lattice of finite dimensions has unique irreduci- 
ble decompositions if and only if it is a Birkhoff lattice in which every modular 
sublattice is distributive. This result no longer holds if we drop the descending 
chain condition as we show by an example. However, by strengthening 
slightly the condition that every modular sublattice be distributive, we have 
the following theorem: 


THEOREM 6.6. Let S satisfy the ascending chain condition. Then every ele- 
ment of S is uniquely expressible as a reduced crosscut of irreducibles if and only 
if the following conditions hold. 

Es. (Mac Lane’s point-free exchange axiom.) a)bDaf\c, c#al\c implies 
that exists such that cDca,Dal\c and b=al\(bU aq). 

A. aUbDxDalb, =b0\x =al\b implies x =al Vb. 


If we go over to the lattice of ideals, Es; may be replaced by the condition 
that S be a Birkhoff lattice, and A, by the requirement that the ideals cover- 
ing a principal ideal generate a Boolean algebra. 

In D2, Birkhoff lattices in which the number of components in the irre- 
ducible decompositions of each element is unique were characterized in terms 
of the structure of the quotient lattices S,. We prove here: 


THEOREM 5.1. Let S be a Birkhoff lattice satisfying the ascending chain con- 
dition and let 2 denote its lattice of ideals. Then the number of components in the 
irreducible decompositions of each element of the lattice S is unique if and only if 
the ideals covering any principal ideal of the lattice 2 generate a dense, modular 
sublattice of &. 


By means of ideal methods we give a new proof of the Kurosch-Ore de- 
composition theorem for modular lattices in its most general form. The proof 
rests on the fact that if an element of a modular lattice has a decomposition 
into irreducibles then the sublattice generated by the ideals covering the ele- 
ment is of finite dimensions. 

Finally §§7 and 8 contain examples which show the complications which 
may arise when the descending chain condition does not hold. 

1. Notation and definitions. The fixed lattice of elements a, 6, c,--- will 
be denoted by S. LU and /) will denote union and cross-cut in place of the 
symbols (,) and [,] used in D1 and D2. D denotes lattice division. a=) is 
defined by the two formulas a)Dé, bDa. If aDb, a¥b and aDxDb implies 
a=x or x=5, we say that a covers b and write a>b. Elements which cover the 
null element z of a lattice are called points and elements covered by the unit 
element u are said to be simple. 

A lattice © satisfies the ascending (descending) chain condition if every 
chain a,;Ca2CasC - (a; a2 ) has only a finite number of dis- 
tinct elements. If both the ascending and descending chain conditions hold, 
S is said to be archimedean or of finite dimensions. 
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Throughout the paper we shall be particularly interested in lattices which 
satisfy the following weak form of the modular axiom. 


B1. a>al\b—aVUb > 
Another form of B1 is the following: 
B1’. b>a,cDa, cDb—bUc><c. 


If B1’ is satisfied for a given a and any b and c we say that a satisfies the 
Birkhoff condition in S. Hence B1 holds in © if and only if each element of S 
satisfies the Birkhoff condition. 

We state now some lemmas on elements satisfying the Birkhoff condition 
which are refinements of Lemmas 3.1—3.3 of D2. 


Lemma 1.1. Let a satisfy the Birhoff condition in S and let a,,--- , a. ><a. 
Then each union independent(®) set of the a; is contained in a maximal inde- 
pendent set. 


The usual proof is valid under the weaker hypotheses of the lemma. 


LemMA 1.2. Let a satisfy the Birkhoff condition and let a,, - - - ,ax>a. Then 
each union independent set of the a; generates a Boolean algebra. 


We note that the usual proof (for example Theorem 2.3 of D1) is not valid 
in this case since it depends upon the existence of a rank function. Under the 


hypotheses of the lemma, complete chains need not have the same length and 
hence a rank function will in general not exist. 

Now let A and B be two arbitrary subsets of the set { a, cee. ax}. Let 
(A) denote the union of the elements of A and denote the set-theoretic union 
and cross-cut of A and B by AUB and AB respectively. We shall show that 


(1) 2(B) = B). 


Let (A) denote the number of elements in A and set v(A)=k—wp(A). If 
v(A(\B) =0, then u(A/\B) =k and A=B. Hence (1) holds. If v(AMB) =1, 
then either ADB or BDA and again (1) holds. Now let (1) hold for all A 
and B such that »(A(\B)<l. Let »(AMB)=/ for some A and B. Then 
=k—l=r. Hence A = { a.} and B= { a1, 
Gr, Since (1) is trivial if BDA, we may assume that s>r. Let 
Gr, af}. Now w(AMB’)=r+1 and hence 
v(A(\B’) =k—(r+1)=l1—1</. By the induction assumption 2(AB’) 
=2(A)(\2(B’). Thus 2(ANMB’) B). 


(®) — denotes formal implication. 

(°) A set of elements x;,--- , Xn is said to be union independent or simply independent if 
Dai, i=1, Similarly the set is said to be cross-cut in- 
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Since ai,---, @, are independent we have 2(A(\B)Da,4: and hence 
=(B)a,4: contrary to the independence of ai, - - - , ax. Hence 2(A)(\2(B) 
= 2(A‘\B). Thus (1) holds for v(A(\B) =1 and by induction (1) holds for all 
A and B. Clearly 2(A)U2(B) = 2(AUB). If 2(A) = 2(B), then A =B by the 
independence of a, - - - , ax. Hence the elements which can be expressed as 
a union of the a; are isomorphic to the subsets of ai, - - - , a, under union and 
cross-cut and thus ay, - - - , @g generate a Boolean algebra. This completes the 
proof of the lemma. 


Lema 1.3. Let a satisfy the Birkhoff condition and let a;, - - - ,a,>a. Then 
any two maximal union independent sets of the a; have the same number of ele- 
ments and any element of one set may be replaced by a suitably chosen element 
of the other without altering the maximal property. 


The usual proof is valid in this case. 


LemMaA 1.4. Let a satisfy the Birkhoff condition and let a;,---,a.>a. Then 
any chain joining a, - - - Ua, to a has not more than k+-1 distinct members. 


We may clearly suppose that a;, - - - , a, are independent. Let a=doCh; 
--- be a chain joining --- Ua, toa 
having /+1 distinct members and let us assume that 1>k. Clearly bp) <doU/a; 
< - Uars<aiU - - - Ua, by the Birkhoff condition. Now 
suppose that it has been shown that aChC 
U +++ where ki; and i<k. Consider the chain 
Let us assume that all of the members of this chain are distinct. If 
Uar>bi\UaU and hence aU -- - - - 
contrary to our assumption. Thus - - - digs. If MU - - - 
we have b\UmU - - - - - - Uar2DdsUay 
But bi\UaU ---Uar2 and hence 
Thus - - - Vax,» Continuing in this manner we eventually 
have 6;\Va,Dbi41. But then D0); and Hence 
= b;,:\/a; which contradicts our assumption. We conclude, then, that at least 
two members of the above chain are equal. Thus (renumbering the a’s if 
necessary) using the Birkhoff condition we have -- - 
—(i+1). By induction, we get -- - - - - Ua, where 
rsk. But then 6,=a,V - - - Ua, and hence r =/ which contradicts 1 >k. Thus 
1 sk and the lemma follows. 
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The dual of condition B1 is the condition 
B2. aUb>b—a>alrb. 


G. Birkhoff (Birkhoff [2]) has proved the following lemma which relates 
B1 and B2 to modularity. 


LEMMA 1.5. An archimedean lattice S is modular if and only if B1 and B2 
are satisfied. 


2. Lattice ideals. A sublattice a of S is said to be an ideal if x Da, a€a 
implies x€a. If a consists of all elements x such that xa for a fixed a, then a 
is said to be a principal ideal and we write a= (a). Now suppose that © satis- 
fies the descending chain condition. Then the set of elements in a has a cross- 
cut which can be expressed as a cross-cut of a finite number of them and hence 
belongs to a. Thus a consists of all divisors of a fixed element of S and hence 
is principal. Conversely, if every ideal of © is principal, then a descending 
chain a@;)a@2)--- generates an ideal a which consists of all x such that 
x Da, for some k. But then a=(a) and aDa, for some k. Hence a=a, 
=Gk41= --- and every descending chain has only a finite number of dis- 
tinct elements. We thus have 


LEMMA 2.1. © satisfies the descending chain condition if and only if every 
ideal is principal. 


The set of ideals of S will be denoted by &. 


DEFINITION 2.1. The union a\b of two ideals a and 6 is the set of all ele- 
ments x such that x for some and bEb. Similarly the cross-cut aC \b 
as the set of all elements y such that yDa(\b for some and bE Bb. 


It is readily verified that the union and cross-cut so defined are ideals and 
that 2 is a lattice under these operations. The union ab is simply the set- 
theoretic cross-cut of a and b. 

The definition of cross-cut may be readily extended to any subset S of &. 
II(.S) consists of all elements of S which belong to the cross-cut of a finite 
number of ideals of S. If S has a unit element u, the union 2(S) is also defined 
and is simply the set-theoretic cross-cut of the ideals of S. 

If a and 6 are principal ideals a=(a) and 6=(b), then by Definition 2.1 
a\/6=(aUb) and a/\b =(a(\b). Hence the set of principal ideals forms a sub- 
lattice of 2 which is isomorphic to S and we may thus consider © as a sub- 
lattice of &. 


LEMMA 2.2. 2 is a modular (distributive) if and only if S is modular (dis- 
tributive). 


Since © is a sublattice of 2, the modularity (distributivity) of 2 implies 
the modularity (distributivity) of S. 
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Now let be distributive and let aU (b/\c). Then x where 
a€a, b€ band cE c by Definition 2.1. But then x DaU D M 
since © is distributive and hence Thus aU (6 \c) b) 
(\(iaUe). But (aUb)M(aUe) DaU trivially. Hence 2 is distributive. 
Now let S be modular. Suppose aDb and x€ bU (al\c). Then xDbU (alc) 
where a€a, b€b and c€c by Definition 2.1. Now since we have 
where 5,€ b. But then x (al \c) and where b. Hence 
since S is modular and xE€af\(bUc). Thus bU(al\c) 
Dal\(bU c) and since a/\(6U c) Db6U (al\c) trivially, 2 is modular. This com- 
pletes the proof. 


LemMA 2.3. LetaDbD--- Dud beachain of ideals such that uD (a) 
and u#(a) for all ideals of the chain. Then if is the cross-cut of the ideals of the 
chain, p>(a) and p¥ (a). 


We note that p is the set-theoretic union of the elements of the ideals 
a, 6,---,u,---. For if x€p, then x divides a finite cross-cut of the ideals of 
the chain and hence divides some ideal of the chain. Now suppose p =a. Then 
a€p and a€u for some u. But then u=(a) contrary to assumption. Hence 
pa. 

The results so far have been independent of the well ordering hypothesis. 
However, to prove the fundamental property of the ideals we must assume 
that the elements‘of S can be well ordered. This will be assumed through the 
remainder of the paper. 


THEOREM 2.1. Let bD(a) and b#(a). Then there exists an ideal » such that 
b p> (a). 


Proof. Let U be the set of all elements x such that xDa. Let U be well 
ordered, U={x,},v<o. Define a9>=6. Now suppose that a, has been defined 
for all in such a way that a,#(a), a, a, if wSy’, and a,(\x,=a, or 
a,(\x,=a. Let c, be the cross-cut of all a, with u<v. Then c,#(a) by Lemma 
2.3. If ¢\x,#(a), let a,=c¢,(\x,; otherwise let a,=c,. Then a,#(a) and 
a,—a,, all Clearly a,(\x,=a or a,. Now let p=I],<,a,. Then p#a by 
Lemma 2.3 and 6Dp. If pDaD(a) and pa, there exists an element xGa 
such that x@p. Since x Da we have x =x, for some v. But then a,(\x =a since 
otherwise which contradicts x¢p. Thus and 
a=(a). Hence p>a. 

In the special instances of Boolean algebras and distributive lattices, 
Theorem 2.1 gives respectively the existence of the prime ideals of Stone 
(Stone [1]) and the maximal collections of Wallman (Wallman [1]). 

We next prove a theorem which enables us to pass from ideal relations to 
the corresponding element relations. The following lemma is required. 


LEMMA 2.4. Let a=a(ai,-:--, Qn) be an ideal obtained from the ideals 
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, Qn by forming a finite number of unions and cross-cuts. Then if 
there exist elements a1, , Gn, Such that xDa(ai,--- , Gn). 


For let (a) denote the number of union and cross-cut symbols in the ex- 
pression a(@:, - ~~, Gn). Suppose that the lemma is true for all expressions a 
for which n(a) <k. Let n(a) =k. Then a=a; 0 a: where o is either (\ or LU and 
<k, n(a2) <k. Now if xGa we have © x2 where a; and a2 by 
the definition of union and cross-cut. But then by the induction assumption 
elements aj,---,a andaj’,---,a,’ exist such that 
x2 ,---, an’). Let Then an) 
© +, an’) - , Gn) O - dn) = (ai, - dn) and a; is 
clearly in a;. Since the lemma is trivially true when n(a) =1 by Definition 2.1, 
the proof is complete. 


THEOREM 2.2. Let (a) =a(as,---, Qn) where a is obtained from a1,--+-, Qn 
by forming a finite number of union and cross-cuts. Then (a) =a(qi, -- + , Gn) 
where aj. 

Proof. By Lemma 2.4 aDa(a,---, da) where a;€a;. But then 
Gn) Da(m,---, Gn) =(a). Hence (a)=a(ai,---, an). 

As an example, if a=a,/\ - - - (\a, then elements a;€a; exist such that 

We conclude this section with two useful lemmas on irreducibles(’). 


LEMMA 2.5. If q is irreducible in ©, then q is irreducible in &. 


For if g is reducible in 2, then g=a/\b, a, b¥g. But then g=af\b, aEa, 
b€b by Theorem 2.2. Clearly a#qg and )¥q. Hence gq is reducible in ©. In- 
verting the logic gives the lemma. 


LEMMA 2.6. Let every element of S be expressible as across-cut of irreducibles. 
Then if aD>b, there exists an irreducible of S such that g>b, 


For since a#b, exists such that D€b, Let - - - If 
qi€a for every 1 then b€a contrary to assumption. Hence g;€a for some i. 
But then g; Dd 5. 

3. Birkhoff lattices. In D1 and D2 a lattice satisfying B1 was defined to 
be a Birkhoff lattice. Since both the ascending and descending chain condi- 
tions were assumed to hold, B1 was never satisfied trivially. Now in a suffi- 
ciently general lattice no covering relations may exist and B1 will hold vacu- 
ously. Hence we formulate a more general definition which reduces to that 
used in D1 and D2 if the descending chain condition holds. 


DEFINITION 3.1. A lattice S is said to be a Birkhoff lattice if each element 
of S satisfies the Birkhoff condition in the lattice of ideals. 


(7) An element q is said to be cross-cut irreducible or simply irreducible if g=al\b—q =a or 
q=b. q is said to be union irreducible if g=a\/b—q =a or g=b. 
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A lattice S is never vacuously a Birkhoff lattice since by Theorem 2.1 
covering ideals always exist. Furthermore if the descending chain condition 
holds, then every ideal is principal and © is a Birkhoff lattice if and only if 
B1 holds in S. 

Now if S has a unit element u and a is any element of S, then the union 
of the ideals covering a exists and will be denoted by u,. Let %, denote the 
quotient lattice of all ideals of 2 which are divisible by u, and which divide a. 
Then &, is a dense sublattice of 2 and every proper divisor of a in 2 divides 
some point ideal of 2, by Theorem 2.1. Clearly 2, reduces to the sublattice S, 
of the previous papers if the descending chain condition holds. The essential 
properties of S, followed from its finite dimensionality. But %, is in general 
not finite dimensional. However we now prove a theorem which insures the 
archimedean character of 2, in most cases of arithmetical interest. We need 


the following lemma: 

LemMA 3.1. Let © be a Birkhoff lattice. Then if pi, ---, py is a maximal 
independent set of point ideals of %., the length of any chain of %, is not greater 
than k. 

Since the length of any chain is one less than the number of distinct mem- 
bers of the chain, the lemma follows immediately from Lemma 1.4 and Defini- 


tion 3.1. 
According to Lemma 3.1, 2, is archimedean if and only if u. can be ex- 


pressed as a union of a finite number of point ideals of &,. 


THEOREM 3.1. Let © be a Birkhoff lattice in which every element may be 
represented as a cross-cut of irreducibles. Then 2, is archimedean if and only if 
the number of components in the irreducible decompositions of a is bounded. 


Proof. Let the number of components in the irreducible decompositions 
of a be bounded, say less than . Then if 2, is not archimedean, by Lemmas 
1.2 and 3.1 there are m union independent point ideals ju, - - - , pn of 2. which 
generate a Boolean algebra. Let -- - --- Ups. Then 
a=a;(\--- (\a,. Hence by Theorem 2.2 a=a,(\ - - - (\a, where a;€a;. Now 
let where gu,---, are irreducibles of ©. Then 
a@=qul \qul\ + and this representation may be reduced(*) by drop- 
ping our superfluous irreducibles. However not all of the irreducibles belong- 
ing to any one a; may be dropped out since otherwise a=quf\ - - - (\gnk, 
contrary to p; >a. Hence a has a decomposition having at least m components. 
But this contradicts our assumption that the number of components is less 
than n. Hence &, is archimedean and of length less than n. 

On the other hand let the number of components be unbounded. Then for 


(*) A representation a =a;/ \a:/ \ - - - (\ap is said to be reduced if ai, - - - , @n are cross-cut 
independent. 
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every k there is an irreducible decomposition a=q,/\ --- (\qn with nZk. 
Let gf =qil\ gin + Then g/ Da and since the 
representation is reduced. Hence gi Dp;>a by Theorem 2.1. Suppose 
dicts p; >a. Thus pi, - - - , P, are union independent. Hence for every k there 
are more than k union independent point ideals of 2%, and &, is mot archi- 
medean. 

If 2, is archimedean it has some simple structure properties which follow 
from the Birkhoff condition. 


THEOREM 3.2. Let © be a Birkhoff lattice. Then if 2, is archimedean, it is 
complemented and every ideal can be expressed as a cross-cut of simple ideals. 


Proof. Let a€&, and let pu, - - - , p, be a maximal independent set of point 
ideals of 2, divisible ',y a. Imbed )u, - - - , px in a maximal independent set 
Di, Pa. Let a’ --- Then aUVa’DpiVU --- Hence 
a\/a’=u,. Now suppose that a/\a’#a. Then af\a’Dp>a by Theorem 2.1. 
Since aDp we have pi - - - Up, Dp by the maximal property of pi, - -- , px 
and a=(piU - - - Ups) a’Dp, which contradicts p>a. Hence a(\a’ =a and 
2, is complemented. 

Now let q be irreducible in %,. Let pi, - - - , px be a maximal independent 
set of point ideals of 2, divisible by q and let this set be imbedded in a maxi- 
mal independent set pi, ---, Pa. Then gD ---, Pa and hence 
qUpi>q, i=k+1,---, n, by Bi’. But since q is irreducible in 2, we have 
>q. Thus each ideal which is irreducible in 2, is a simple ideal of 2, and since 
2, is archimedean each ideal of 2, can be represented as a cross-cut of simple 
ideals. 

If 2, is not archimedean it will in general neither be complemented nor 
will every ideal be expressible as a cross-cut of simple ideals(*). In the archi- 
medean case an arbitrary complement of a in &, will be denoted by a’. 


DEFINITION 3.2. An ideal c¥ uz of &, is said to be characteristic if there exists 
an irreducible q of S which divides exactly the same point ideals of 2, as ¢. 


THEOREM 3.3. An element has a reduced representationa=q,(\ -(\dn 
where qi, -*- , Qn are irreducibles if and only if a has a reduced representation 
a=(\--- where 1, , are characteristic ideals of 2, such that 


Proof. Let a=q:/\ - - - (\q, be a reduced representation of a as a cross-cut 
>a and hence a=q,/\ - - (\g@n pi >a, which is impossible. Thus g:Du.. Let 
¢; be a characteristic ideal associated with q;. There is always at least one 


(*) See §7 for an example. 
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such ideal, namely, the union of the point ideals of %, divisible by qi. 
eee Cinal\ eee Then gil \ eee Nga Nan 
>pi>a implies But then 
V+ ++ Di which is impossible. Hence the representa- 
tion - - - is reduced. 

Now let - - (\¢, where ¢:, ¢, are characteristic ideals and 
the representation is reduced. Let q:, - - - , gx be associated irreducibles. Sup- 
pose gif\--- (\qnDp>a. Then a=cif\ - - - Dp >a which is impossible. 
Hence a=q,/\ - - - (\gn. It follows easily that this representation is reduced. 

The characteristic ideals of 2, can be characterized in terms of the struc- 
ture of 2 as follows: 


THEOREM 3.4. Let S be a Birkhoff lattice in which each element can be ex- 
pressed as a cross-cut of irreducibles. Then if 2, is archimedean, ¢ 1s characteristic 
if and only if there exists an ideal tC such that Dc, c’Ur>z and ¢’\\t=a 
for every ¢’. 


Proof. Let us first assume that such an ideal r exists. Then uszV/r=cUe’Ur 
=c’Ur. Let q be an irreducible such that gr, gPu.Ur (Lemma 2.6). Since 
q>tD¢, q divides every point ideal of 2, which ¢ divides. Now let g>p. Then 
if rDp we have and pUrxr. Hence c’Ur=pUr and 
q>pUrD c’Ur which contradicts the definition of g. Hence rDp. Now if cD», 
then for some c’. But then a= c’(/\r)p» which is impossible. Hence 
implies ¢)p and c is thus characteristic. 

On the other hand let ¢ be characteristic and let g be an irreducible asso- 
ciated with c. Then gc’ >q for every c’. For there is a point ideal p such that 
c’>p, cDp since otherwise we would have c’=a and c=u, contrary to the 
definition of a characteristic ideal. Now gUp=qWUu.>q since q is irreducible 
in 2 by Lemma 2.5. Hence gUu.=qUc’=qgUp>g. Now if c’(\q#a, then 
and hence by Theorem 2.2. But then and hence 
a=c(\c’ which is impossible. Thus for every c’. 


CoROLLARY 3.1. Each simple ideal of 2, is characteristic. 
We may take r to be the simple ideal itself. 


THEOREM 3.5. Let S be a Birkhoff lattice in which each element can be ex- 
pressed as a cross-cut of irreducibles. Then if 2, is archimedean, each characteris- 
tic ideal ¢ of 2, occurs in a reduced representation a= c(\ci(\ - - - (\cy where k 
is the number of maximal independent point ideals divisible by c and 1,- +: , Ck 
are characteristic ideals of 24. 


Proof. Let p:, - - - , py be a maximal independent set of point ideals of 2, di- 
visible by c. Imbed - - , p, in a maximal independent set pi, -, Px, 
Let UpU Un, t=1,---, k. If 
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(\- ++ we have and cDp implies - - - 
UpeDp. But then a=(piU - - - - - Dp which is impossible. 
the representation is reduced. Since ¢:, --- , are simple ideals of 
they are characteristic by Corollary 3.1. 


COROLLARY 3.2. Let S be a Birkhoff iattice in which every element can be 
expressed as a cross-cut of irreducibles. Then if 2, is archimedean of length k, 
a has a reduced decomposition into irreducibles with k components. 


For by Lemma 1.2 and Theorem 3.4, a has a reduced representation as 
a cross-cut of k characteristic ideals of 2.. 


LEMMA 3.2. Let S be a Birkhoff lattice and let 2, be archimedean for some a. 
Then &, is modular if and only if it satisfies B2. 


For let 2, satisfy B2 and let q be a union irreducible ideal of &,. If 8Dq 
and 8 is a simple ideal of 2, we have q>q/\8 by B2. Hence since q is union ir- 
reducible we have q/\8=q/\8’ for any two simple ideals 8 and 8’ which do 
not divide q. Let a=8,() - - - (\8, where - - - , 8:4; 8141, -, $n. q. Then 
is a point of %, and every ideal of %, is a union of point ideals. Now let a>a/\b 
in 2,. Then since every ideal is a union of point ideals, there exists a point ideal 
p such that aDp, Dp. But then a=(a/\b)Up. Hence a/b =(a\b)\UpUb 
=pUb>b since © is a Birkhoff lattice. Thus B1 and B2 hold in 2, and 2, 
is modular by Lemma 1.5. Conversely, if 2, is modular, then B2 is satisfied 
by Lemma 1.5. This completes the proof. 

According to Theorem 3.1, if every element of a lattice S has a decom- 
position into irreducibles and the number of components in the decompositions 
of a is bounded, then &%, is archimedean. This result can be sharpened con- 
siderably if S is modular. 


LEMMA 3.3. Let © be a modular lattice. Then if an element a has a decom- 
position into irreducibles, %, is archimedean. 


For let a=qil\ - - - where qu, - , gx are irreducible. Since S is mod- 
ular, 2 is modular by Lemma 2.2. Now if g:Dp where p>a, we have giUp>q; 
and hence since is irreducible. But then u.>u.(\q; since is 
modular. Thus each irreducible g; divides a simple characteristic ideal 
¢:=qif Since 2 is modular, we have 
=a. Hence &, is archimedean and the lemma is proved. 

If S is modular and a has two reduced decompositions into irreducibles, 
then by Lemma 3.3, 2, is archimedean and a has two reduced representations 
as a cross-cut of simple ideals. Now by Lemma 3.2, B2 holds in 2, and hence 
by the dual of Lemma 1.3 any two reduced representations of a as a cross-cut 
of simple ideals have the same number of components and any simple ideal 
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of one decomposition may be replaced by a suitably chosen simple ideal of 
the other. Thus by Theorem 3.3 and Corollary 3.1 we have the 


KUROSCH-ORE DECOMPOSITION THEOREM. Let an element of a modular lat- 
tice have two reduced decompositions into irreducibles. Then the number of com- 
ponents in the two decompositions is the same and any component in one 
decomposition may be replaced by a suitably chosen component of the other. 


4. Lattices with unique decompositions. This section will be devoted to 
the proof of the following theorem: 


THEOREM 4.1. Let S satisfy the ascending chain condition. Then each element 
of S has a unique representation as a reduced cross-cut of irreducibles if and 
only if S is a Birkhoff lattice and &, is a Boolean algebra for each a. 


We begin with a series of lemmas, the first of which proves the necessity 
of the conditions of the theorem. 


Lemma 4.1. Let © satisfy the ascending chain condition and let each element 
have a unique representation as a reduced cross-cut of irreducibles. Then © is a 
Birkhoff lattice and %, is a Boolean algebra for each a. 


For let b>a, and cDb. If bUcdc we have bUcDbdDc where 
Since there exists a such that Since there 
exists a c such that cEc, dDc, and cl)». Furthermore since cd there exists 
an irreducible g, such that g. Dc, (Lemma 2.6). But then 
and if b= b/\q. we have which contradicts g.) d. Hence a= b/\q.. 
Similarly there exists an irreducible ga such that gad and a = b/\ga. By Theo- 
rem 2.2 we have and \qa where b., bE b. Let b=b.(\ba. Then 
bEb and a=b/\g.=b/ \ga. Let b=qil\ - - (\qx. Then a has two reduced rep- 
resentations a=qi,f\--- \ga. Now since 
otherwise g.>d and since otherwise contrary to bd. 
Hence a has two distinct reduced representations as a cross-cut of irreducibles 
which contradicts our hypothesis. Thus b\/c¢>c and hence each element of S 
satisfies the Birkhoff condition in the lattice of ideals. 

Now since each element has a unique decomposition into irreducibles, the 
number of components is obviously bounded and hence &, is archimedean 
by Theorem 3.1. Let p:, - - - , px be a maximal independent set of point ideals 
of 2,. Then pu, - - - , px generate a Boolean algebra with simple ideals 4, - - - , 8. 
8, - ~~, 8 are clearly simple ideals of 2, and hence are characteristic ideals 
by Corollary 3.2. Thus a has a decomposition a=q,/\ - - where gi )8; 
(Theorem 3.3). Now suppose there is a simple ideal 8 distinct from 4, - - - , 8. 
Let g>8, g)u.. Then g is a component of a by Theorem 3.5 and hence g=q; 
for some 7 since a has but one reduced decomposition into irreducibles. But 
then g)8\U8;=u, which is impossible. Hence 4, - - - , 8, are all of the simple 
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ideals of 2, and since each ideal of %, can be expressed as a union cross-cut of 
simple ideals, 2, is simply the Boolean algebra generated by pu, - ~~ , px. 


Lemma 4.2. If 2, is a Boolean algebra, then it is archimedean. 


For if 2, has an infinite number of point ideals, let p:, pe, ps, -- - be a de- 
numerable sequence of point ideals. Let p/ --- 
Then since %, is a Boolean algebra we have a=pi(\p/(\ - - - . But since the 
cross-cut of an infinite number of ideals consists of all elements contained in 
finite cross-cuts -- - for some k. Then which con- 
tradicts p.41>a. Hence 2, has only a finite number of point ideals and thus 
is archimedean. 


LemMA 4.3. Let © be a Birkhoff lattice in which each 2, is archimedean. 
Then if every three ideals covering a principal ideal generate a Boolean algebra 
of order eight, 2, is a Boolean algebra for each a. 


For let the hypotheses of the lemma be satisfied and let every three ideals 
covering a principal ideal generate a Boolean algebra. We show first that the 
ideals of any finite set of ideals covering a principal ideal are independent. 
Suppose that for any a every k—1 ideals covering a are independent. Let 
Pi, -°:, pe be & distinct ideals covering a. If pi, - - - , px are not independent 
let ---UperDpe say. Now pity De 
(t=2,--- , Rk) since every three ideals covering a generate a Boolean algebra. 
Hence elements x;;€p, exist such that x;;U/p; Dp; (j=2, ---,i—1,i+1,---,k; 
i=2,---,hk). Let - Then xEp; and xUp;D pa, ---, 
Pe (6=2,---, k). Clearly xDp,---, ps. Hence pf =xUp, 
>x,---, pc =xUp.>x and p/,---, pé are distinct. Thus by the induction 
assumption p/,---, p¢ are independent. But p/U --- Upé.iDxUpl -- - 
Um which is contrary to the independ- 
ence. Hence the independence of any finite set of covering elements follows 
by induction. 

Now let a€&, and let p:, - - - , py be a maximal independent set of point 
ideals of 2, divisible by a. Imbed py, - - - , py in a maximal independent set 
Di, Pa Set b=p,U - - - Up,. Then aDb. If bDa, there exists an 
element such that Da. Now bUpisi: R+i—-1, 
k+i+1,---,m;t=1,---,#—k). Hence as above there exists an element 
bs€b such that Also a=aUbD pass, ---, Pa. Hence an 
element exists such that aU/dsD piss, --- , pa. Set Then 
Hence pisi1=bU >d, , pe and ---, pe are distinct. 
Let Then is distinct from pé4:1,---, px. For if then 
bUaDpe+: contrary to the definition of 6. Thus by the result of the above 
paragraph p, px are independent. But - - Up! =bU pigs 
- - - Up, which is impossible. Hence a= b and 
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2, is a point lettice. But then the point ideals of 2, are independent and gen- 
erate %,. Thus &, is a Boolean algebra by Lemma 1.2. 


LemMA 4.4. Let © be a Birkhoff lattice satisfying the ascending chain con- 
dition in which every three ideals covering a principal ideal generate a Boolean 
algebra. Let q be an irreducible of S such that qa; b, c>a and bc. Then either 
or qc. 


Let us suppose that for some a we have 6, c>a, b¥c, gD b and 
We shall show that a proper divisor a’ of a exists with the same properties 
and hence the lemma follows from the ascending chain condition. Now g¥a 
since otherwise g= b(\c contrary to the irreducibility of g. Hence g>p>a by 
Theorem 2.1. Clearly p¥b, ¢ since otherwise gb or gc. Hence p, 6 and c 
generate a Boolean algebra. Since p\/6)c there exists an element Cp such 
that pUbDc. Since gD», there exists an element p’€p such that gp’. Let 
a’=p(\p’. Then a’€pand hence a’ #a. Clearly Let b’ =a’UB5, ce’ =a’Ue. 
Then b’ >a’ and c’ >a’ by the Birkhoff condition. If b’=c’, then pUbDa’Ub 
Dec, which contradicts pUbD) c. Hence b’ ¥c’. Since gD) b, gDc we have g)b’, 
qgDc’. Thus a’ is a proper divisor of a with the desired properties. 


Lemma 4.5. Let © be a Birkhoff lattice satisfying the ascending chain condi- 
tion in which every three ideals covering a principal ideal generate a Boolean 
algebra. Then if a has a reduced representation a=qil\ - - - (\qx, Xa ts archi- 
medean of length k-and each q; divides a simple ideal of %.. 


For let a; be the union of the point ideals of 2, which are divisible by q. 
Then a;#u, since a; is a characteristic ideal of 2,. Now let p, p’ be any two 
point ideals of 2, which are not divisible by a;. Then a; p> a; and a;Up’ >a; 
by the Birkhoff condition. Now suppose that a;/pDp’. Then there exists an 
element a:€a; such that ai. Since there exists an element a; 
such that Let a;=a;/\az. Then g;Da; and asUpD yp’. Clearly a;Dy’. 
If a;>p, then g;>Dp and a;Dp contrary to assumption. Hence a;Up>ai, 
aiUp’>a; and a;,Upx¥a,VUp’. Since g;Da; by Lemma 4.4 we have either 
giDaiVUp or giDa;Up’. Hence giDp or giDp’. But then a;Dp or a;Dp’ con- 
trary to assumption. Thus a;\/pDp’ and a;Up=a;Up’ for every pair of point 
ideals of 2, not divisible by a;. But then a;UVp=a;\V/u,=u, and u,>a;. Hence 
a; is simple and each gq; divides a simple ideal of 24. 

Now let bo =u, and let 6; denote the union of the point ideals of 2, which 

‘ are divisible by qi, - - - , gi. Then 6; =a, and bp >a, by the result we have just 
obtained. Clearly If let ge 
>a. exists since the representation is reduced. Now qif\ - - (\qi-1D 
and hence 6;_ip;. But then 6; Dp; and hence g;p:. Thusa=q,/\ 
which is impossible. Hence 6,_;~ 6;. Now let p and p’ be two point ideals di- 
visible by 6,_; but not by b;. If b,\.Upxb,;Up’ there exists an element b,€b, 
such that qi bi, bi\Up>di, bWp’>d, and ¥b,Up’. But then qi biUp 
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or g:b:Up’ by Lemma 4.4. Hence either 6;>»p or 6;Dp’ which is contrary to 
assumption. Hence b;\/p=b,Up’ for every two point ideals of b:; which are 
not divisible by 6;. Thus 6;\Up=6;\/6b;_1=b;_; and b)1>b6; by the Birkhoff 
condition. Hence we have the chain u.>6b:>h> --- >b,. But 6, =a and the 
lemma follows from Lemma 3.1. 


LemMaA 4.6. Let © be a Birkhoff lattice satisfying the ascending chain condi- 
tion in which every three ideals covering a principal ideal generate a Boolean alge- 
bra. Then each has a unique reduced representation 
where qi, - - > , qx are irreducibles. 2, is a Boolean algebra of order 2* and each q; 
divides a simple ideal of .. 


It follows from Lemmas 4.3 and 4.5 that &, is a Boolean algebra of order 2*. 
qi divides a simple ideal 8; of 2. by Lemma 4.5. Now let a=qif\---Mgqi 
be a reduced decomposition of a. By Lemma 4.5, /=k and g/ divides a simple 
ideal 8;. Let b=q/(\q;. Then bD8;, and Let 8;Dp>a. Then u,=8,Up 
and DUp=bU8;\Up=bUu.>b by the Birkhoff condition. If g;#b, we have 
and since otherwise g; Dp\/8;=u.. Hence by Lemma 4.4, 
either g/ Dp; or g/ Dp. But if g/ Dp;, then b=g/ \g;Dp;>b which is impossi- 
ble. Hence g/ Dp and g/ Du. which is impossible. Thus g;=6 and similarly 
gi =b. Hence g/ is equal to g; and the two representations are identical. This 
completes the proof of the lemma. 

Lemma 4.1 and Lemma 4.6 together give Theorem 4.1. 

In view of Lemma 4.6, lattices with unique irreducible decompositions 


may be characterized in terms of the local properties of the lattice of ideals 
as follows: 


THEOREM 4.2. Let © satisfy the ascending chain condition. Then each ele- 
ment of S has a unique reduced decomposition into irreducibles if and only if S 
is a Birkhoff lattice in which every three ideals covering an element of S are inde- 
pendent. 


As a corollary to Lemma 4.6 we have 


Coro.iary 4.1. Let © satisfy the ascending chain condition and let every 
element of S have a unique reduced decomposition into irreducibles. Then the 
number of irreducible components of a is equal to the number of ideals covering a. 


CorROLiarY 4.2. Let © be a Birkhoff lattice satisfying the ascending chain 
condition. Then if S contains a modular, non-distributive sublattice, the lattice 
of ideals of S contains a complete(?®) modular, non-distributive sublattice of order 


five. 


For if S contains a modular, non-distributive sublattice of order five, at 


(°) A sublattice 2’ of 2 is said to be complete if a>b in 2’ implies a>b in &. 
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least one element of S does not have a unique decomposition into irreducibles. 
But then there are three ideals covering a principal ideal which are dependent. 
These three ideals generate a complete, modular, non-distributive sublattice 
of 2 of order five. 

5. Unicity of the number of components. In the previous section lattices 
with unique irreducible decompositions were completely characterized as 
Birkhoff lattices with certain special properties. Simple examples show that 
a similar characterization of lattices in which the number of components is 
unique will require lattices that are considerably more general than Birkhoff 
lattices. Hence we shall restrict ourselves to the characterization of Birkhoff 
lattices having the number of components unique. We prove the following 


theorem: 


THEOREM 5.1. Let S be a Birkhoff lattice satisfying the ascending chain con- 
dition. Then the number of components in the reduced decompositions of each 
element into irreducibles is unique if and only if 2, 1s modular for each a. 


As in §4, the proof rests on a series of lemmas. 


LemMaA 5.1. Let © be a Birkhoff lattice satisfying the ascending condition. 
Then the number of components in the irreducible decompositions of a is unique 
if and only if 2, is archimedean, modular, and every characteristic ideal of 2. 
is simple. 

Since the ascending chain condition holds each element of S has a decom- 
position into irreducibles. Now if the number of components in the irreducible 
decompositions of a is unique it is certainly bounded and hence &, is archi- 
medean by Theorem 3.1. Now let ¢ be a characteristic ideal of 2, and let 
Di, -* * , Pe be a maximal independent set of point ideals divisible by c. Imbed 
Di, Px in a maximal independent set pu, - - - , px, Pn» By Theorem 3.5 
and Theorem 3.3, a has an irreducible decomposition having k+1 compo- 
nents. But by Corollary 3.2 a has a decomposition having m components. 
Hence if the number of components is unique we have n=k+1. But then 
piU ---+ Up, is a simple ideal of and uzDcDpiU - -- Ups, Hence 
c=p,U --- Up, and cis a simple ideal of 2,. 

Now let 8 be an arbitrary simple ideal of %, and let a be any ideal of 2, such 
that 8a. By Theorem 3.2, a has a reduced representation a=6\ - - - (\% 
where 8, - - - , 8; are simple ideals of &,. If a-\8#a, by Theorem 3.2 there ex- 
ists a simple ideal 8,42 such that 8,42) a/\8. Similarly if a\87\8:42a, there 
exists a simple ideal 8;,3 such that 8:43.) a/\8/\8,42. Thus we eventually have 
al =a. Then a=8,/\ eee AVEO 14201 and 
since each simple ideal is characteristic this decomposition gives a decomposi- 
tion into irreducibles with the same number of terms. Hence if the number of 
components in the irreducible decompositions of a is unique we have m2n 
where m is the length of %,. But -- 
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ideals of this chain are distinct. Hence m <n by Lemma 3.1. Thus m=n and 
each ideal of the chain covers the ideal which immediately follows. Hence 
a>al\8. Now let a and b be any two ideals of 2, such that a/b >b. By Theo- 
rem 3.2 and ideal 8 exists such that 8Db, 8DaUb. But then b=(aU5)N8. 
Hence Thus aUb>b implies a>a(\b and B2 
holds in 2,. But then 2, is modular by Lemma 3.2. 

On the other hand let 2, be archimedean, modular, and every characteris- 
tic ideal be simple. Let a=qif\ - - - (\qz be a reduced decomposition into irre- 
ducibles. By Theorem 3.3, a has a reduced representation a=«f)\ --- (\cy 
where ¢; is a characteristic ideal of 2,. But then ¢; is a simple ideal of 2, by 
assumption. Thus since B2 holds in 
2, by Lemma 1.5. Hence & is simply the length of 2, and every reduced decom- 
position of a into irreducibles has the same number of components. This com- 
pletes the proof of the lemma. 


Lemma 5.2. Let S be a Birkhoff lattice satisfying the ascending chain condi- 
tion. Then if 2, is modular for each a, every characteristic ideal of 2, is simple. 


Let every characteristic ideal of 2, be simple for every proper divisor 6 of a. 
We shall show that every characteristic ideal of 2, is simple and the lemma 
follows by the ascending chain condition. 

If ¢ is a characteristic ideal of 2, which is not simple, let g be an associated 
irreducible. If x is any element of © divisible by gq, let q, denote the union of 
the point ideals of 2, divisible by g. Then since ¢ is a characteristic ideal asso- 
ciated with g we have cq, and hence q, is not a simple ideal of 2,. Now sup- 
pose that for every two point ideals p and p’ such that q.Dp, p’ we' have 
p=qaUp’. Then p> q. and q, is simple contrary to as- 
sumption. Hence there are two point ideals p and p’ such that qaDp, qaDp’, 
and qa p#qaUp’. Now pUp’) = a) pUp’) = ga (uta 
\(pUp’)) = qa (g-\(pUp’)) since 2, is modular. If g/\(pUp’) #a, we have 
\(pUp’) Dp >a. If p’=p1, we have gp’ and hence contrary to hy- 
pothesis. Thus and Now pUp’DpUpiDp and pUpi¥p. Hence 
pUp’=pUp: by the Birkhoff condition. Since gD); we have q.)}: and hence 
pDpiUpDp’. But then which contradicts the definition of 
p and p’. Thus g/\(pUp’) =a and g/\(q.U pUp’) = qa. 

Now suppose that q, is not principal. Let X be the set of all elements x 
such that qa, If xEX, let Clearly X generates 
qa. We shall show 

(1) There exists an x»€X such that xUpUp’>p,>-x for all xEX, xo Dx. 

(2) The set of ideals p,, xX, xo Dx, generates qa. 

(1) Since qzUpDp’ and X generates q., there exists an element x»€X 
such that xoUp)Dp’. Let xoDx, x€@X and suppose that x=p,. Since x is a 
proper divisor of a we have u,>q:. By the Birkhoff condition xUp>x, 
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xp’ >x and hence xUp, xp’ belong to &,. Now q:DxUpU)y’ since other- 
wise gp. Hence by the modularity of 2, we have xUpU)p’ > q.(\(xUpUp’). 
Then xUpUp’ V(xUpUp’) and g\(xUpUp’) ¥xUpUp’. 
Thus =q.-\(xUpUp’) and hence xUpU)p’ >x. But then 
xUpUp’DxUpD«x and if x=xUp we have gp which is impossible. Thus 
xUp=xUpUp’Dp’ and xo\UpDxUpDp’ contrary to the definition of xo. 
Hence x #p,. Let >x. Clearly x UpUp’ DxUpUps' DxUp and xUpUyp’ 
>x\Up by the Birkhoff condition. If xUpUp/ =xUp we have xUpDp/ and 
x=g(\(xUp)Dp/ which contradicts p/ >x. Hence xUpUp’=xUpUp/. But 
then xUpUp/ Dp, D ps and xUpUp! If xUpUp/ then gDxUpUp’ 
which is impossible. Hence pz=p/ and xUpU)p’ >p, >x. 

(2) Clearly p.>q. for every x since pz)xDqa. Now let ai:1€qa. Then 
41 \(qa and hence a; pUp’) where a2€q. by Theo- 
rem 2.2. Let x=xof\a2. Then and a:Dq/\(xUpUp’) =p.. Hence each 
element of q, divides some p, and thus the ideals p, generate qa. 

Now let y be an arbitrary element of qa./p. Then yq. and hence yp, 
where xox by (2). But then by (1) xUpUp’>p,>x and p,)p since other- 
wise gp. Now xUpUp’Dp.UpDp, and p-Up¥p.. Hence xUpUp’ =p,Up 
which gives p,./p)Dp’. Thus yUpDyp’ for every y and hence q,./pDp’. The 
assumption that q, is mot principal has thus led to a contradiction and we con- 
clude that q, is principal, say q.= (a1). Since a; is a proper divisor of a, by hy- 
pothesis we have te, Hence qa, pUp’) > qa,. But qa,\(arU pUp’) 
pUp’) =a; and a;UpUp’ Hence is non-modular contrary 
to assumption. Thus q, is simple and hence ¢ is a simple ideal of 2,. 


LemMA 5.3. Let © be a Birkhoff lattice satisfying the ascending chain condi- 
tion. Then if 2, is modular for every a, %, is archimedean. 


For let a=qil\ - - - (\gn be a reduced decomposition of a into irreducibles. 
Then a has the reduced representation a=¢/\ - - - (\cx where ¢; is a charac- 
teristic ideal associated with g;. By Lemma 5.2, c; is a simple ideal of 2,. Hence 
since %, is modular we have >al\--- C\ce=a. Thus &, 
is archimedean of length k. 

Lemmas 5.1—5.3 together give Theorem 5.1. 


CorOLLARY 5.1. Let S be a Birkhoff lattice satisfying the ascending chain 
condition. Let the number of components in the reduced decompositions of an 
element a be unique. Then in any two reduced decompositions of a, each compo- 
nent of one decomposition may be replaced by a suitably chosen component of the 


other. 


For by Lemma 5.1, the two decompositions give two reduced representa- 
tions of a as a cross-cut of simple ideals of 2,. However, since &, is modular, 
B2 is satisfied and the replacement property follows from the dual of Lemma 
1.3. 
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COROLLARY 5.2. Let © be a Birkhoff lattice satisfying the ascending chain 
condition. Then if the number of components in the decompositions of an element a 
is unique, that number is simply the length of 2a. 


Coro.uary 5.3. Let S be a complemented Birkhoff lattice in which every 
element can be expressed as a cross-cut of a finite number of irreducibles. Then 
the number of components in the reduced decompositions of the null element z 1s 
unique if and only if S is a complemented modular lattice of finite dimensions. 


For since S is complemented, &, is simply %, the lattice of ideals. 

6. The Mac Lane exchange axiom. In order to free condition B1 of the 
covering properties, Mac Lane (Mac Lane [1]) formulated the following 
axiom. 


E;. If and c¥a/\c, then there exists an element such 
that cDa,Dal\c and b=al\(bU 4). 


Mac Lane showed that E; is equivalent to a transposition property of 
chains and in case covering elements exist, that is, if ) a, ba, implies 5’ 
exists such that bb’ ><a, it reduces to B1. Thus both E; and the requirement 
that each element satisfy the Birkhoff condition in the lattice of ideals are 
generalizations of B1. We shall be particularly interested in the conditions 
under which they are equivalent. 


THEOREM 6.1. Every Birkhoff lattice satisfies Es. 


Proof. Let aDbDal\c and c#al\c. Then by Theorem 2.1 and ideal p 
exists such that cDp>af\b. Now bp» since otherwise a/\cD»p which is im- 
possible. Hence b\/p>6 by the Birkhoff condition. But then bUpDa(\(bUp) 
>b and if bUp=al\(bUp) we have aDp which is impossible. Hence 
b=a(\(bUp). Thus by Theorem 2.2 an element pCp exists such that 
b=al\(bUp). Let a =cl\p. Then cDaDp>ali\c and hence cDaDal\c, 
aix¥al\c. Also b=al\(bUp) Dal\(bUa) Db. Thus b=al\(bU and satis- 
fies the requirements of E;. 


THEOREM 6.2. Let © satisfy Es and have the property that each element is 
covered by only a finite number of covering ideals. Then © is a Birkhoff lattice. 


Proof. Let aDa, p>a and aDp. Let p, pi, - - - , pn be the finite number of 
ideals covering a. Now if pUa}a, we have pUaDcDa, pUaxcHa. Since 
p>p\cDa and c)p we have p/\c=a and hence by Theorem 2.2 elements 
p’Ep and c€c exist such that p’(\c=a. Since ca, there exists an element 
b’Ea such that b’Dc. Let b=cf\b’. Then bDe and cDbDc/\p’. Now 
since pDp; (¢=1,---, m) elements p/ exist such that p/ Ep and p/ Dp; 
(i=1,---, m). Set Then pEp, p’Dp and 
(t=1,---,m). Clearly a=c(\p’ Dc(\p Da implies =a. Hence cDbDcl\p 
and p#c(\p. Thus by E; an element exists such that and 
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b=c(/\(bUp:). Now p:Dp’>a and p’¥p; (t=1,---, m) since otherwise 
pDh:1Dp»; contrary to the definition of ». Hence p’ =p. But then b=c(\(bUp;) 
>eC\(aUp) De which contradicts bDc. Hence pUa>a and © is a Birkhoff 
lattice. 

Now by Lemma 4.6, if S is a Birkhoff lattice in which the ascending chain 
condition holds and every three ideals covering a principal ideal generate a 
Boolean algebra, then each a is covered by only a finite number of ideals. 
However, Theorem 6.2 does not enable us to replace the Birkhoff condition 
in the lemma by E; since the proof of the finiteness required the Birkhoff 
condition. To carry out this replacement we first replace the condition that 
every three ideals covering a principal ideal generate a Boolean algebra by 
an equivalent condition. 


THEOREM 6.3. Let S be a Birkhoff lattice satisfying the ascending chain con- 
dition. Then every three ideals covering a principal ideal generate a Boolean alge- 
bra if and only if aJbDq><al\b implies aDq or bD a. 


Proof. Let every three ideals covering a principal ideal generate a Boolean 
algebra and suppose that aUbDq>a(\b but Then a, 
For if a=af\b, then contrary to assumption. Now with fixed 
let a be maximal such that aUVbDq>aMb and a)q, bDaq for some q. Let 
b>p>al\b. Suppose a=pUa)q. Then aVb=aUpUb=aVUbDq and aNd 
Now a¥a_since otherwise ap and a/\bDp>al\b which is impossi- 
ble. Let a{ be an element of a such that a{ Dq. Now aUbDbD> and hence 
aVUb>pVUa=a. Thus Da and aVbDai. But 
Ub. Hence Also q since otherwise Dq. Now 
(\qDal\b and q#(a:/\b)(\q since otherwise Hence 
(\q. By the Birkhoff condition we have q;= q\U(ai/\b) >a: Vb. Since a,b Dq 
we have Clearly 6D and This contradicts 
the maximal property of a. Hence we have pUa)q. 

Now let >a\b. ¥ q since otherwise and since otherwise 
a(\b>p>al\b. Hence since every three ideals covering a(/\b gen- 
erate a Boolean algebra. Thus pip) q for some ~1€p:. Set x=p:/\a. Then 
a>xDal\b and x¥al\b, Let az be a maximal such x. Then a.~a 
since aUp gq. Hence aD}2><a2 for some ideal Then if pDq we have 
q for some p2E pr. Let af =a/\p2. Then Dal\b, af and 
af\UpDq contrary to the maximal property of Hence Let 
G2 =a2\/q and p3=a2Up. We have az)» since ap and hence ps, ps by 
the Birkhoff condition. Clearly q=q2. Now 
since otherwise Also since otherwise az\/p)q contrary to the 
definition of a2. Finally p2¥ps since ap. Thus ps, q2, ps do not generate a 
Boolean algebra, which contradicts our hypothesis. Hence either aq or bDq. 

On the other hand if three ideals a, 6, ¢ covering d do not generate a 
Boolean algebra, then a\/6D¢c say. Since d=a/\b, elements and 
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exist such that d=af\b. Hence aWdDaVUbDc>alf\b=d. If adc, then 
Db and d=al/\bDb which is impossible. Hence and b)c. Thus 
aVUbDec>aNb but aPc and b)c. This completes the proof of the theorem. 

We show now that if the ascending chain condition holds and the condi- 
tion of Theorem 6.3 is satisfied, then E; is equivalent to the Birkhoff condi- 
tion. A preliminary lemma is required. 


LEMMA 6.1. © is a Birkhoff lattice if and only if bDa, bDp>a implies 
pUb>odb. 


The necessity of the condition is obvious. To prove the sufficiency let b >a, 
cDa and c)b. If bUc}c we have bUcDbdDc where Since dDb 
an element d€d exists such that db. Since dDc and c)»d there exists an 
element c€c such that dDc and c)b. Now cDa, cDb>a. Hence cUb>c. 
But cUbDd/\(cUb) De and cUb¥d\(cU5) since dD) b. Thus c=d(\(cUb) 
>d\(cUb) which contradicts Hence 6'Uc>c and © is a Birkhoff 
lattice. 


THEOREM 6.4. Let © satisfy Es, the ascending chain condition, and let 
aVUbDq>al\b imply aDdq or bDq. Then S is a Birkhoff lattice. 


Proof. Let X be the set of all elements x such that y)x, p>x, yDp, and 
pUy>y for some y and p. If © is not a Birkhoff lattice, then X is non-empty 
by Lemma 6.1. Let a be a maximal element of X. Then 6 and p exist such that 
bDa, bDp>a and bUpDc>db, Now pDp/\cDa and p¥ since 
otherwise bUp=c. Hence p/\c=a. Let pEp, such that pf\c=a. Then 
pC\c= p(\b=a and c#b. Hence by E; an element ; exists such that p)p1Da, 
pixa and b=c/\(bUp:). Now bUpiDe since otherwise b=c/\(bUp:) De 
which contradicts ¢>b. Now suppose that we have found fy, - - - , x such that 
bU PU Upide and (bUfiU -- - Up) =a (¢=1,--- , R—1). 
Since --- UpsDe we have and hence 
(bUNU --- Ups) Op=a. Thus exists such that (bUpiU - - - Ups) 
\pisi=a. Let py, Then (bUpiU - - - Ups) =a and cM pes, 
Hence by Es an element exists such that - 
Pen Da, and b=c/\(bU piss). Then bU since otherwise 
PU --- Ups) O\(bU pass)) since otherwise DU - - - 
Ups) \(bU piss) De. Hence since we have c>c/\((bUpiU - - - Ups) 
(\(bU piss)) =b. But now since b is a proper divisor of a, by the maximal 
property of a@ we must have cU((bUfU - - Ups) > 
U +--+ Ups) Now suppose that JUp,U --- Then 
U piss). Hence by hypothesis either bUp,U - - - Up, De or 
bU piss Dc both of which are impossible. Thus bUpiU - - - By in- 
duction we get an infinite chain 
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and --- since -- - 
Ups) \pi4s =a. This chain contradicts the ascending chain condition and 
hence © is a Birkhoff lattice. 

The condition a\./bDq><al\b implies aDq or bDq, may be given a purely 
combinatorial statement as follows: 


THEOREM 6.5. aVbDq><al\b implies aDq or bDq tf and only if 
(A) aUbDxDalb, =al°\b implies x =alb. 


Proof. Let aVbDxDal\b, If x¥al\b, let xDq>alb. 
Then aVbDq>al\b and hence a)Dq say. But then 
which is impossible. Hence x =a(\b. 

On the other hand, let aVbDq>a(\b. If aDq and bDq we have af\q 
=b(\q=a/l\b. Hence for some x€ q we have af \x =b/\x=a/l\b and aUbDx 
by Theorem 2.2. But then aUVbDxDal\b, and x¥al\b 
which contradicts condition A. 

Lemma 4.6 with Theorems 6.1-6.5 give 


THEOREM 6.6. Let © satisfy the ascending chain condition. Then every ele- 
ment of S is uniquely expressible as a reduced cross-cut of irreducibles if and 
only if conditions E; and A are satisfied. 


Theorem 6.6 has the following interesting corollary: 


COROLLARY 6.1: Let © satisfy the ascending chain condition and let each 
element of S have a unique reduced decomposition into irreducibles. Then a sub- 


lattice S’ of S has unique irreducible decompositions if and only if Es holds 
in ©’. 


Axiom A is clearly a slightly stronger form of the requirement that every 
modular sublattice be distributive. In D1 it was shown that under the as- 
sumption of both the ascending and descending chain conditions, this weaker 
condition and B1 were necessary and sufficient for unique decomposition into 
irreducibles. But A cannot be replaced by the requirement that every modular 
sublattice be distributive in Theorem 6.6 as the example of Figure 1 shows. 

The non-principal ideals of S are the ideals a, generated by a, a2, ds, - - - ; 
b, generated by dy, be, - - - ; and ¢, generated by 2, - - - . Clearly a>z, 
b>b, and c>z. Now bU den, >Gen and dens: = den41 Hence bVa; 
>a;. Similarly bUc;>c;. Now let x be any element of S not equal to d or z. 
Then },/x is an archimedean lattice and B1 is readily verified in 5,/x since 
each element has at most two covering elements. Thus we have only to verify 
the Birkhoff condition for non-principal ideals. Clearly b>a, 6, c>z. Hence 
aUb>b, a; aUc>a, c; ¢. AU Con > Con and Con41 = > 
Hence aVUc;>c;. Similarly cUa;>a;. Thus every element of © satisfies the 
Birkhoff condition in the lattice of ideals and hence © is a Birkhoff lattice. 
By Theorem 6.1, E; holds in S. Now if S contains a modular, non-distribu- 
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tive sublattice it also contains one of the form {u, v, W, x, y} where v\Uw 
=wUJx=vVUx=u and of \w=wl \x \x =y. Since every element not equal 
to b or z is covered by at most two elements we must have y=z. But then 
v=a;, w=), x=c; and which contradicts vUw 


S 


Fie. 1 


=x\Uw. Hence every modular sublattice of S is distributive. However S does 
not have unique irreducible decompositions since z = a,(\b = and 
a;, b, c are irreducibles of S. Axiom A does not hold since a;Uc;)DbDail\c; 
and a,(\b=c;(\b \c; but b¥a\c;=2. 

Since a, b, ¢ generate a modular lattice, 2, is modular for every x. Hence 
by Theorem 5.1, the number of components in the reduced decompositions 
of each element must be unique. This can be readily verified. 

According to Theorem 6.2, if every element of a lattice S is covered by 
only a finite number of ideals, then E; implies that © is a Birkhoff lattice. 
We prove now an even stronger theorem, namely, under this restriction E; im- 
plies that B1 holds in the lattice of ideals. We begin with necessary lemmas. 


LEMMA 6.2. B1 holds in the lattice of ideals of S if and only if a>x(\a im- 
plies x a>x for every aG2 and xES. 


For if Bi holds in 2, then clearly a>x(\a implies xUVa>x. Now let 
a>x(\a imply a\/x>- for each a and x. Suppose that B1 does not hold in &. 
Then ideals a and 6 exist such that a>af\b but aUbDcDb, aUbx¥cH¥b. Let 
x1, x: Da. Such an x; always exists since Also since 6)c, an element 
exists such that x26, Finally since a there is an element x; 
such that x3; Db, x3UVcDa. Let Then xDa, and xUcDa. 
Now aDaf\xDal\b and axaf\x. Hence a(/\x=al\b and thus a>af\x. By 


‘ 
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hypothesis then x Va >x. and cUx#x. Hence xUVa=cUx 
which implies x\/c)Da contrary to the definition of x. Hence B1 holds in &. 


LEMMA 6.3. Let S be a Birkhoff lattice. Then if a>x(\a and xVUa>x, 
each x(\a, a€a is covered by an infinite number of ideals. 


For let a>xf\a and xUa>x. Then clearly a(\x#a for every a€a since 
otherwise xa Da and a}xf\a. Hence aDp,>al\x for some ideal p, by 
Theorem 2.1. Let S, denote the set of all ideals p,. Now x) pa, since otherwise 
a(\xDp.>al\x which is impossible. Thus and 
Hence x/\p,=af\x and p,>x(\p, where x(\p, is a principal ideal of %. Since 
S is a Birkhoff lattice we have xp, for every 

Now in S, we set p,~p. if and only if xUp,=xUp/. Then ~ is an equiva- 
lence relation which separates S, into mutually exclusive sets of ideals. Let B, 
denote an arbitrary equivalence class and let b,=2(B.). If p,GB., then 
x\p,=xUp/ for every other ideal p/ of B, and hence xUp,=xUb,. Thus 
x\/b, >x. Let T, denote the set of ideals b,. Now if aDa,Da and b.,ETa,, let 
ba, Pe, Then po, pa, and since 
otherwise xDx\aDpu., which contradicts xDp,,. Hence po, >(xMa)Mpa, 
=x(\a; and (x(\a)Up.,>xf\a by the Birkhoff condition. Also aDaVa; 
and hence belongs to S,. Now xUp, 
Let Then =xUp,, where 
pe Thus and pa~ps in Su. 
Hence 6,,C 6, where 6, is an ideal of T,. Now suppose that T,, contains a 
second ideal 6;,, which is divisible by 6. Let 6,,>pq,>x(\a:. Then 
xU pa, =xU =xU xU bi, DxU py Dx. Since we have xUpa, 
=xUp,, and in S., contrary to assumption. Hence is the only 
ideal of T., divisible by 6,. Next suppose that T, contains another ideal b/ 
such that b/ Db,,. Then xUb/ DxVUb,,=xUb, and hence 6,.=6/. We thus 
conclude that each ideal b,, of T., is divisible by exactly one ideal 6, of T. and 
b,, 1s the only ideal of T,, which is divisible by b,. 

Let m, denote the cardinal number of the set 7,. If x(\a is covered by 
only a finite number of ideals for some a, then m, is finite for some a and hence 
has a minimal value for some do. If aa DaDa, then n, <,, since distinct ideals 
of T, are divisible by distinct ideals of .T,,. But since m,, is minimal we have 
N_.=MNq,. Hence each ideal of T,, divides exactly one ideal of T,. Let bo be an 
ideal of T,, and let b, denote the ideal of T, divisible by bo. In general, for 
any a€a, let b, be the ideal of 7, divisible by x\/bo. Such an ideal 6, always 
exists since by where and hence 6,€T7, exists such that 
Clearly xUbp=xUb/ =x\Ub,D 5, and 6, is unique as shown above. 

Now let a; Ea(5,). Sincea Db, Dm, we have ada, If 
then x(\a divides the cross-cut of a finite number of the ideals 6, and hence 
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x(\a>b,- for some a’. But then a)Ma’D ba \ ba: D ba D Bana’ D xt \(al\a’) 
and Bane \(al\a’) contrary to the definition of bana’. Thus and 
hence a= a; since a>x/f\a. But then xUbyp Since xU by >x 
and xDa we have xUVa=x\/by>x which contradicts xUa}x. Hence each 


S 
Fic. 2 


x(\a is covered by an infinite number of ideals. The proof is thus complete. 
Lemmas 6.2 and 6.3 and Theorem 6.2 give immediately 


THEOREM 6.7. Let each element of S be covered by at most a finite number of 
ideals. Then the following conditions are equivalent: 

(1) E; holds in S. 

(2) S is a Birkhoff lattice. 

(3) B1 holds in the lattice of ideals. 


If S is a Birkhoff lattice in which each element is not covered by at most 
a finite number of ideals, then even though the ascending chain condition 
holds in S B1 need not be satisfied in the lattice of ideals. For example, con- 
sider the lattice diagramed in Figure 2. 

All of the elements distinct from z form an ideal a which is generated by 
@1, G2, Gs, - - - . by, bg, bs, - - - clearly form an ideal 6 which divides a. Now let 
bDcDa, bx¥c. Let yEc, Then there exists a 5; such that >xDy, xEb. 
But by the method of construction there exists an integer j such that 


| 
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x(\b,=a, all R2j. Hence Thus c=a and b>a. 
Clearly b(\a,;=a and 6Ua,=;. But then 6>a,/\b and Hence B1 
does not hold in 2. On the other hand it is readily verified that S is a Birkhoff 
lattice since a is the only non-principal ideal which covers a principal ideal 
and every element distinct from z divides a. 

The number of ideals covering an element of a lattice is closely related to 
the number of decompositions of the element into irreducibles. We prove 


THEOREM 6.8. Let S be a Birkhoff lattice in which each element can be repre- 
sented as a cross-cut of irreducibles. Then if an element a has a finite number of 
decompositions into irreducibles, %, is finite. 


Proof. Since a has only a finite number of decompositions into irreduci- 
bles, the number of components in the irreducible decompositions of a is 
bounded. Hence &, is archimedean by Theorem 3.1. Let pi, - - - , px bea maximal 
independent set of point ideals of Let 8;:=piU 
and suppose that 2, has an infinite sequence - - - , 8%, 8x41, ° of simple 
ideals. Now if for each 7 there are only a finite number of simple ideals of the 
sequence which do not divide p;, we have 8, p; for all n 2/; for some /;. Let 
n2=max Then 8, p;,i=1, --- , &, and which is impossi- 
ble. Hence for some p;, say p,, there are an infinity of ideals in the sequence 
81, 8, -- - which do not divide p,. We may assume that 8%, 8x41, -- - do not 
divide p,. Let Then since otherwise 


plies a=qi/ (L=0, 1, 2,-- +) by Theorem 3.3. If this 
representation is reduced for each /, gx4: always remains since otherwise 
a=qil\ -- - (\qx-1 Hence a has an infinite number of irreducible decom- 
positions, which contradicts our hypothesis. Thus &, has only a finite number 
of simple ideals. But by Theorem 3.2 every ideal of 2, can be expressed as a 
cross-cut of simple ideals. Hence &, is finite. 

Theorems 6.7 and 6.8 give 


THEOREM 6.9. Let S be a lattice in which every element has at least one and 
at most a finite number of decompositions into irreducibles. Then S is a Birkhoff 
lattice if and only if B1 is satisfied in the lattice of ideals(*"). 


7. Example of a Birkhoff lattice. In §3 we have shown that the existence 
of a decomposition into irreducibles for an element a of a modular lattice im- 
plies that %, is archimedean. Hence if the ascending chain condition holds, 


(#) Various considerations suggest that the finiteness of the number of irreducible decom- 
positions of an element always implies the finiteness of the number of ideals covering the ele- 
ment, in which case Es and the finiteness of the number of decompositions would imply that 
S is a Birkhoff lattice. However, I have been unable to prove this. I have also been unable to 
prove that E; is equivalent to the Birkhoff condition under the assumption of the ascending 
chain condition although this seems quite likely. 
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2, is archimedean for each a. Also if the ascending chain condition holds in a 
Birkhoff lattice and the number of components is bounded for an element a, 
then 2%, is archimedean. We shall construct in this section a Birkhoff lattice 
satisfying the ascending chain condition but containing an element a such 
that %, is not archimedean. By the above remark the number of components 
in the irreducible decompositions of a must be unbounded. 

Latin capitals A, B, C,--- will denote finite subsets of the set of positive 
integers 1, 2, 3,-- -.If A is such a set, let (A) denote the number of ele- 
ments in A. Small Latin letters a, b, c, - - - will denote positive integers. AUB 
and A/\B will denote set-theoretic union and cross-cut respectively and aU, 
a(\b are respectively the maximum and minimum of a and b. Let © be the 
set of all ordered couples a= {A, a} where n(A) <a together with the ele- 
ments u and z. In © we define 


{AUB,aUbd} if (AUB) 
u if n(AU B) 2aV bd, 
= {AC\B,af\b} if AM Bis not null, 
= if Bis null, 
aUu=u af\%s=2. 


If exists, then n(A(\B) Sn(A) Hence is in © if a 
and 6 are in S. Now it can be readily verified that the union and cross-cut 
so defined in © are idempotent, commutative and associative. Consider 
al\(aVB). If aUB=u, then af\(aVUB)=a. If then af\(aV6) 
= {AM\(AUB), al\(aUb) } = {A, a} =a. Hence af\(a\V8) =a in all cases. 
Similarly aU (aM\B) =a. Hence © is a lattice under the union and cross-cut 
operations defined above. Clearly a6 if and only if ADB and aso. 

S satisfies the ascending chain condition. For let a;Caz2CasC --- be an 
infinite ascending chain. We may assume that a, ~z so that a= { Aj, a}. But 
then and a;2a,2a;2 ---. Now n(A;) <a;Sa;. Hence 
the chain A,CA2C --~ has only a finite number of distinct sets. Clearly the 
chain a;2a@22 --~ has only a finite number of distinct members. Thus the 
chain a,Ca2C --~- has only a finite number of distinct members. 

Now let a be an ideal of S with elements 8, y, 6, - - - . Then the set of 
integers is either bounded or unbounded. If bounded, let a be the largest 
of them. Now suppose that B/\C/\D/\--- is null. Then there exist a 
finite number of them B, C,---, Z whose cross-cut is null. But then a 
contains z since a is closed with respect to finite cross-cut. Hence a=© in 
this case. If BO\C(\DC\--- is not null, let A=BO\CO\D(\:---. Then 
A=BNMCN --- CL for a finite number of the sets and hence a’ ={ A, a’} 
and a’’={A’, a} are in a. But then a contains a=a'(\a’’={A,a} and BDa 
for every BEa. Hence if the integers of the ideal are bounded, a is a principal 
ideal. If the integers of the ideal are unbounded, then as before either a= S 
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or there exists a set A such that {A, a} is in a for each positive integer a and 
BD {A, a} for some a if 8E a. Hence the ideals of S have the form a= {A, oo } 
if a is not principal. «© denotes the ideal of all positive integers. Clearly if 
a and 3 are positive integers or © 


a(\b = {A(\B,a\b} if AQ Bis not null, 
=% if A Bis null, 
aUb={AUB,aUb} if n(AUB) 

= if B) 2aV bd. 


THEOREM 7.1. S is a Birkhoff lattice. 


Proof. We shall show that B1 holds in the lattice of ideals. Let a>af\b, 
If a(\b=z, then A(\B is null. Since a>z we have a= {(a), ©}. But then 
aUb={(a)UB, ~Ub}={(a)UB, and (2)UB>B. Thus aVb>b. If 
a(\b then {A,a} > {AMB, ab} and hence either A >AMB, or 
a=(af\b) —1. In the first case A and a=al\b 
implies b=aUb. Hence aUb={AUB, aVb}={AUB, b} >{B, b} =b. If 
n(AUB) 2b, then n(B) =b—1 and hence u>B. In the second case A= A(\B 
—AUB=B and a>a/\b—a=b—1. Hence aUb={B, a} >b. Thus a>a/\b 
implies a\/6>b and B1 holds in the lattice of ideals of S. 

The point ideals of 2, are clearly the ideals p; = { (i), © } .NowpUp -- - 
=u and hence £,=%. The ascending chain p:CpiUpeCppUpsC --- has 
distinct members and &, is thus mot archimedean. The point ideals py, pe, - - - 
are not independent since the union of any infinite set is wu. However, every 
finite set of the p; is independent and thus generates a Boolean algebra. &, is 
not complemented. For if p;\/a=u, then a=u and aDp,;. The simple ideals 
of 2, are the elements of the form {A,a} where n(A) =a—1. Clearly p; cannot 
be represented as a cross-cut of simple ideals. Hence it is mot true that every 
ideal of 2, may be represented as a cross-cut of simple ideals. The irreducibles 
of © are the simple elements of &,, namely, those elements {A, a} with 
n(A) =a—1. Nowlet A;be theset {1,2, ---,i—1,i+1,---,k} (G=1,---,h). 
Then a;= {Ai, k} is simple for each 7 and --- (\a, since 
A,(\A2f\ - - - (\A, is null. This representation of z is clearly reduced. Hence 
for any positive integer k>1, z has a reduced decomposition with k compo- 
nents. 

This example clearly indicates the complications that may arise if 2, is not 
archimedean even though the ascending chain condition holds in S. 

8. Example of a lattice satisfying E; which is not a Birkhoff lattice. Let S 
be the set of elements #1, ps, ps, - - - . From the set of all subsets of S omit 
those infinite sets which contain either f; or p2 but not both. Denote this 
set of subsets by S. © is clearly closed under infinite cross-cut. Since S con- 
tains a unit element, the union of any set of sets of S may be defined in terms 
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of the cross-cut operation. © is thus a continuous lattice in which every ele- 
ment is a union of points. Now consider 4\/p where ACG and ? is any 
element of S. If A is finite, then clearly AUp=A +) where + indicates set- 
theoretic union. Also if A is infinite and contains both p; and p2, AUp=A+?. 
Now if A is infinite and does not contain ~; or f2, then AVUP=A+> if 
p¥ hi, and AUp=A+pi+f: if p=pi or p= po. Now let BDA. 
If B¥A, then B contains ; or 2 and hence contains both p; and 2 by the 
definition of S. Thus B=A ++ 2. Hence in every case AUp>A if pA. 

Now let AD BDANC and C¥AN\C where A, B, C are in S. Since every 
element of © is a union of points and C¥AC\C, there exists a point » such 
that CDp, ANCD p. Set C7, =(ANC)UpP. Then CDC,DANC and ANC. 
Now BUpD AN (BUC) DB and BUp#A\(BUC,) since otherwise A DB 
Up Dp and AM\\CD> which contradicts p. Since BUp>B we thus 
have B=A/f\(BUC,) and hence E; holds in S. 

In © let a be the ideal generated by the sets Pest } 
(k=3, 4, 5,---). Then by Theorem 2.1, there exists a point ideal psuch 
that aD>p>z. Every set of S occurring in p contains an infinite number of ele- 
ments. For suppose that QE» and Q contains only a finite number of ele- 
ments. Let k be the largest subscript occurring among the elements of Q. Then 
which contradicts p >z. If QE p, then QU by the 
definition of S. Hence pUp1D p2D pi where pUpi piU and p2 ¥ fi. 
Thus pUp;>+ >; and hence © is not a Birkhoff lattice. If ADB and A¥B, 
let ADp, BD p. Then ADB,>B where B, = BU >. Thus is an example of a 
continuous point lattice in which covering elements exist and E; holds, but 
which is not a Birkhoff lattice. Whether or not an exchange lattice, i.e., a con- 
tinuous point lattice satisfying Es and a finite dependence axiom (Mac Lane 
[1]) is a Birkhoff lattice is an open question. 
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GENERALIZATIONS TO SPACE OF THE CAUCHY 
AND MORERA THEOREMS(’) 


BY 
MAXWELL READE AND E. F. BECKENBACH 


INTRODUCTION 
Consider the function 


(1) w = f(z) = v) + ixe(u, 2), s=u-+ iz, 


defined and continuous in a simply connected domain D(?). A necessary and 
sufficient condition that f(z) be analytic in D is that the Cauchy-Riemann 
equations be satisfied there: 


(2) 


where 


is a differential operator. From (2) we obtain 


(3) = 0. 


j=l 


According to the Cauchy and Morera theorems, a necessary and suffi- 
cient condition that the continuous function (1) be analytic in the simply con- 
nected domain D is that for each closed rectifiable Jordan curve y lying in 
the domain D, 


(4) ff seas = 0. 


Now (4) may be considered to be an integral analogue of the differential con- 
dition (2); it implies 
2 2 
(5) > x;(u, | = 0, 
j=l 
which is analogous to (3). 


Presented to the Society April 14, 1939, under the title A characterization of plane isothermic 
maps; received by the editors March 4, 1940. 

(*) Some of the results of this paper have been summarized in the authors’ note of the same 
title in the Proceedings of National Academy of Sciences, vol. 25 (1939), pp. 92-97. 

(?) It is to be understood throughout this paper that the domains under consideration are 


finite. 
354 


Aw = 0, 
| 
Ou Ov 
= 


THE CAUCHY AND MORERA THEOREMS 355 


If (3) holds, then either x,:+7ix2 or x2.+ix; is an analytic function of 
z=u-+iv, and x:(u, v) and x2(u, v) are said to form a couple of conjugate har- - 
monic functions. We note that (5) is a necessary and sufficient condition that 
the continuous functions x;(u, v) and x2(u, v) form a couple of conjugate har- 
monic functions. 

The real functions 


(6) x ;(u, »), j i, 2, 3, 


defined and continuous in a simply connected domain D, will be said to define 
a surface S. If the first partial derivatives of the functions (6) are continuous 
and satisfy 


(7) E(u, 2) uae G(u, v), F(u, v) = 0, 


in D, where 


j=l ou j=1 Ou v j=1 dv 


are the coefficients of the first fundamental differential quadratic form of the 
surface S, then the parameters u, v are said to be isothermic parameters, and S 
is said to be given in isothermic representation. The map of D on S is con- 
formal except where E=G=0. From (8) it follows that (7), which is a gen- 
eralization to space of (3), can be written in the form 


(9) $2 (Ax;)? = 0. 


j=l 


An analogous generalization to space of (5) is 
3 2 
(10) > lf x;(u, ods | = 0, 
j=l 


where ¥ is a closed rectifiable Jordan curve lying in D. In this paper we shall 


study (10) and 
> J x ;(u, = o(r*), 


j=l r 


where C, is the circle in D with center at the arbitrary point (uo, vo) of D 
and of radius 7, and where o(r*) denotes a quantity (not always the same 
quantity) such that 


If the functions (6) are harmonic and satisfy (9) in a simply connected 


3 Ox; 2 3 Ox; Ox; 3 Ox; - 


356 MAXWELL READE AND E. F.- BECKENBACH [May 


domain D, they have been called a triple of conjugate harmonic functions(*). 
In terms of this definition, a theorem of Weierstrass may be stated as follows. 

A necessary and sufficient condition that the functions (6), defined in a simply 
connected domain, be the coordinate functions of a minimal surface given in iso- 
thermic representation is that they form a triple of conjugate harmonic functions. 

We shall have use for the following direct computation. Let the functions 
(6) have continuous partial derivatives of the mth order in a simply connected 
domain D; then about each point (uo, vo) of D we have a finite Taylor expan- 
sion for each function: 


m r” 0 0 n . 
(11) x;(u, v) = —|{ cos — + sin 6 —} x; | + o(r™”), j = 1, 2, 3, 
1! Ou dv. 
where 
. 
cos 6 — + sin 6 — 
Ou Ov 


is a differential operator, where the partial derivatives are evaluated at the 
point (uo, %), and where u—u=r cos 0, v—vo=r sin 6. Then, for the circle C, 
in D with center at (uo, vo) and radius r, the left-hand member of (10) assumes the 


form 


3 2 [(m—1)/2] 
Cc. 


j=1 a k=0 p=0 
where 


> 
22*[(k + 


A 


where the are binomial coefficients, Cy,.=k!/s!(k—s)!, Cro=1, and where 
[(m—1)/2] is the greatest integer not greater than (m—1)/2. 
For m=1, 3, 5, (12) is displayed in (14), (48) and (35) respectively. 


1. CHARACTERIZATION OF ISOTHERMIC MAPS 


THEOREM 1. If the functions (6) have continuous partial derivatives of the 
first order in a simply connected domain D, then a necessary and sufficient condi- 
tion that they map D isothermically on a surface S is that for each point (uo, vo) 
of D, 

(*) E. F. Beckenbach and T. Rad6, Subharmonic functions and minimal surfaces, these 
Transactions, vol. 35 (1933), pp. 648-661. 


where 
o2 
B= = —+— >» = AXj;, 
Ou? Ov? 
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(13) > x;(u, = o(r'), 


j=l 
where C, is the circle in D with center at (uo, v9) and radius r. 


Proof. If the first partial derivatives of the functions (6) are continuous 
in D, then we obtain a finite Taylor expansion for each function about an 
arbitrary point (uo, v9) of D by setting m=1 in (11). If C, is the circle in D 
with center at (uo, v9) and radius 7, then upon setting m=1 in (12) we obtain 


3 2 3 
(14) f x;(u, = — wt > + o(r’). 
j=l j=l 
~ From (14) it follows that a necessary and sufficient condition that the relation 
(9) hold is that (13) hold. 


2. CHARACTERIZATION OF THOSE ISOTHERMIC SPHERICAL MAPS THAT 
DO NOT MAP CIRCLES ON CIRCLES 


Lema 1. If the functions (6) are defined, but not identically constant, in a 
simply connected domain D, and if they map D isothermically on a surface S 
that lies on a sphere§ of finite radius r, then a necessary and sufficient condition 
that they map circles on circles is that the first quadratic form of S have the repre- 
sentation 

c?(du? + dv?) 
= 
[(u — 0)? + (v — 09)? + 

Necessity. Let the coordinates of the center of § be denoted by (aj, ae, as), 
and let an s, ¢t-plane be so placed that the positive s- and t-axes coincide with 
the positive x;- and x2-axes respectively. Let be projected stereographically 


on the s, ¢-plane, the coordinates of the pole of projection being (a, ae, k), 
where k=as3+r and || is the maximum of the two quantities |a;+r| and 


|as—r|. We have 


a>0,c>0. 


(15) ds? 


2r| k| (s — ai) 

(s — a:)? + (¢ — as)? + 
2r| k| (t — a2) 


ai 


n= 2r| |. 
(s — ai)? + (¢ — a2)? + 


Let the map of S on the s, ¢-plane be D’. The product of the transformation 
(6) and the stereographic projection maps D on D’, and carries circles in D 
into circles in D’. It follows that this isothermic map of D on D’ is equivalent 
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to a single linear transformation: 
a’z + p’ 


17 F(z) = it = , 
(17a) 


or 
+ p’ 

where (a) holds if the map of D on D’ is directly conformal, and where (b) 


holds if the map is inversely conformal. From (16) and (17) it follows that 
the functions (6) have the form 


2r| &| 2r| k| 5f(2) 


(18) 
E 
+ 


where 
(19) f(z) = F(z) — (a1 + tas), 


and where Rf(z) is the real part, and 3f(z) the imaginary part, of f(z). 

There are two possible representations for the functions (6) as determined 
by (17), (18) and (19). It is now an easy matter to compute E, F and G and 
to show that the first quadratic form of S has the representation (15) (*). 

We note that if it is given only that one non-null circle in D is mapped on 
a circle on S by the isothermic functions (6), then, as in the above discussion, 
D is mapped isothermically on D’ such that one non-null circle in D is mapped 
on a circle in D’. Therefore the function mapping D isothermically on D’ is 
linear; and hence it follows that the functions (6) have the form (18) and map 
all circles in D on circles on S. 

Sufficiency. Let the stereographic projection of D on the sphere S’ be S’, 
where S’ is the sphere with center at (uo, 1, a—c/2a) and radius ¢/2a, and 
where the pole of projection is at (uo, v9, @). This projection is given by (18), 
where 


a, = tM, az = 0%, k =a, r = c/2a, f(z) = (u + iv) — (uo + io). 


(17b) Fiz) =s+it= (a’d’ — B’y’) 0, 


The first quadratic form of S’ is found to be identical with that of S; hence S’ 
and S are applicable. Therefore S’ and S are either congruent or symmetric; 


We find ds* = E(du?+-dv*) = c*(du?+dv*) / [ (4 — 140)? + (v But then a computa- 
tion shows that the Gaussian curvature, given by the formula in (47), which is positive on § , 
has the value 4n/c*, so that »=a*, where a>0. 
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in either case since circles in D are mapped on circles on S’, it follows that 
circles in D are mapped on circles on S. 


THEOREM 2. If the functions (6) are defined, but not identically constant, in 
a simply connected domain D, and if they have continuous partial derivatives of 
the third order in D, then a necessary and sufficient condition that they map D 
isothermically on a surface S that lies on a sphere of finite radius, such that circles 
are not mapped on circles, is that 
72 


(20) x;(u, v)dz | = o(r®) 


j=l 


hold for all points (uo, vo) in D, while 


ar 72 
(21) v)dz | o(r’) 


j=1 


hold for some points (uo, vo) in D, where C, is the circle in D with center at (uo, vo) 
and radius r. 

Necessity. Under the hypotheses, the functions (6) map D isothermically 
on a surface that lies on a sphere of finite non-null radius. Hence (9) holds, 
and there exists a constant @ such that 


(22) e=aE, f=aF, g=aG, a 0, 


where eé, f and g are the coefficients of the second fundamental quadratic form 
of S(°). 
For the present representation of S, the formulas of Gauss(*) become 
= RuXj,u R,Xj,» + = RvXj,u + 


(23) 
= RuXj,u + R, Xj,» + 1, 2, 3, 


where 
R = } log E, 


and where ¢;, 7=1, 2, 3, are the direction cosines of the normal to S. 
We shall need the following relations: 


3 
(24) = — 
j=1 
3 
(25) > (Adx;)? = 40°(AE)?. 
j=1 
(®) For information concerning the second fundamental differential quadratic form of a 
surface, see W. C. Graustein, Differential Geometry; in particular, we have referred to pages 93- 
94 and pages 97-98. 
(®) Graustein, op. cit., pp. 135-137. 
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To obtain (24) and (25), we shall use a method which depends upon the exist- 
ence and continuity of partial derivatives of order higher than three of the 
functions (6). These functions map D isothermically on a spherical surface. 
Therefore, as in the proof of Lemma 1, we can consider an intermediate stere- 
ographic projection to show that the functions (6) have the representation 
(18), where either f(z) or f(2) is analytic in D. From this representation, it 
follows that the functions (6) have continuous partial derivatives of all orders. 
To obtain (24) and (25) we shall need the following equalities: 


(26) Adx; = 2(edS; + fire), j = 1, 2, 3, 


A*hx; = 2(eAN; + + + + + 


27 
(27) j=1,2,3, 


(28) > = 0, 


j=l 
3 


(29) = 0, 


j=1 
3 


(30) D At Ax; = 0, 


j=l 
3 


(31) = 0, 


j=1 
3 


(32) > = 0. 


It follows from (23) that 
Adx; = 2d(et;), j=1, 2, 3, 
and hence (26) holds. Operating on (26) with the operator \, and then operat- 


ing on this result with A, we obtain (27). 
The formulas of Olinde Rodriguez(”) may be written together in the fol- 


lowing form : 
(33) = — adx;, a 0,7 = 1, 2, 3. 


From (33) we obtain 


DL = — (Ax;)?, 


j=1 j=1 


which, with (9), yields (29). 
From (29) we obtain 


(7) Graustein, op. cit., p. 121. 
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3 3 3 
AD = + = 0, 
j=l j=1 j=1 
which, with (33), establishes (30). 
From (29) we obtain 


3 3 3 
XD = + = 0, 
j=1 j=1 
which, with (33), establishes (31). 
From (26), (28) and (29) we obtain 


3 
> Ax = 0, 
j=l 
which, with (33), yields (32). 
From (27)—(32), inclusive, it follows that 


3 3 
(34) Dd AxjA*x; = D> Aw 
j=l j=1 
From (8), (9), (22), (33) and (34) we obtain (24). 
From (9) and (33) we obtain 


(Ag;)? 0, 


i=l 
which combines with (22), (26) and (33) to yield (25). 


Since the functions (6) have continuous partial derivatives of all orders 
in D, the following expression, obtained from (12) by setting m=5, is valid: 


> f= | = - 


3 
Dd rxjAdx; 


j=l j=l j=l 


(35) 
3 
+ 3(Adx;)?] + o(r8). 
192 
Here the partial derivatives are evaluated at the point (uo, v0) which is the 
center of the arbitrary circle C, in D. Applying (9) and the above relation 


> 3. Ax,AAx;=0, to (35), we obtain 


(36) f x j(u, ods] = > [2Ax;A*Ax; + 3(Adx;)*] + or’). 


j=l 2 jmt 
Therefore (20) holds. 


Let us suppose that (21) does not hold, i.e., that for each point (uo, v9) 
in D 
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(37) > sas] = o(r4), 


j=1 r 


where C, is the circle in D with center at (uo, v9) and radius 7. From (36) and 
(37) it follows that 


(38) [2r*;A*Ax; + 3(Adzx,)?] = 0. 
From (24), (25) and (38) we obtain 
(39) a*[2ENE — 3(dE)*] = 0. 
But, by (22), a0, and therefore (39) yields 
(40) 2ENE — 3(dE)? = 0. 
From (40) we obtain 
2d log (AZ) = 3A(log £); 
therefore 
(41) AE = 
where 
(42) = 0. 
From the imaginary part of (40) we obtain 
E E, E 
which imply 
(43) Ey = E, = 


where ®,(u) is a function of u alone and ®,(v) is a function of v alone. From 
(41), (42) and (43) it follows that the function 


(44) == 4 


/ 


is an analytic function of z=u+iv. From the Cauchy-Riemann equations for 
the function (44) it follows that 


= + ai, = + as, 


where do, a; and az are real constants, and hence that (41) yields 


Ey E, 
(45) du = (2aou + a;)du, dv = (2aqv + 
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From (45) we obtain 
4 
E= 
[ao(u? + v2) + ayu + + as]? 


(46) 


where a; is another real constant. 
The Gaussian curvature of S is given by 


1 
(47) K = — log 


From (46) and (47) it follows that 
4aoa3 — a Po 
K= 1 2 
4 
which implies that a) #0, since S is on a sphere of finite non-null radius. Since 
(9) holds, it follows from (7) and (46) that the first quadratic form of S may 


be written as follows: 


+ 
+e] 


a= | 2/ao|, B= 


Therefore the first quadratic form of S has the representation (15); hence it 
follows from Lemma 1 that all circles in D are mapped on circles on S by 
the functions (6). This is a contradiction of the hypothesis. Hence (21) holds 
for some points (uo, vo) in D. 

Sufficiency. By setting m=3 in (12), we obtain 


(48) > x;(u, = (Ax)? — 


j=l j=l 


where 


3 
Ax jAdx; + o(r*), 
j=l 


where C, is the circle in D with center at (uo, v9) and radius r, and where the 
partial derivatives are evaluated at (uo, v9). From (20) and (48) it follows that 
(9) and 


3 
(49) > = 0 
j=l 
hold. Operating on (9) with the operator \ we obtain 


(8) E. F. Beckenbach and T. Rad6, Subharmonic functions and surfaces of negative curvature, 
these Transactions, vol. 35 (1933), pp. 662-674. 


363 
| 
| 


362 MAXWELL READE AND E. F. BECKENBACH 


(37) vas] = ov, 


j=1 r 


where C, is the circle in D with center at (uo, v9) and radius r. From (36) and 
(37) it follows that 


(38) > [2rx;A’Ax; + 3(AAx,)?] = 0. 
j=1 
From (24), (25) and (38) we obtain 
(39) — 3(XE)?] = 0. 
But, by (22), a#0, and therefore (39) yields 
(40) 2ENE — 3(AE)? = 0. 
From (40) we obtain 
2d log (AZ) = 3d(log £); 
therefore 
(41) AE = 
where 
(42) = 0. 
From the imaginary part of (40) we obtain 
2 dv, 2 Eve du = 3 
. E E, E 
which imply 
(43) E, = E, = 
where ,(u) is a function of u alone and ®,(v) is a function of v alone. From 
(41), (42) and (43) it follows that the function 
(44) 22) == gbilu) 4 
is an analytic function of z=u-+iv. From the Cauchy-Riemann equations for 
the function (44) it follows that 
= + ai, e%2(*) = + ae, 


where do, a; and a2 are real constants, and hence that (41) yields 


Ey E, 
(45) du = (2aou + a)du, dv = (2aqv + 
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From (45) we obtain 
4 
E= 
[ao(u? + 02) + ayu + + as]? 


where a; is another real constant. 
The Gaussian curvature of S is given by 


(46) 


1 
(47) = — log 


From (46) and (47) it follows that 
2 2 
4a0a3 — — a2 
= 


4 


which implies that a) 0, since S is on a sphere of finite non-null radius. Since 
(9) holds, it follows from (7) and (46) that the first quadratic form of S may 
be written as follows: 


a?(du? + dv?) 


a= | 2/ao|, B= 


Therefore the first quadratic form of S has the representation (15); hence it 
follows from Lemma 1 that all circles in D are mapped on circles on S by 
the functions (6). This is a contradiction of the hypothesis. Hence (21) holds 
for some points (#0, vo) in D. 

Sufficiency. By setting m=3 in (12), we obtain 


(48) > x;(u, = (Ax,;)? — > Ax + o(r*), 


j=l j=l j=l 


where 


where C, is the circle in D with center at (uo, v9) and radius r, and where the 
partial derivatives are evaluated at (uo, vo). From (20) and (48) it follows that 
(9) and 


3 
(49) > = 0 


j=l 


hold. Operating on (9) with the operator \ we obtain 


(8) E. F. Beckenbach and T. Rad6, Subharmonic functions and surfaces of negative curvature, 
these Transactions, vol. 35 (1933), pp. 662-674. 
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3 
(50) > aAxjAx; = 0. 


j=l 


Operating on (50) with A, and applying (49) to the result, we obtain 


3 
(51) > A*x;Ax; = 0. 
jm] 
The four real linear homogeneous equations in Ax;, 7=1, 2, 3, implied by 
(50) and (51) are 


3 
D = Dd = 9, 
j=1 j=1 


(52) 


LD — = (x;,ur)Ax; = 0. 


j=l j=1 


One solution of (52) is 
(53) Ax; = 0, “381,24, 
which, by (9) and the theorem of Weierstrass, implies that the functions (6) 


map D isothermically on a minimal surface. From (9), (12) and (53) it follows 
that 


(54) > fm = 0 


j=l 


for all circles C in D. Therefore (37) holds. This leads to a contradiction of 
(21); hence the functions (6) do not satisfy (53). It follows that the given 
functions, which satisfy (52) and do not satisfy (53), must be functions for 
which the rank of the matrix 


X2,uv X3,uv 


,uu %2,uu X2,00 %3,uu — 


is less than three; hence, from the definitions of e, f, g, we obtain e=g, f=0, 
which, with (9), imply that the functions (6) are the coordinate functions of 
a surface S that lies on a sphere § (°) of finite(*®) non-null radius. 


(*) It is easily seen that the hypothesis of Theorem 3 on page 98, Graustein, op. cit., is 


satisfied. 
(#°) If the surface S were a plane surface, then the functions (6) would be the isothermic 


coordinate functions of a minimal surface. We have already considered functions (6) that satisfy 
(9) and (53). 
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Suppose that the functions (6) map D isothermically on the spherical sur- 
face S such that circles are mapped on circles(''). Then the map of an arbi- 
trary fixed circle C’ in D is a circle, C*, on S. Project § stereographically on 
the plane p of C* and let the map of S on p be D*. It follows that D has been 
mapped isothermically on the plane surface D*. By the theorem of Weier- 
strass, the mapping functions form a triple of conjugate harmonic functions, 


yi(u, v), j = 1, 3, 
where (9) and Ay;=0, j=1, 2, 3, hold. Just as for (54) it follows that 


(55) >| = 0 


j=l 
for the arbitrary fixed circle C’ in D. But, for (u, v) on C’, 
x yilu, j = 1, 2, 3, 


which, with (55) implies that (54) holds. But this leads to a contradiction of 
(21). Therefore the functions (6) map D isothermically on the spherical sur- 
face S such that no non-null circle in D is mapped on a circle on S. 


3. CHARACTERIZATION OF MINIMAL SURFACES IN ISOTHERMIC 
REPRESENTATION AND OF THOSE ISOTHERMIC SPHERICAL 
MAPS THAT MAP CIRCLES ON CIRCLES 


THEOREM 3. If the functions (6) have continuous partial derivatives of the 
third order in a simply connected domain D, then a necessary and sufficient con- 
dition that they either (1) be the coordinate functions of a minimal surface in 
isothermic representation, or (2) map D isothermically on a surface S that lies 
on a sphere of finite non-null radius such that circles are mapped on circles, is 
that for each circle C in D 


3 2 
(56) x;(u, nds | = 0. 
j=l c 
Necessity. We have already shown that if the functions (6) are the coordi- 
nate functions of a minimal surface in isothermic representation, then (56), 
i.e., (54) holds. We have also shown that if the functions (6) map D isothermi- 
cally on a surface S that lies on a sphere with finite non-null radius such that 
circies are mapped on circles, then (56) holds(?”). 
Sufficiency. If (56) holds, then (37) holds. It follows that (9) and (49) 
hold; therefore, as in the proof of Theorem 2, we obtain the system of equa- 


(#) We have already indicated that if one non-null circle in D is mapped on a circle on S, 
then all circles in D are mapped on circles on S. See the last paragraph of the first part of the 
proof of Lemma 1. 

(2) See the latter half of the proof of Theorem 2. 
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tions (52). Then, as before, it follows that the functions (6) either are the 
coordinate functions of a minimal surface in isothermic representation or they 
map D isothermically on a surface S that lies on a sphere with finite non-null 
radius(*). Here we have made use of the results of the second part of the 
proof of Theorem 2. But in the first part of the proof of Theorem 2 we have 
shown that if S lies on a sphere of finite non-null radius, (37) implies that the 
first quadratic form of S has the representation (15); hence, by Lemma 1, 
all circles in D are mapped on circles on S. 


Coro.uary 1. If the functions (6) have continuous partial derivatives of the 
third order in a simply connected domain D, then a necessary and sufficient con- 


dition that 
3 2 
> f x;(u, = 0 
j=l c 


hold for each circle C in D is that for each point (uo, vo) in D, 
3 2 
| f x j(u, | = o(r’) 
j=] C, 
hold, where C, is the circle in D with center (uo, vo) and radius r. 


CorROLLaARY 2. If the functions (6) have continuous partial derivatives of the 
third order in a simply connected domain D, then a necessary and sufficient con- 


dition that the functions (6) either map D isothermically on a minimal surface, 
or map D isothermically on a surface S that lies on a sphere with finite non-null 
radius such that circles are mapped on circles, is that for each point (uo, vo) in D, 


> x;(u, = o(r®) 


j=l r 


hold, where C, is the circle in D with center at (uo, vo) and radius r. 


4. CHARACTERIZATION OF ISOTHERMIC PLANE MAPS 


LemMA 2. Let the function g,(z) be schlicht(™), and the function go(z) ana- 
lytic, in the circle | s| <p. If 6 is an arbitrary positive number, 0<5<p, then 
there exists a positive number e=e€(5) such that the function 


(S7) f(z) = gi(z) + nge(z) 
is schlicht in the circle |z| <p—6, for each n such that || <e. 
Proof. If the lemma does not hold, then there exists a positive number 4p, 


(8) If the sphere were either a point-sphere or a plane, then the functions (6) would form a 


triple of conjugate harmonic functions. 
(4) The analytic function gifz) is said to be schlicht in D if g,(z:)=g,(g2) implies 2:=22, 


where z; and 2 are points of D. 
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two points, z¢ and zg’, and a triple of sequences 
M1, 12%, 
i’, n = 1, 2,- 
with the properties 
lim 7, = 0, 
lms! |s{|Sp—%, "=0,1,2,-:- 


lim zn’ = 29’, | sf’ | S p — do, n=0,1,2,--- 
n> 


= n= 1,2,- 
where 
fn(z) = gi(z) + mnge(2), n= 1,2,--- 
It follows immediately that 
= g1(20"). 


But since g:(z) is schlicht in the circle | z| <p, it follows that 2¢ =z¢’ =z. 
Moreover, we obtain 


(58) = 

Since |20| <p—4o, (58) implies that gi(z) is not schlicht in the circle |z| <p. 
From this contradiction of the hypothesis, it follows that there exists an €) >0 
such that the function (57) is schlicht, for each 7 satisfying | n| <é€, in 
|z| <p 5o. 

THEOREM 4. If the functions (6) have continuous partial derivatives of the 
third order in a simply connected domain D, then a necessary and sufficient con- 
dition that they map D isothermically on a plane surface is that for all closed 
rectifiable Jordan curves lying in D 


(59) > [ f = 0. 


j=l 
(5) Since g:(z) is analytic in the closed region defined by || <p —o, for any arbitrary posi- 
tive number 3’ there exists a positive number e’, which is independent of z in the region 
for which 


— gi(s’’) 


, ” 


- | < 


for all s’, and s in the region |z| <p — that satisfy the inequalities |z—s’|-<e’, |z—z’’| <é’, 
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Necessity. If the functions (6) map D isothermically on a surface S that 
lies on a plane ~, we make a rigid transformation in the x;, x2, xs-space such 
that p coincides with the plane x =0 and the positive normal at the image 
of an arbitrary fixed point (uo, v9) of D coincides with the positive x; -axis. 
Let this rigid transformation have the representation 


3 
(60) af = > ree + a, j =1, 2, 3, 
k=l 


where 


3 
» t= 0, AY 
(61) J 


= 1, s=j, s,j = 1, 2, 3, 


and where the a;, 7=1, 2, 3, are real constants. Therefore the functions 


(u, v) = > v) Xe (Uo, j 1, 2, 3, 
k=l 


(62) 
xg (u,v) = 0, 


map D isothermically on a plane surface, and hence, by the theorem of Weier- 
strass, they form a triple of conjugate harmonic functions. Since it follows 
from (8), (9), (61) and (62) that (3) holds for the functions x/ (u, v) and 
x? (u,v), the functions x{/ (u, v) and x? (u, v) are a couple of conjugate harmonic 
functions. Hence by Cauchy’s theorem, analogous to (5), and (62), it follows 


that 
f x} (u, nas] = 0, 


which, with (4), (60) and (61), yields (59). 

Sufficiency. If (59) holds for all closed rectifiable Jordan curves y lying 
in D, then, by Theorem 3, the functions (6) either are the coordinate functions 
of a minimal surface in isothermic representation, or map D isothermically 
on a surface S that lies on a sphere of finite non-null radius such that circles 
are mapped on circles. 

Part 1. We first consider the case when the functions (6) are the coordinate 
functions of a minimal surface in isothermic representation. Let (uo, v9) be 
an arbitrary point in D and let the arbitrary fixed circle Cy in D have its 
center at (uo, vo). If y is an arbitrary closed rectifiable Jordan curve lying in 
Co, which contains (uo, v9) in its interior, then the interior of y can be mapped 
conformally on the interior of the circle C: s?+-¢? =p? in the s, t-plane such that 
the image of (uo, v9) is the center of C. The expansion of the inverse of this 
mapping function has the representation 
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(63) z= h(w) = 2+ > bnw™, 


where 
w=stit, %% = in. 


Since the functions (6) are the isothermic coordinate functions of a mini- 
mal surface, it follows, from the theorem of Weierstrass, that these functions 
may be written in the form 


(64) x;(u, v) $[#;(z) + ;(z), j 1, 2, 3, 
where ®,(z) is a function which is analytic in D and where ®,(z) is its con- 
jugate function. We may write 


#,(z) 20)", ] 1, 2, 3; 
n=0 


then 


Bi(2) = — 20)", j=1,2,3, 


where the series for ®;(z) and ®;(z) are absolutely convergent in the interior 
of and on Co. Therefore 


= + Pam”, j = 1, 2, 3, 
n=1 m=1 


ki = 1,1 =1,2,---,0, 


Pam = 0, n> m. 


If Cr is the circle concentric with C and of radius R, 0<R<p, then the 
function (63) maps the interior of Cz conformally on the interior of a closed 
rectifiable Jordan curve yz that lies in the interior of y. After we have set 
w= Re** in (63) and (65), it follows from (4), (63), (64), (65) and (66) that 


j=l m=1 n=1 s=1 


which, with (59), implies 


© t—m 


(67) ED ¥ An Bo = 0, 


t=2 m=1 n=1 


where 
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(68) Bam = Mb mP n,m=1,2,-:- 


and where 


3 
(69) Ans = Aan = >, bj m,s 


i=l 


But the circle Ce is an arbitrary circle concentric with and interior to the 
circle C; therefore the relation (67) is independent of R, 0<R<p. Hence 


m t—m 


(70) D = 0, 


m=1 n=1 
From (70) we obtain, by an induction, 
(71) Aas = 0, 
For, when ¢=2 in (70) we obtain, by (66) and (68), 
(72) = 0. 


But the function (63) maps the interior of C on the interior of y in a one-to- 
one manner("). Therefore 6:;+#0. Hence it follows from (72) that 


(73) Ai = 0. 


Now suppose that 
(74) An» = 0, 3, 


where , s and p are positive integers. We shall show that 
(75) = 0, n+s= p. 
For t=, (70) yields, by (66), (68), (74) and the fact that 5,0, 


p—l 
(76) DX kp — = 0. 
kel 


By Lemma 2, for a fixed R, 0<R<p, the functions 


(77) G,(w) = h(w) + newt = 2+ + nwt, g=1,2,---,p—1, 


are schlicht in the circle | w| = R, provided 
| < q=1,2,---,p-—1, 


where €, is a positive constant whose existence was established in Lemma 2. 


(#*) This is a consequence of Darboux’s theorem. See W. F. Osgood, Functions of a Complex 
Variable, p. 167. 


= 
t= 2,3,---. 
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We further restrict 7, to satisfy the relation 
R:| < 6, 
for g=1, 2,---, p—1, where 6 is the distance between yz and Co, in order 


that the map 7¥,,z of Cr by (77) shall lie inside Co. Moreover, (uo, vo) is inside 
Hence if 


(78) 0 <| < min =I, en 


then we obtain the following result, which is analogous to (76), for the func- 
tions (77): 


p—1 
(79a) k(p — + — = 9, 
k=l 


p—1 
(79b) — +9 = 0; 
k=l 


where (79a) holds for all g, 1S qgSp—1, except g=p/2, and where (79b) holds 
for g=p/2(?"). From (76) and (79) we obtain 


(80a) — = 9, 
(80b) q (ne + = 9, 


where (80a) holds for all g, 1 Sq p—1, except g=p/2, and where (80b) holds 


for g=p/2. 
Since 7, is an arbitrary constant which is subject only to the restriction 


(78), it follows from the relation (80b) that 
(81) Aqg=0, 


provided p is even. If q: is a fixed positive integer, 15q,:5p—1, and m¥p/2, 
and if b,_,,0, then it follows from (80a) that 


(82) = 0. 

If gz is a fixed positive integer, 1 Sq p—1 and and if b,_,,=0, then 
we consider the function 

(83) hi(w) = h(w) + 


where is-a fixed constant, 
0< | < 


(7) When we state “except for g=/2,” we mean that if p is an even integer, then g does 
not take on the integral value p/2. 
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The function (83) is schlicht in the circle | w| < R(#*), and maps Cp on a closed 
rectifiable Jordan yx that lies inside Co. Moreover, (uo, v9) is inside y¢ . From 


(63) and (83) we obtain 
(84) hy(w) = 20 + >> 


where 
Cm = bm, — Qe; Cp—a2 = 


If we apply (84) as we have applied (63) in the earlier part of this proof of 
Theorem 4, then we obtain the following result analogous to (80a): 


(85) 2q.(p = 9, 


where 7, is an arbitrary constant, 


(86) 0<| |< 


Here the constant d}, is in the same relation to h,(w) as d,, is to h(w). Since 
Np —¢.#0 and @#p/2, it follows from (85) and (86) that 


(87) A = 0. 


From (81), (82) and (87) it follows that (75) holds. Since (73) holds, our in- 
duction is now complete. 
From (69), (71) and the substitution 


= Aj,m — j=1,2,3,m=0,1,---, 


we get the following relations: 


3 

(aj,n0j,2 — BjnBj,.) = 0, 
(88) 
LX + = 0, n,s = 1("*); 
j=1 
here @;,0, @j,m and Bjm, m=1, 2,---, are the Fourier coefficients in the ex- 
pansion of x;(u, v), 7=1, 2, 3, about the point (uo, v9). 

We transform the axes in the x1, x2, x3-space such that the new origin is at 
the image of (uo, v9), the plane xf =0 is tangent to the surface there, and the 
positive normal to the surface there coincides with the positive xj -axis. This 
transformation is given by (60) and (61), where 


(**) This holds because | np_¢,| <dp_¢,, where dy_, was defined in (78). 
(**) Compare with J. W. Hahn and E. F. Beckenbach, Triples of conjugate harmonic func- 
tions and minimal surfaces, Duke Mathematical Journal, vol. 2 (1936), Lemma 1, p. 699, and 


footnote, p. 700. 
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3 
p> jXe(Mo, Vo), j = 1, 2, 3. 


The relations (88) are invariant under this rigid transformation. For, since 
the functions (6) form a triple of conjugate harmonic functions, it follows 
that the new coordinate functions, 


3 
0) = D> 0) — xe(uo, 00) ], j = 1,2, 3, 
k=l 


form a triple of conjugate harmonic functions. Hence we may write, in terms 
of polar coordinates, 


(89) x ;(u, v) = r™(a;.m cos + Bin sin m@é), j =1, 2, 3, 
m=1 
where 
(90) = Bim = m=1,2,---, 7 =1, 2,3. 
k=1 k=l 
From (61), (88) and (90) we obtain 
3 
LX — = 0, 
(91) 
DX + = 0, n,s 21. 


j=l 


Therefore the relations (88) are invariant under a rigid transformation. 
To prove that the functions (6) define a plane surface, it is sufficient to 
show 


(92) B3,m = 0, 
Since x} (uo, v9) =0, 7=1, 2, 3, it follows that 
(93) a;,0 0, 
Let ¢ be the positive integer for which 
3 
72 


(94a) Aim = 0, 


(*) If 5°? _ a,” =0 for all positive m, then it follows, from the first relation in (91), that 


i,m 


in =0 for all positive m; and therefore (92) holds. 


1941] 
| 
m=1,2,---. 
j = 1, 2, 3. 
m=0,1,---,#— 1, 
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From (89) we obtain 


(95a) — 03,182, = 0, 
(95b) — = 0, 


since the positive normal to S at the point (0, 0, 0) coincides with the posi- 
tive x-axis. Equations (95a) and (95b) are linear and homogeneous in aj, 
and 3, ,; since by (94b) and (95c) their determinant of coefficients is not zero, 


it follows that 

(96) = = 0. 

From (91), for n=s=t, (94b) and (96) we obtain 

+ = Bit + Ban 0, 
01,81, + = 0, 

which, with (95c) and (96), imply 


(97) 


(98) = = — Bis. 


From (91), for s=tsm, (96) and (98) we obtain 


+ 012, + a2, 1B 2. + = 0, n = t. 


If we eliminate first aj, and then 3, from these last two relations, then we 
obtain two other relations which, with the first relation in (97), imply 


From (91), for n»=s2t, and (99) we obtain 


n83,n = 0, = Bons 


from which it follows that 
(100) = 0, 
From (91), for n»=s<t, (94a) and (100), we obtain (92). 
(1) If z—z9=r(cos 0+ sin @), then for r sufficiently small the components of the unit normal 


vector to the surface are {;={;(u, v), j7=1, 2, 3, Pine) +O(r), 
where O(r) denotes a quantity y¥(r) (not always the same quantity) such that | ¥(r)/r is 


bounded. Note that ¢;=0, f:=0, ¢;=1 at (0, 0, 0). 


[May 
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Coro.uary. If the functions (6) are harmonic in a simply connected domain 
D, such that their Fourier expansions about the fixed point (uo, vo) of D are 


j(u, v) = aj,0 + COS MO + Bjmsinmé), =1, 2, 3, 
m=1 


and if 


3 3 
j=l 


j=1 
then the functions (6) are the isothermic coordinate functions of a plane surface. 


Part 11. We now consider the case when the functions (6) map D isother- 
mically on a surface S that lies on a sphere § , whose radius a is finite and non- 
null, such that circles are mapped on circles. Since the functions (6) have the 
representation (18), it follows that they may be continued isothermically to 
map the whole u, v-plane isothermically on § such that circles are mapped on 
circles. Let the point P on § correspond to the point z= ~, and let p be the 
equatorial plane corresponding to P as a pole. Then the stereographic pro- 
jection of § on ~, with P as pole, induces an isothermic map of the u, v-plane 
on p such that circles are mapped on circles, and such that the point at infinity 
in the u, v-plane corresponds to the point at infinity in the plane p. Let us 
take the center M of § as the origin in a system of coordinates on p, such that 
the positive s-axis, the positive ¢-axis, and the ray MP, in that order, have 
the same disposition as the coordinate axes (x1, x2, x3). The mapping function 
must have one of the following representations: 


(101a) w=s+ it = f(s) = as +8, 
or 
(101b) w= s+ it = f(s) = + B, a ¥ 0, 


where (101a) holds if the map of the u, v-plane on is directly conformal, and 
where (101b) holds if the map is inversely conformal. 

Consider the system of axes (xj, x7, xj) in space, with origin at M, and 
with the positive xj-, x7- and xj-axes having the directions of the positive 
s-axis, the positive ¢-axis and the ray MP respectively. There exists a rigid 
transformation in the x1, x2, x3-space which carries the origin into the point MV, 
and which carries the positive x;-, x:- and x3-axes into the positive xj -, x7 - and 
xg -axes respectively; this transformation has the form (60), where (61) holds. 
Let the new coordinate functions of S be 


(102) af ae af (u, v), j = 1, 2, 3. 


Since the functions (6) map circles on circles, the functions (102) map circles 
on circles; therefore, as noted in Lemma 1, the functions (102) have the form 
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(18) where f(z) is given by (101). Hence, since a#0 in (101), we have, for the 
arbitrary closed rectifiable Jordan curve y in D, 


(103) > aj (u, = LS. ¢;(s, paw] 


j=1 


where y’ is the image of - on the plane » and where 


t a 


As it previously has been shown(?*), (59) is invariant under a rigid trans- 
formation ; hence, since the radius a of § is different from zero, it follows from 
(59) and (103) that 


(104) ¢;(s, paw] =0 


holds. Since y is an arbitrary closed rectifiable Jordan curve in D, it follows 
that (104) holds for each closed rectifiable Jordan curve y’ in D’, where D’ 


is the map on the plane p by (101). 
Without any loss of generality, we may assume the line s=0 passes 


through D’. Then there exists a closed rectifiable Jordan curve Tin D’ with 


the following description : 
(1) the vertices of T have the following polar coordinates, 


A: 7), Ag: (r, — 7), 
As: (r+o,—7), 7); 0<1r<24/2,0< 7,0 <a; 
(2) T is composed of two arcs of circles and two straight-line segments: 


arc A;A¢z is an arc of the circle s?+/*=r?, arc A3A, is an arc of the circle 
s*+/?=(r+w)?, each arc subtending an angle 27 at the origin, and A2A; and 


AA, are on rays through the origin. 
For the closed rectifiable Jordan curve I we obtain 


3 2 
$;(s, aw | xalr, w) sin —4 x2(r, w) sin? ’ 2r, 
r 


j=l 


where 


(r + w)? fc r? (r + w)? r? 
a@+(r+w)? a+r? JLa?+ (r+)? a+r? 


+ log 


xalr, w) = 

a? + 72 
a? + (r + w)* 
(#) See the first part of this proof of Theorem 4. 
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r r r+ 
x2(r, = E (= ;) + arc tan = — arc tan 


Since 


2a(r + w)? 


= 0, 
[a? + (r + 


it follows that x2(r, w) #0. Fix r and w so that x2(r, w) #0. Since & sin — and 
4 sin? £/2 are not proportional, 


there exists a & such that 
3 2 
(105) f baw | ~ 0. 
j=l r 


Now (105) is a contradiction of (104). Therefore the functions (6) do not map 
D on a surface that lies on a sphere of finite non-null radius. 


Tue Rice INSTITUTE, 
Houston, TEXas. 
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FAMILIES OF CURVES CONFORMALLY EQUIVALENT 
TO CIRCLES 


BY 
EDWARD KASNER AND JOHN DE CICCO 


1. Introduction. In this paper, we shall study three-parameter families of 
curves conformally equivalent to the totality of circles. We obtain the ana- 
lytic form and several complete geometric characterizations of any such fam- 
ily, which we shall call an Q family. 

In minimal coordinates (u, v) the differential equation of such a family 
is of the form 


Our fundamental result is that any 2 family may be characterized among 
all three-parameter families of curves by the following three properties: Prop- 
erty I. The locus of the foci of the osculating parabolas of the ' curves which 
contain a given lineal element E is a lemniscate L with E as one of the two 
orthogonal tangent elements at the node of L. Property II. As the direction 
of E is rotated about its point P, the locus of the centers of the orthogonal 
pairs of circles defining the «' focal lemniscates is an equilateral hyperbola H 
with the center of H at P. Property I11. The foci of the equilateral hyperbolas 
are connected to the point P by a direct conformal transformation. 

Another complete geometric characterization of an Q family of curves is 
the following. Property I’. The envelope of the directrices of the osculating 
parabolas of the «+! curves which contain a given lineal element £ is an 
equilateral hyperbola H with the point of E as the center of H and the line 
of E as one of the asymptotes of H. Property II’. The locus of the foci of 
the directorial equilateral hyperbolas is an equilateral hyperbola H’ with its 
center at P. Property III’. The four foci of the equilateral hyperbola H’ of 
Property II’ are related to the point P by a direct conformal transformation. 

A reciprocity relation appears in these two sets of geometric characteriza- 
tions. But this reciprocal relation is by no means self-evident. For although 
the two characterizations are roughly dual, separate proofs are required. The 
lemniscate and the equilateral hyperbola of Properties I and I’ are equiva- 
lent under inversion, whereas the equilateral hyperbolas of Properties II and 
II’ are equivalent under a similitude. 

In connection with this duality, the following results may be noted. The 
«1 focal lemniscates of Property I, constructed at the point P, all pass 
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through the vertices of a minimal quadrilateral with center at P. The ! di- 
rectorial equilateral hyperbolas of Property I’, constructed at P, are tangent 
to the sides of a quadrilateral whose diagonals are the minimal lines through P. 
In the latter part of our paper, we shall give other geometric properties 
of an Q family of curves. The rate x’ of variation of the curvature with respect 
to the arc length is the same for all the curves of our family which contain a 
lineal element E. The resulting ©! rates of variation of curvature at a point P 
are connected by an analogue of Meusnier’s theorem. We note that our prob- 
lem may be considered to be a generalization of the family of curves con- 
formally equivalent to the ©? straight lines. This simple type has been con- 
sidered elsewhere. Relations to dynamical and natural families are of interest. 
2. The differential equation of any {2 family. For the analytic work, we 
shall find it convenient to use the minimal coordinates (u, v) instead of the 
ordinary rectangular cartesian coordinates (x, y). These are connected by the 
relations 
(1) u=x-+ ty, v= ity. 
An Q family of curve: consists of a three-parameter set which is equiva- 
lent to the * circles under a given conformal transformation. We proceed 
to derive the differential equation of any such family. However, before this 
can be accomplished, it is necessary to discuss some preliminary material. 
In minimal coordinates (u, v), any direct conformal transformation is 


(2) U=¢(u), V=¥), 


where the functions are of course analytic. A reverse conformal transforma- 
tion may be expressed as the product of a direct conformal transformation 
by the reflection through the x-axis: U=v, V=u. Upon extending this con- 
formal transformation three times, we find 


2 


Vo 2 
(- + 3huu) 
where =dv/du and P=dV/dU. 
The «* circles of the plane are represented in minimal coordinates by the 
« % conics which pass through the two fixed points at infinity, given in homo- 


+ 


Yo Vow Vodbuu 
(3) du ou 
Yo 
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geneous minimal coordinates by (0, 1, 0) and (1, 0, 0). Therefore the equation 
of any circle is 


(4) auv + bu+cv+d=0. 
From this, the differential equation of all «* circles is found to be 
(5) 2pp” — 3p? = 0. 

The Moebius group of the complex plane is the group of all point trans- 
formations which preserve the entire family of ©* circles. In minimal coordi- 
nates, any direct Moebius transformation may be written as 

a’y+ 
cou+d 


A reverse Moebius transformation is the product of a direct Moebius trans- 
formation by the reflection through the x-axis. A Moebius transformation is 
said to be real if the coefficients of one of the above equations are the respec- 
tive conjugates of those of the other. In the complex cartesian plane, there are 
2 «* Moebius transformations, of which 2 ©? are real. 

Upon applying the conformal transformation (2) to the circles of the (w, v) 
plane, the differential equation (5) expressed in capital letters is carried into 
the differential equation 


(7) 2pp” — 3p’? = 2p*(A — Bp’) 
where 
2 2 
8 A= B= 


From this, it is found that A may be any function of u only and B may be any 
function of v only. (All our functions in this paper are assumed to be analytic.) 


THEOREM 1. A differential equation of the third order represents an Q family 
of curves if and only if it is of the form (where p=v' =dv/du) 


(9) 2pp” — 3p’? = 2p*(A — Bp’), 


where A is an arbitrary function of u and B is an arbitrary function of v. 


By the preceding differential equation, we observe that any Q family is 
uniquely determined by the functions A and B. Therefore Q is a function of A 
and B only and we write Q2=Q(A, B). 

If ¢(u) and ¥(v) are any two functions which satisfy (8), then the integral 
curves of (9) are the transforms under the conformal transformation (2) of the 
«© circles of the (U, V) plane. Therefore the curves of our Q family are 


(10) apy + bo + +d=0. 
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Any © family of curves is thus a special type of linear families of curves. Of 
course, the differential equation (9) could have been obtained as a result of 
eliminating the arbitrary constants from the above equation by differentia- 
tion. 

By (10), it is obvious that under a conformal transformation any 2 family 
is converted in general into some other Q family. The group of transforma- 
tions which preserve a given 2(A, B) family of curves is a mixed six-parameter 
group Gé [Q(A, B)] isomorphic with the Moebius group of circular trans- 
formations. Any transformation = of this group is of the form 7 MT-' where 
T is a definite conformal transformation which converts the # circles into 
our 2-family and M is any Moebius transformation. This group is generated 
by conformal symmetries (Schwarzian reflections) with respect to the curves 
of the Q family. 

Because of this isomorphism with the Moebius group, we may make the 
following observations('). 


THEOREM 2. A nonconformal transformation converts at most 2 ©? curves of 
the given Q family into curves of the same family. A conformal transformation, 
not of the group Gé [Q(A, B)], converts at most 2 ©' curves of the given Q family 
into curves of the same family. 


From this theorem, we may conclude that a point transformation which 
converts 3 ©? curves of a given 2 family into curves of the same family must 
belong to the group G{ [Q(A, B)]. Similarly any conformal transformation 


which carries 3 ©! curves of a given 2 family into curves of the same family 
must belong to the group G¢ [Q(A, B)]. 

Let T and R be respectively a definite conformal transformation and any 
other transformation both of which carry the ©? circles into a given Q(A, B) 
family of curves. Then obviously R= 7M, where M is a Moebius transforma- 
tion. 

Theorem 1 gives us an analytic characterization of any 2 family. In the 
remainder of our work, we shall give geometric characterizations of any such 
family. For this, we shall suppose that A and B of our family are each not 
identically zero. Any such family may be obtained by applying to the «* 
circles any conformal transformation written in the form (2) where ¢ is not a 
linear fractional function of u only and y is not a linear fractional function 
of v only. 

3. The osculating parabolas of any three-parameter family of curves. Just 
as a set of values for (u, v, p, p’), that is, a differential element of the second 
order, is pictured most simply by means of the corresponding circle of curva- 
ture, so a differential element of the third order, defined by (u, v, p, p’, p’’), 


(*) Kasner and De Cicco, Characterization of the Moebius group of circular transformations, 
Proceedings of the National Academy of Sciences, vol. 25 (1939), pp. 209-213. 
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may be pictured by the unique osculating parabola. We shall collect here the 
general formulas to be used in the subsequent discussion (?). 
The equation of any parabola in minimal coordinates is 


(11) (ku — lv)? + 2k(m + 218)u + 21(m + 2ka)v + (m? — 4klaB) = 0, 


where (a, 8) are the minimal coordinates of the focus and ku+lv+m=0 is 
the equation of the directrix. The unique osculating parabola of the differ- 
ential element of the third order (u, v, p, p’, p’’) must have the parameters 


k = pp” — 3p’, l= p”, m= — 3pp’ — ku — lo, 
(12) 3p’ 3p*p’ 


Solving the last two equations for p’ and p’’, we find 


12 =— = 
(12') p P 4ta—u)La-—u 


Consider now any triply infinite system of curves, defined by a differential 
equation of third order 


Through a given point in a given direction there pass ©! curves of the system. 
Each of these has a definite osculating parabola at the given point. The locus 
of the foci of these parabolas is termed the focal curve and the envelope of the 
directrices is called the directorial curve. Thus to each lineal element E(u, v, p) 
of the plane there corresponds a definite focal curve and a definite directorial 
curve. 

The form of the focal curve depends, of course, upon the form of the differ- 
ential equation. Since (u, v, p) are fixed, p’’ is a certain function of p’. Sub- 
stituting this in (12) and eliminating p’, we obtain the finite equation of the 
required locus. 

To obtain the finite form of the directorial curve, we proceed as follows. 
Upon writing the equation of the directrices of the osculating parabolas and 
differentiating it partially with respect to p’, we obtain 


(bf — 3p)(a — u) + f(B — v) = 3pp’, 
— 6p’)(a — u) + — 0) = 3p. 


(14) 


Solving these for a and £, we find 


(?) Kasner, The trajectories of dynamics, these Trahsactions, vol. 7 (1906), pp. 401-424. 
Also see the Colloquium volume by Kasner, Differential-Geometric Aspects of Dynamics, 1913; 
second edition, 1924. Recent discussion and extensions have been given by Moissiev, Fialkow, 
and MacColl. 
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(— + 2f)? 


The third of these is written for later purposes. The elimination of p’ from the 
first two of these equations gives the implicit form of our directorial curve. 

4. Characterization by focal curves. We wish to consider the three-pa- 
rameter families of curves such that the corresponding focal curve of any lineal 
element E(u, v, p) of the plane is a lemniscate L with E as one of the two 
orthogonal tangent elements at the node of L. Before proceeding with this 
discussion, it is advisable to give a geometric construction of any lemniscate. 
Let C and C’ be any two equal circles which are orthogonal at a point O. Draw 
any line / through O and let / intersect C and C’ in the two points Q and Q’ 
respectively. Let P be any point on / such that the distance OP is the mean 
proportion between the distances OQ and OQ’. (We note that the square of 
OP can have two values, one the negative of the other. But if we are careful 
to choose the signs of OP and OQ (0Q’) such that the product of OP by QP 
(Q’P) is equal to the square of the tangent from P to C (C’), then the square 
of OP can have only one value.) The set of all such points P forms the lemnis- 
cate of Bernoulli. 

Let the minimal coordinates of the point O and the centers of C and C’ 
be respectively (u, v), (a, 6), [u-+i(a—u), v—i(b—v) ]. The equations of C and 
C’ are respectively 


C: (a — u)(B — v) = (a — — ») + (6 — — 
C's (a — u)(B — 0) = i(a — — 0) — i(b — 0) (a — w), 


B=o0+ 


(15) 


(16) 


where (a, 8) are the running minimal coordinates of the points of C or C’. 
The equation of our lemniscate L is 


(17) (a — u)*(B — v)? = i(a — u)*(B — v)? — i(b — 0)*(a — 


There are «4 lemniscates in the complex plane. The node of our lemniscate L 
consists of the two orthogonal tangent elements of C and C’ at the point O. 
Note that there are four pairs of orthogonal circles which define the same 


lemniscate L. 
Upon substituting the values of a and 6 as given by (12) into (17) and 


noting that 
(18) (6 — v)*/(a — = 
we obtain the following proposition. 
THEOREM 3. Property I. A three-parameter family of curves possesses the 
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property that the corresponding focal curve of any lineal element E is a lemniscate 
L with E as one of the two orthogonal tangent elements at the node of L if and 
only if its differential equation is of the form 


(19) — 3p’? = 0, p). 


The lemniscates of our family of curves (19) are given by the equation 


(20) 4d(a — u)*(8 — »)? = 3p?[(8 — 0)? — pa — u)?]. 


From the above equation, we find that, if (a, b) is the center of any one 
circle of the four orthogonal pairs of circles which define any one of the lem- 
niscates (20) then 
(21) i(a — u)? = 3p?/4d, i(b — v)? = 3p*/4n. 

Let us now consider a three-parameter family of curves with the Property 
I. Of course any such family is given by a differential equation of the form 
(19). The focal curve associated to any lineal element E of the plane is a lem- 
niscate. If we keep the point P of E fixed and vary the direction of E, the 
centers of the orthogonal pairs of circles defining these lemniscates will de- 


scribe a locus. We shall call this locus the central curve of the focal lemniscates 
associated with the point P. By (19) and (21), we obtain the following result. 


THEOREM 4. Property II. A three-parameter family of curves with the Prop- 
erty | will possess the property that the central curve of the focal lemniscates qsso- 
ciated with any point P of the plane is an equilateral hyperbola (eccentricity 
e= +2?) with its center at P if and only if its differential equation is of the form 


(22) 2pp” — 3p’? = 2p*(A — Bp’), 
where A and B are arbitrary functions of u and v only. 

The equilateral hyperbolas of our family of curves (22) are 
(23) iA(a — u)? — iB(b — = 


The four foci of this equilateral hyperbola are 


(24) r+ (=) 


This immediately yields the following proposition. 


THEOREM 5. Property III. A three-parameter family of curves is an Q family 
of curves if it possesses the Properties 1, 11, and the Property III described as 
follows. To any point P of the plane, there is associated by Property II an equi- 
lateral hyperbola H. The four foci of H are related to the point P by a direct con- 
formal transformation. 
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Thus an Q family of curves has been completely characterized geometri- 
cally by the Properties I, II, and III. In the next section, we shall give an 
alternate characterization by the means of the focal lemniscates. 

5. Alternate characterization by focal lemniscates. Next we shall discuss 
two Properties, II, and III,, which are respectively equivalent to Properties 
II and III. First let us note that a minimal quadrilateral R is any quadrilateral 
whose sides are minimal lines. The center of R is the intersection of its diago- 
nals. By (19) and (20), we discover the following result. 


THEOREM 6. Property II,. A three-parameter family of curves with the Prop- 
erty | will possess the property that the ~' focal lemniscates associated with any 
point P of the plane all pass through the vertices of a minimal quadrilateral R 
with center at P if and only if its differential equation is of the form (22). 


The four vertices of the minimal quadrilateral of our family of curves (22) 
are 


3 1/2 = 1/2 
(25) a=u+(—) ; p-0+(—) 


From this, we find 


THEOREM 7. Property III;. A three-parameter family of curves is an Q fam- 
ily of curves if it possesses the Properties 1, Il, and the Property I11, described 
as follows. To any point P of the plane, there is associated a minimal quadrilat- 
eral R. The four vertices of R are related to the point P by a direct conformal 
transformation. 


In the above work, we have completely characterized an Q family of 
curves by means of the focal lemniscates. That is, we have given two equiva- 
lent sets of geometric characterizations by means of focal lemniscates. In the 
next section, we shall characterize any such family by means of directorial 
equilateral hyperbolas. 

6. Characterization by directorial curves. In this section, we wish to con- 
sider three-parameter families of curves such that the corresponding direc- 
torial curve of any lineal element E(u, v, p) of the plane is an equilateral 
hyperbola H with the point of E as the center of H and the line of E as one 
of the asymptotes of H. The equation of H must be of the form 


(26) (8 — — pa — u)? = 3p*/g?, 


where g is an arbitrary function of (u, v, p) only. Substituting (15) into (26), 
we find 


+ 3p%/2p_ 1 
(— + 2f)? 2g? 


(27) 
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This is a partial differential equation in the unknown function f whose form 
is to be determined. 
Upon making the transformation 
3p"? 


(28) + 3(g* — 


where F is our new unknown function, the differential equation (27) becomes 


(29) F’[p"Fy — 2p'FFy + — =0. 
The solution of this yields 
(30) F=0, or F=Fgt+/Ph, 


where g and # are functions of (u, v, p) only. This shows that our differential 
equation (13) must be either one of the two types 
3p’? 


2/9. 
p + g°/2; 


3p"? h? 
B: p” =—— + ghp' — 
The second type B is any three-parameter family of curves whose differ- 
ential equation is of the form 


(32) p” = Gp’ + Hp”, 


where G and H are arbitrary functions of (u, v, p) only. Any such family may 
be characterized by the property that the focal curve at any element E is a 
circle passing through the point of E. This type has been considered exten- 
sively by Kasner in connection with his geometry of dynamical trajectories 
(first of Kasner’s five dynamical properties(?)). 

Upon substituting the second of equations (31) into (14) and (15), we dis- 
cover that the directrices of the 1 osculating parabolas form a pencil of 
straight lines with the vertex 


(31) 


2 
2gh 


(33) B= 


Thus for this second type B our equilateral hyperbola is degenerate. As a mat- 
ter of fact, it may be proved(?) that any three-parameter family of curves for 
which the «' directrices of the osculating parabolas at any element of the plane 
form a pencil of straight lines is given by a differential equation of the form (32). 


The first type (A) of (31) is any three-parameter family of curves whose 
differential equation is of the form (19). Any such family is characterized by 


SCS 
g 
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the Property I. Upon substituting the first of equations (31) into (14) and 
(15), we find that our directorial curve is a nondegenerate equilateral hyper- 
bola as given by (26). By comparing the second of equations (31) with (19), 
we find \ = pg*. Our equilateral hyperbola (26) then becomes 


(34) (8 — 0)? — — = 3p*/r. 


THEOREM 8. Property I’. A three-parameter family of curves for which the 
directorial curve at any element E is a nondegenerate equilateral hyperbola H with 
the point of E as the center of H and the line of E as one of the asymptotes of H 
is given by a differential equation of the form (19). Thus Property I’ is equivalent 
to Property 1. 

From (34), we find that if (a, 8) denotes any focus of our equilateral hyper- 
bola H, then 


(a — u)? = — 3p*/d; (8 — = 3p*/r; 
A(a — u)? + B(B — v)? = — 3p*%(A — Bp?)/d, 


where A and B depend only on (wu, v). From the above equations, we deduce 
the following result. 


(35) 


THEOREM 9. Property II’. A three-parameter family of curves with the Prop- 
erty I’ will possess the property that the curve of foci of the directorial equilateral 
hyperbolas associated with any point P of the plane is an equilateral hyperbola 
H’ with center at P if and only tf its differential equation is of the form (22). Thus 
Property II’ is equivalent to Property I1. 


The equilateral hyperbolas of Theorem 9 are 
(36) A(a — u)? + BB —v) = — §. 


Next if (a, 8) denotes the center of any one of the four pairs of orthogonal 
circles which define any one of the above lemniscates, then 


3 \1/2 3 


THEOREM 10. Property III’. A three-parameter family of curves is an Q fam- 
ily of curves if it possesses the Properties 1', 11’, and the Property III’ described 
as follows. To any point P of the plane, there is associated by Property II’ an 
equilateral hyperbola H'. The four foci of H’ are related to the point P by a di- 
rect conformal transformation. Thus Property III’ is equivalent to Property III. 


In this section, we have completely characterized an Q family of curves 
with a third set of geometric properties. This set depends essentially on the 
directorial equilateral hyperbolas. In the next section, we shall give some ad- 
ditional geometric properties of such a family. 
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7. Additional geometric properties of an 2 family. Upon replacing \ by 
the value 2p?(A — Bp?) in (34), we find that the envelope of the ' equilateral 
hyperbolas (34) is 


(38) [A(a — u)? + B(B — v)* + $]? = 4A B(a — u)*%(6 — 0)*. 
From this, we derive the following result. 


THEOREM 11. An Q family of curves possesses the following additional prop- 
erty. The envelope of the ~' directorial equilateral hyperbolas of the lineal ele- 
ments through a fixed point P consists of the four sides of a rectangle R whose 
diagonals are the minimal lines through P. Moreover, the vertices of this rectangle 
R are connected to P by a direct conformal transformation. 


Next we note that the two sets of geometric characterizations (I, II, III) 
and (I’, II’, III’) give rise to a reciprocity relation. Let us consider as recipro- 
cal elements: the focus and directrix of our osculating parabola; a lemniscate 
L and an equilateral hyperbola H with the node of L and the center of H co- 
incident; the tangent lines of the node of Z and the asymptotes of H. Of 
course, the centers of the orthogonal pairs of circles defining L and the foci of 
H both describe equilateral hyperbolas, which are equivalent by a similitude. 
Then we observe that the two sets of geometric characterizations (I, II, III) 
and (I’, II’, III’) are reciprocal. This reciprocity is brought to light more by 
the following two results. 


THEOREM 12. The focal lemniscate L (20) of Property 1 and the directorial 
equilateral hyperbola H (34) of Property 1’ are equivalent under the Moebius 
inversion with respect to the circle with center at the point P and with radius 
R? =3p*/2x. 


THEOREM 13. The equilateral hyperbolas H (23) of Property 11 and H’ (36) 
of Property 11’ are equivalent under the similitude 


(39) —v= + 21/26 — 2). 


This similitude can be factored into the product of the rotation about the 
point P through the angle 7/4+k72/2 by the magnification through P of 
ratio +2 or +22 according as k is odd or even. 

In the next section, we shall give a fourth and final geometric character- 
ization of an 2 family of curves by means of the rate of variation of curvature 
with respect to the arc length. 

8. Characterization by the rate of variation of curvature. The curvature x 
and the rate dx/ds of variation of the curvature with respect to the arc length 
$ are given in minimal coordinates by 


_ 2pp" — 3p" 
= 


(40) ds 27° 
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From these, we derive the following. 


THEOREM 14. Property I’’. A three-parameter family of curves for which the 
rate dx/ds=«' of variation of the curvature per unit length of arc is the same for 
the «1 curves of the family at any lineal element E must have its differential equa- 
tion of the form (19). Thus the Properties 1, 1’, 1’’ are all equivalent. 


Let a three-parameter family of curves possess the Property I’’. Then to 
each lineal element of the plane, there is associated a definite rate of variation 
of curvature. That is, x’ =«x’(E). 


THEOREM 15. Property II’’. Consider any three-parameter family of curves 
with the Property 1''. Let there exist an orthogonal net of curves N with the fol- 
lowing property. At any point P of the plane, construct the two orthogonal lineal 
elements E; (j=1, 2) which belong to N. The rate x'(E) of variation of curvature 
of any element E through P is proportional to the cosine of twice the angle between 
E and E;. Any three-parameter family with this additional property must be 
given by a differential equation of the form (22). 


The Property II’’ of the preceding theorem is an analogue of the Meusnier 
theorem for curves on a surface in three-space. This property may be written 
in the form 


(41) x’ = x} cos 28, 


where @ is the angle between the two lineal elements E and £; at the point 
P and «’ and x} are the rates of variation of curvature at E and E; respec- 
tively. 

The differential equation of the net N and the value of x, are respectively 


A 1/2 
(42) p= = F (AB), 


By this, we may state simply 


THEOREM 16. Property III’’. A three-parameter family of curves is an Q 
family if and only if it possesses the Properties 1’, II’, and the Property III’ 
described as follows. The function xj p; depends on u only and the function x} /p; 
depends on v only. 


This completes our list of geometric characterizations of an 2 family. We 
have completely listed four such sets of characterizations, namely: Properties 
(I, 11, 111); (1, Uh, 11); (1’, 11’, III’); and (1’’, I1’’, III’’). 

9. The hyperosculated isothermal net of an ° family. From Theorem 16, 
we deduce that the orthogonal net N of Theorem 15 is an isothermal net. But 
this property is not sufficient to characterize an 2 family of curves. Next we 
make the following observation. 
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THEOREM 17. All the curves of an Q family which are hyperosculated by their 
osculating circles form an isothermal net. This net cuts the isothermal net N of 
Theorems 15 and 16 at an angle of 7/4 radians (45°). 


This last theorem is of significant interest for the following reasons. Let 
us define a conformal transformation, not of the Moebius group, which pre- 
serves the maximum number of circles to be a conformal near-Moebius trans- 
formation(*). Under any such transformation 2, it results that the only 
possible circles that are preserved must form the hyperosculated isothermal 
net of the 2 family into which the »* circles are converted by 2. It is known 
that the only isothermal circular nets are two orthogonal pencils of circles. 
The conformal near-Moebius transformations are deducible from this result. 
These are of the form 2 = M2:T M, where M, and M2 are Moebius transforma- 
tions and T is one of the three transformations 


(43) U=u", V=0"; U=e", V=e'’; U=logu, V = log». 


As a corollary of this work, we may state 


THEOREM 18. The only Q family of curves (not circles) of the (u, v) plane 
which contain circles as the hyperosculated isothermal net are 


aU*V" + cV"*+d=0, 
(44) aeUt¥ + + +d =0, 
alog U log V+ blog U+clogV+d=0, 


where (U, V) are Moebius functions of (u, v). 


In the present paper, we have completely characterized the Q families of 
curves. One analytic and four geometric characterizations, each consisting of 
three independent properties, have been given. In later work, we shall study 
certain subfamilies(*) of any 2 family and then develop the geometry of these 
families with respect to Schwarzian reflection (conformal symmetry) (°). We 
state in conclusion 


THEOREM 19. Every horn angle contained in an Q family is conformally 
equivalent to a circular horn angle, and therefore its measure is M=@. 


This property belongs to a much larger category of families. The conform- 
al measure of a horn angle is defined as 


(®) Kasner and De Cicco, The conformal near-Moebius transformations, Bulletin of the 
American Mathematical Society, vol. 46 (1940), pp. 784-793. 

(*) This is related to the theory of natural families. See papers by Kasner (1909), Lipke 
(1912), Douglas (1924), Fialkow (1939), and Struik’s recent treatise on differential geometry 
(1938) where other references can be found. 

(5) Kasner, Annals of Mathematics, (2), vol. 38 (1937), pp. 873-877. 
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Mu = — =) 


where denotes curvature. If we demand that this shall be constant, a very 
extensive type of triple family is obtained. 


CoLuMBIA UNIVERSITY, 
New York, N. Y. 

ILLINOIS INSTITUTE OF TECHNOLOGY, 
Cuicaco, ILL. 


1941] 391 


STRUCTURE OF ABELIAN QUASI-GROUPS 


BY 
D. C. MURDOCH 


INTRODUCTION 


One of the most noticeable features of non-associative group-like systems 
is that the lack of associativity removes nearly all the power from the com- 
mutative law. For example, although many properties of groups are retained 
in systems which satisfy certain generalized associative laws, the addition of 
the commutative law does not usually reduce these systems to anything anal- 
ogous to abelian groups. The properties which one usually associates with an 
abelian group, and which one would wish to retain in any non-associative 
generalization of this concept, are 

(a) Indices may be distributed: (ab)"=a’b’. 

(b) All subgroups are normal. 

(c) The subgroups form a Dedekind structure. 

A fourth property which naturally comes to mind is that every abelian 
group is a direct product of cyclic groups. This, however, does not lend itself 
to generalization since the cyclic group itself loses all its simplicity when the 
associative law is relaxed. It will therefore play no part in the considerations 
of this paper. 

A definition of an abelian quasi-group which retains the above three prop- 
erties has previously been given('). It is a system closed under multiplication, 
which satisfies the quotient axiom and the generalized associative-commuta- 
tive law (ab) (cd) = (ac)(bd). It is the purpose of this paper to give a complete 
account of the structure of these systems. The problem of constructing all 
abelian quasi-groups is solved in the sense that it is reduced to a group-theo- 
retical problem. It is first shown, by consideration of the problem of extension, 
that every abelian quasi-group is a direct product of a self-unit quasi-group 
(one in which every element is a right unit) and one which contains an idem- 
potent element. This latter type can always be constructed by performing 
certain transformations on the Cayley square of an abelian group, while the 
self-unit quasi-groups result from two applications of the same process. The 
results appear to indicate that the classic problems of extension, automor- 
phisms, etc., although more cumbersome to handle, are not essentially more 
difficult than for abelian groups. 

Presented to the Society in part October 28, 1939, under the title Further theory of quasi- 
groups, and in part April 26, 1940, under the title A characterization of abelian quasi-groups; 
received by the editors April 15, 1940. 

(*) D. C. Murdoch, Quasi-groups which satisfy certain generalized associative laws, American 
Journal of Mathematics, vol. 61 (1939), pp. 509-522. 
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The results of §II, on extensions by a factor group with unique right unit, 
are not essential to the main arguments of the paper. Attention is drawn to 
the three theorems which give the key to the construction of all abelian quasi- 
groups by labelling them the first, the second, and the third structure theo- 
rems. 


I. ABELIAN QUASI-GROUPS AND THEIR FUNDAMENTAL PROPERTIES 


1. Abelian quasi-groups. We shall understand by an abelian quasi-group 
@ a system of elements which satisfies the following three postulates: 

(A) For any ordered pair of elements a, b of & there is a unique product ab 
which is an element of G. 

(B) If a, b are any two elements of G, there exist in G unique elements x 


and y such that ax=), ya=b. 
(C) If a, 6, c, d are any four elements of G, then 


(1) (ab)(cd) = (ac)(bd). 


With the exception of the last section, this paper is concerned exclusively 
with abelian quasi-groups, and we shall therefore use the term quasi-group, 
except in that section, to mean abelian quasi-group. We shall also confine our 
attention to finite quasi-groups. With this restriction any subset of © which 
is closed under multiplication will form a subquasi-group. Finally, we shall, 
where convenient, use the terms subgroup and factor group to mean subquasi- 
group and factor quasi-group without implying that the systems in question 
are associative. This will lead to no confusion since we shall have no occasion 
to consider subquasi-groups or factor quasi-groups which are groups in the 


ordinary sense. 
For convenience of reference we shall list some of the chief properties of 


abelian quasi-groups previously obtained (?). 
1. If a and b are two elements of a quasi-group © and $(a), ¥(a) denote two 
“powers” of a, then 


¢(a)o(b) = ¢(ab), ¥[d(a)] = o[¥(a)]. 


This generalizes the index law (ab)’=a’b’ of abelian groups. It may be 
stated more generally as follows: 


1 (a). If a1,---, a, and b,---, b, are two sets of elements of © and if 
(a1, , Gn) denotes some product formed from the elements ay, , Qn, then 

This may be proved by induction on the total number of elements multi- 
plied together to form $(a, - - , 


(?) For proofs, see D. C. Murdoch, op. cit. 
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2. Every element a of & has a right unit e,. All right units of © form a sub- 
group R and a—¢<e, 1s a homomorphic mapping of © on R. 

We shall refer to as the right unit group of G. 

3. If is any subgroup of G, two cosets a} and b§H are either identical or 
have no elements in common. 

This follows from the necessary and sufficient conditions for the existence 
of coset expansions as given by Hausmann and Ore(*), or it may be proved 
independently as follows: 

If a and b§ contain common elements, there exist elements /; and hz 
of © such that ah,=bh2. We then have 


aS = = (ahs)(eaH) = (bh2) (CoH) = (bea) H = diH. 


Hence there is an element hs of $ such that at, =(be,.)hs and by repetition of 
the above argument, where is defined by },=5,-1e, and bi = 
But since @ is finite there exists an m such that b,=6, and therefore a =d9. 

4. Every element of a coset aS defines the same coset (ah) which is inde- 
pendent of h, and is equal to a if and only if $ contains e,. Every subgroup $ 
of & is normal in the sense that its cosets form a factor group @/H homomorphic 
to @. 

It follows from (1) that left (or right) multiplication by an idempotent ele- 
ment ¢ is an automorphism of @. The properties of the factor group G@/§ may 
therefore be stated as follows: 

5. If R is the right unit group, and $ any subgroup of G, the factor group 
@/D has a unique right unit if and only if H2R. The mapping of every coset aH 
on the coset defined by any element of aS is an automorphism of ©/H equivalent 
to right multiplication by the idempotent element 9. 

Finally, it is known that the subgroups of @ which contain any given sub- 
group form a Dedekind structure. Hence principal chains between © and any 
fixed minimal subgroup all have the same length. That principal chains termi- 
nating in different minimal subgroups need not have the same length is illus- 
trated by the example in §8. 

2. Cyclic quasi-groups. A cyclic quasi-group is one which is generated by 
a single element. In general not much can be said about such systems, since 
the usual machinery for dealing with powers breaks down owing to the lack 
of the associative law. We shall give two results, however, which hold in the 
abelian case. 


THEOREM 1. The automorphisms of a cyclic abelian quasi-group form an 
abelian group. 


Proof. Let @ be an abelian quasi-group generated by an element @ and 


(®) B. A. Hausmann and O. Ore, Theory of quasi-groups, American Journal of Mathemat- 
ics, vol. 59 (1937), pp. 983-1004. See also D. C. Murdoch, op. cit., p. 512. 
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let S and T be any two automorphisms of @. Then if a5 =¢;(a) and a7 =¢,(a), 
we have 


aS? = ¢,[$2(a)], = 


whence ST=TS by 1, §1. 

It follows from this theorem that a cyclic quasi-group can contain at most 
one idempotent element, for it is easily shown that the automorphisms of @ 
defined by multiplication by two distinct idempotent elements do not com- 
mute. More generally, we can prove: 


THEOREM 2. A cyclic abelian quasi-group contains only one minimal sub- 
group. 

Proof. Let ®; and ®: be two minimal subgroups of @ and let ¢(a) 
be any element of 9; where a is a generating element of @. Now if (a) is 
any element of then ¢[¥(a) ]=y[¢(a) ] is an element of both 9, and Re. 
Hence 9: and 9: have a non-void crosscut and since both are minimal they 
must be identical. 

It follows from Theorem 2 that the subgroups of a cyclic quasi-group al- 
ways form a Dedekind structure. 

3. Direct products. Given two quasi-groups @ and § it is always possible 
to construct a third quasi-group G X § which we shall call their direct product. 
The direct product is defined as the quasi-group consisting of all element pairs 
(g, h), where g belongs to @ and h to §, in which multiplication is defined by 


(g1, hy) - (ge, he) (gigs, hyhe). 


The multiplication so defined satisfies (1) and the ordinary laws of direct 
products hold with one important exception. This is that the component 
quasi-groups @ and § are not necessarily subgroups of © X§. If $ contains 
an indempotent element, then © will be a subgroup of © X§ but otherwise 
this will not in general be the case. It should also be noted that the right unit 
group of @X® is the direct product of the right unit groups of G and §. 

4. The right unit series. Let 9; be the right unit group of G, R- the right 
unit group of 91, Rs that of Rs, and so on. Since © is assumed finite, we must 
finally reach a subgroup ®; which is its own right unit group. Such a quasi- 
group, in which every element is a right unit, shall be called self-unit. This 
series of subgroups, 


GIRDRD--- DR 


shall be called the right unit series of G, and the number # of distinct successive 
right unit subgroups in the series, the length of ©. 

We shall use the letter U throughout to denote the mapping of each ele- 
ment of a quasi-group on its right unit. The right unit series can then be 
written 
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It should also be noted that the final term R,=G"” of this series is the maxi- 
mal self-unit subgroup of @ in the sense that every self-unit subgroup is con- 
tained in it. For if ® is self-unit we have 


R= RC MR. 


The factor group G/®;, will also have length ¢ and its maximal self-unit sub- 
group will be a single idempotent element. 

Let §; be the factor group Ri/Ri, i=1, 2,---, t, where Ro=G. Then 
each §; has a unique right unit. Since U is a homomorphism which maps each 
on RM; we have for i=1, 2,---,¢—1, 


Ria Rs 
~ Fin, 
Ri Riss 
where §t/ is the subgroup of 9;_; consisting of all elements of Ri: which have 
right units in Ri4:. Evidently R/ DR; and therefore §; contains a subgroup 
such that 


Fert 


These results may be summed up as follows: 


THEOREM 3. Let G=RoD Rid --- DR: be the right unit series of G and 
let % be the factor group Rii/Ri, i=1, 2,---, t. Then each §; has a unique 
right unit, and is an extension of some quasi-group M; by the factor group §i+:. 


Coro.uary. If g is the order of © and m; the order of M:, f that of §:, andr 

that of then 
2 3 1 

Any or all of the m; may be unity, but a quasi-group of length ¢ must be 
divisible by the ‘th power of an integer, namely f‘. If each m; is unity, then 
all the factor groups §; are isomorphic. 

From the preceding it follows that any quasi-group of length ¢ can be ob- 
tained from its maximal self-unit subgroup either by a series of ¢ extensions 
by factor groups having unique right unit, or by a single extension by a factor 
group of length ¢ whose maximal self-unit subgroup is a single element. We 
shall therefore turn now to a study of the process of extension. We shall first 
treat the problem of the extension of any quasi-group 6 by a factor group § 
with unique right unit. The same problem when § does not have a unique 
right unit becomes very complicated. One special case, however, can be com- 
pletely solved, namely the case in which § is self-unit and the maximal self- 
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unit subgroup of § consists of a single element. This case is sufficient for our 
purposes and will be treated in §III. 


II. EXTENSIONS BY A FACTOR GROUP WITH UNIQUE RIGHT UNIT 


5. Extensions which preserve the right unit group. Let 5 be any given 
quasi-group with right unit group ® and let § be a quasi-group with unique 
right unit e. It is required to construct an abelian quasi-group & containing 
as subgroup and such that G@/9$<§. We shall consider only the case in which 
the extended group © has the same right unit group as §, namely R. It is 
clear from §3 that one such extension © always exists, namely the direct 
product § X §. We shall use Latin capitals for elements of § and small Greek 
letters for elements of § other than the right unit e. 

If & is an extension of § by §, having right unit group ®R, then G splits 
into cosets modulo § of the form 


G= 


Here and the representatives g,, multiply according to the 
law 


(2) = Sellen 


where the elements of the factor set C,,, belong to §. Since G has right unit 

group ®, each representative g, has a right unit Z, in R. Hence every element 

of ® is the right unit of at least one element in each coset g,$. Thus it is al- 

ways possible to choose a set of representatives {ge} all of which have the 

same right unit. Such a set shall be called a normal set of representatives. 
Taking right units of (2) we have 


E,E, 


where C,,, is the right unit of C,,,. Hence if {g,} is a normal set of representa- 
tives the elements of the factor set must all have the same right unit. If 
is self-unit, this implies that all C,,, are equal, and since any element of 
may then be chosen as factor set it follows that only one extension is possible 
in this case, namely the direct product. 

If $ is not self-unit more possibilities occur, but a factor set for any ex- 
tension can always be chosen so that its elements all have the same right unit. 
An analysis similar to that of Schreier(*) for ordinary groups yields the follow- 


ing: 
THEOREM 4. Let $ have right unit group R and § (e, ¢, T,-- - ) have right 


(*) O. Schreier, Uber die Erweiterung von Gruppen 1, Monatshefte fiir Mathematik und 
Physik, vol. 34 (1926), pp. 165-180, or H. Zassenhaus, Lehrbuch der Gruppentheorie, vol. 1, pp. 
89-93. 
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unit e. The necessary and sufficient conditions for the existence of an abelian ex- 
tension © of H by § having right unit group R are that there exist elements C,,+ 
in S and E, in & satisfying the following three conditions: C,,. are equal for alla, 


(3) E,E, = 
where the operation S, is defined by E,XSe«=X. 


Proof. The necessity of these conditions follows from (2), EZ, being the 
right unit of the coset representative g,. Condition (4) arises from imposing 
the law (1) on the extended quasi-group. We shall sketch the proof of suffi- 
ciency insofar as it differs from the corresponding proof in the case of groups. 

Let C,,, and E, be given satisfying the three conditions of the theorem. 
We then construct the set @ of all elements g,A where o belongs to § and A 
to . These g,A are to be considered simply as undefined symbols. We shall 
show that @ supplies the required extension when multiplication is defined by 


(5) (g-A)(g-B) = ger Ser]. 


To prove this it is necessary to show, (i) that © contains a subgroup § iso- 
morphic to §; (ii) that the right unit of every element g,A lies in the right unit 
group & of $; (iii) that © is abelian; and (iv) that G/S~§. 

First, let § consist of all elements g,A. Then $~§ under the correspond- 
ence g,AC,,.A. For we have 


= (C.,Le,.) (AB)*] 
= (C.,L.,-)(AB) = (Co, eB), 


since from (3) Ci,=E,. 
To prove (ii) we shall show that every element g,A of © has a right unit 
geXa, where Xx is defined by 


in which E, is the right unit of A. For we have from (5) 
(geA)(geXa) = [C., (A Xa)*]. 


However, using the notation E® for the left unit of E,, we have 


= [Ee(AXa)] 
= (ES"C,,.)(AXa) = 
= (E,A)(E,Es) = 
and therefore and (g,A)(g.X4)=g.A. 
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Now g-Xa as an element of § corresponds to C,,.X4 in §. But since 
C..eX4=E,Ea, this element lies in R and therefore g.X 4 lies in R, the right 
unit group of §. Hence every element of G has a right unit in ® as required. 

It is clear from (5) that G/F, and therefore it remains only to prove 
that © is abelian. Since this proof is straightforward, though cumbersome, 
we shall not give it in full here. It is only necessary to note that the operation 
S, may be distributed over elements of § in the following manner: 


(6) (AB)Sc = 


where S/ is defined by E/ BS: =B, where E? is the right unit of E,. This fol- 


lows from the law (1). 

A problem which naturally suggests itself, but which will not be consid- 
ered here, is the extension of § by § in such a way that the right unit group 
of the extension @ is not R but some subgroup of § containing #. Conditions 
similar to those of Theorem 4 can be derived if the factor group satisfies cer- 
tain restrictions. The existence of such an extension, however, remains prob- 
lematical since the direct product does not satisfy the conditions of the prob- 


lem. 
6. Equivalent factor sets. Two factor sets C,,,, D,,, and corresponding 
unit sets E,, E, are said to be equivalent if there exists in § a set of elements 


A, such that 

(7) E, = E,A/, 

where A/ is the right unit of A,. This equivalence relation is seen to be re- 
flexive on putting A,=£E, and applying (3). The symmetry and transitivity 
of the relation are not immediately obvious from (7), but they necessarily 
follow from the following: 


THEOREM 5. The necessary and sufficient condition that two factor sets 
(E., Cer) and (E., Dex) give rise to isomorphic extensions of S in which each 
coset g. is mapped on g,H is that they are equivalent. 


Proof. 1. If { ge} is a set of representatives with right units E, and factor 
set C,,,, and if { ze} is a second set of representatives, corresponding to the 
same extension, with right units E, and factor set D,,,, since Z, belongs to 
the coset g, we have 


= A,E §, 
and therefore E,=E,A/. Moreover, 
Boke = = Bor Ser], 
Sor 


This gives (7), and the factor sets are therefore equivalent. 
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2. Conversely, if the factor sets are equivalent let G and @ be the corre- 
sponding extensions. We shall show that the mapping 


— g.(A-A*) 


is an isomorphism between @ and G. For if 
gr(A,B**), 
then the product (g,A)(z,B) = Zor[D..(AB)**"] is mapped on the element 


(8) fer = { 
However, 
= 

Since, by (3), C., =(E,E,)** this is seen by means of (6) to be equal to 
Ber { (AB) 
In view of (7) this is identical with the right member of (8) since 
X = = (E,A/)X* = E,[Aj 

The two extensions are therefore isomorphic. 


III. EXTENSION BY A FACTOR GROUP WITHOUT UNIQUE RIGHT UNIT 


7. The first structure theorem. It follows from §4 that every abelian 
quasi-group @ is an extension of its maximal self-unit subgroup ® by a factor 
group § having the following two properties: 

(a) § contains a unique idempotent element e. 

(b) If § has length ¢, then U‘ maps every element of § on e. 

We shall now study extensions of this type and shall prove that @ must 
in fact be the direct product RX §. 

Let ® be any self-unit quasi-group and let § be a quasi-group having 
properties (a) and (b). Let G be an extension of R by § and let {ge} be a set 
of representatives of the cosets of G modulo R. Thus we have 


where g.C ®, and where 
(9) (geR)(g-R) = = 


Since ® is not the whole right unit group of @ the coset g,R does not in 
general contain g,. Let g,s9 be the coset which contains g,. By 5, §1, 
g-R—g.sR is an automorphism of G@/R, namely the inverse of right multipli- 
cation by ®. Since G@/R-~¥F it follows that S is an automorphism of § and 


1941] ABELIAN QUASI-GROUPS 401 


is defined by o5e=c. Thus S leaves invariant every element of § whose right 
unit is e, and every coset g,R which contains its defining element g,. From 
(9) it follows that g.g, and g., belong to the same coset, namely, gers, and 
hence we have 


(10) = cor) 


where the elements of the factor set C,,, belong to ®. 

Owing to property (b) in §, it follows that the homomorphism U‘ when 
applied to @ gives a one-to-one mapping of the elements in each coset g,R 
onto ®. Hence we can choose for the representative g, that element of g,sR 
which is mapped on any element of ® that we please. It is evident, therefore, 
that in any extension a set of representatives {ge} can be chosen such that 
each one is mapped by U‘ onto the same element of ®, say R. 

Assuming such a choice of {ge} to have been made, and applying U‘ to 
(10), we see that each element of the factor set is also mapped on R by U'. 
But since § is self-unit, U‘ is an automorphism of §, and it follows that all 
elements of the factor set are equal to that (unique) element of mapped on 
R by U‘. It follows that any extension of ® by § can be obtained by a factor 
set all of whose elements are equal, and since the choice of R is arbitrary, 
any such factor set gives rise to the same extension. Hence there is only one 
extension possible and this must be the direct product. We have therefore 
proved: 

THEOREM 6. (First structure theorem.) Every abelian quasi-group is the 
direct product of its maximal self-unit subgroup by a quasi-group which contains 
a single idempotent element. 

This theorem reduces the consideration of abelian quasi-groups to that of 


two types, (i) quasi-groups which contain an idempotent element, (ii) self- 
unit quasi-groups. We deal with these in order in the following sections. 


IV. CONSTRUCTION OF ABELIAN QUASI-GROUPS(®) 


8. Quasi-groups containing an idempotent element. The results of this 
section are based on the following: 


THEOREM 7. Let @ be an abelian quasi-group and let S and T be any two 
automorphisms of © such that ST =TS. If a second operation X be defined in G 
by means of the equation 


(11) a X b = 


then the elements of G form a second abelian quasi-group under the operation X. 


(®) Some of the results of this section were proved in the special case of quasi-groups with 
a unique right unit by A. Suskewitsch, in his paper, On a generalization of the associative law, 
these Transactions, vol. 31 (1929), pp. 204-214. 
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The proof is immediate since it is only necessary to verify that 
(a Xb) X(c Xd) =(aXc) X(bXd). We shall use the notation (G, T, S) to de- 
note the quasi-group in which multiplication is defined by (11). The theorem 
then states that if the permutations 7—' and S~' are performed on the vertical 
and horizontal title lines respectively of the Cayley square for G, the resulting 
square is still that of an abelian quasi-group, namely (G, T, S). It is clear too 
that T and S are automorphisms of (G, T, .S) as well as of G. More generally, 
any automorphism of © which commutes with both T and S is also an auto- 
morphism of (G, T, S). Thus if G=(G, T, S) we may write 6=(G, T-", S-). 
However both @ and @ will in general have automorphisms which are not 
automorphisms of the other. 

In particular the above theorem holds when @ is an abelian group. This 
suggests the following: 


DEFINITION. If there exist in a quasi-group © two commutative automor- 
phisms such that ©=(G, T-', S-*) is an abelian group, then 
@G~(G, T, S) shall be called a group representation of © or simply a representa- 
tion. 


Let ©=(G, T, S) where G is a quasi-group with commutative automor- 
phisms S and T. Let § be any subgroup of G. The elements of § will also 
form a subgroup of © if and only if a7b5€® for all a and db in §. A sufficient 
condition for this is that $ be invariant under T and S. If § contains the 
right unit group ® of G this condition is also necessary. For in that case 


ae. 
for all a in ©. But, since § is clearly a characteristic subgroup é belongs to R, 


and therefore to $. Hence a7 €® for all a in § and similarly a‘ also belongs 
to $. We have therefore proved: 


THEOREM 8. Let & be a quasi-group with right unit group R and commutative 
automorphisms T and S. If $ is a subgroup of © containing R, then the neces- 
sary and sufficient condition that be also a subgroup of (G, T, S) is that it be 
invariant under T and S. 


The following theorem enables us to construct all abelian quasi-groups 
which contain an idempotent element, from abelian groups. 


THEOREM 9. (Second structure theorem.) Every abelian quasi-group © 
which contains an idempotent element has a representation of the form (@, T, S) 
where © is an abelian group(*). 

(*) This theorem exposes a misstatement in the author’s previous paper (loc. cit., p. 522), 


where an example is given with the statement that it cannot be constructed from an abelian 
group by this method. The example in question can be so constructed from the direct product of 


two cyclic groups of order 3. 
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Proof. The proof consists in showing that there exist automorphisms T 
and S of G such that (G, T-’, S—') is an abelian group. Let e be an idempotent 
element of G and denote by S and T respectively the automorphisms defined 
by left and right multiplication by e. We then have 


(12) aT = ae, aS = ea. 
Since e(ae) = (ea)e, we have ST =TS. Moreover, 
= (ae)(bcS*) = (ab)(ecS™') = (ab)<, 


and therefore an abelian quasi-group containing an idempotent element satis- 
fies the associative law 


(13) (ab)c = 
We now define the operation X by means of the equation 
aXb=aT bs", 
On applying (13) it is easily seen that 
(@aXb)Xc=aX (bX). 


Finally, since aXe=a? ‘e=a, and eXa=ea* =a, it is clear that under the 
operation X the elements of G form a group with unit element e. Moreover 
it is an abelian group since by Theorem 7 it is an abelian quasi-group. De- 
noting this group by G=(G, T-!, S-"), we have then G=(@G, T, S), which 
is the required representation of G. 

The converse of the above theorem, namely that every quasi-group of the 
form (G, T, S), where G is an abelian group, contains an idempotent element, 
is certainly true since the unit element of © will remain idempotent in 
(G, T, S). However quasi-groups so formed may contain subgroups which 
have no idempotent element. This is illustrated by the example given below: 


CONAN 
CONTA 
WaT OOF A 
UP OO 
On ON & ~1 © OO 

WD 
OO 
ON 
CUNN WHE A 
OUR NWA 


Table (a) is the cyclic group © of order 9, while table (8) is the quasi-group 


404 D. C. MURDOCH [May 


(G, S, S-') where S is the automorphism which maps each element of @ on 
its square. This quasi-group contains three subgroups of order 3, one having 
three idempotent elements and the other two none. 

If G is an abelian group, then by Theorem 8 every subgroup of @ which 
is invariant under T and S is also a subgroup of (G, T, S). Similarly every 
subgroup of (G, T, S) which is invariant under T and S (i.e., every subgroup 
which contains e, the unit of G) is also a subgroup of G. We therefore have a 
structure isomorphism between the structure 2, of all subgroups of (G, T, S) 
which contain e, and the structure 2: of all subgroups of @ which are invariant 
under T and S. 

The idempotent elements of G form a subgroup © in which every element 
is its own right (and left) unit. If the elements of O are denoted by ¢1, é2, - - -, 
then corresponding to each e; we can construct a representation of @ as in 
Theorem 9. Thus if and ae;=a™‘, then (G, T7', is an abelian 
group with unit element ¢;. 


THEOREM 10. The abelian groups (G, T="', Sz") constructed as in Theorem 9 
from the different idempotent elements of © are all isomorphic. 


Proof. Let e, and e: be two idempotent elements and 7;, S;, and T2, Se 
the corresponding automorphisms of G. Let @,=(G, Sr') and 
@.=(G, Sx"). Any isomorphic mapping of @, on must certainly map 
e; On é2 since these are the unit elements of the two groups. We shall show that 
such a mapping is furnished by the automorphism S,72S;"' of G. 


First, 5, takes e into since It remains to show 
therefore that 


or, in other words, that in the automorphism group of G, 7; is the transform 
of 7; by S,:72S7' and similarly S; is the transform of S,; by S:72Sz'. This fol- 
lows since for all a 


= Jes = Jes = 


Hence or and similarly 
S2= 

It is easily shown that if (G, 7, S) is a group it must be one of the groups 
defined, in the manner of Theorem 9, by means of an idempotent element of 
@. For the unit element e of (G, 7, S) must be invariant under T and S and 
therefore is an idempotent element of G. That T and S are the automorphisms 
defined by (12) readily follows. Hence from Theorem 10 it follows that a 
quasi-group can be represented in the form (G, T, S) by only one abelian 
group @. 


= 

| 
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9. Further transformations of the Cayley square. We have seen that if G 
contains an idempotent element e and if S and T are defined by (12), then 
(G, T-!, S-') is an abelian group. We shall now show that the restrictions 
that e be idempotent and S and T automorphisms are not essential. Let g 
be an arbitrary element of @ and define the operations S, and T, by the equa- 
tions 


= ga, = ag. 


However for typographical reasons we shall drop the subscripts and write 
S=S, and T=T,. Using S’ and S”’ to denote left multiplication by the right 
unit e, and the left unit ef respectively, and 7’, T’’ to denote right multi- 
plication by the same elements, we have from (1) the following distributive 
laws: 


(ab)$ = = = aT bT = aT 


The same laws hold for the inverse operations S-!, T-'. Thus S and T can 
be thought of as “pseudo-automorphisms” which become true automorphisms 
if g is idempotent. We can now generalize Theorem 9 as follows: 


THEOREM 11. Jf & is any abelian quasi-group, and if S and T respectively 
denote left and right multiplication by a fixed element g, then (G, T—', S—) is 
an abelian group. 


Proof. If we define the operation X by 
aXb=aT bs", 
we then have 
(a X b) X (¢ X d) = (a? 


(14) 


But from (1), g(ae,) =(e/ a)g for all a, and therefore T’S=S’’T, or S“'T’“ 
=T-'S’’-'. Thus (14) is symmetric in 6 and c, and hence (a Xb) X(c Xd) 
=(aXc) X(b Xd). Moreover (G, T—!, S—') has a unit element, namely, gg. For 


aX gg = aT g =a, ge Xa = gas =a. 


Hence (G, T—', S-) is an abelian quasi-group with unit element and therefore 
an abelian group. 

It is easy to show similarly that (G, 1, S,), (G, 1, S7"), (G, T,, 1) and 
(G, T;', 1) are all abelian quasi-groups. In the second of these g is a unique 
left unit and in the fourth, a unique right unit. These results may be stated 
in terms of transformations of the Cayley square as follows: 

Given the Cayley square of an abelian quasi-group G, 

(i) (G, 1, S>*) is obtained by replacing the horizontal title line by the gth 
row; 
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(ii) (G, Tz, 1) is obtained by replacing the vertical title line by the gth 
column; 

(iii) (G, T>', Sy") is obtained by performing the replacements (i) and (ii) 
simultaneously ; 

(iv) (G, 1, S,) is obtained by replacing each element x of the horizontal 
title line by the element of that line, which occurs above the element x in 
the gth row; 

(v) (G, T,, 1) is obtained by replacing each element x in the vertical title 
line by the element in that line, which occurs to the left of the eiement x in 
the gth column. 

10. Self-unit quasi-groups. In view of Theorems 6 and 9 the only remain- 
ing problem in the characterization of all abelian quasi-groups is to construct 
those self-unit quasi-groups which do not contain an idempotent element. If 
@ is any such quasi-group, the mapping U, of each element on its right unit, 
is an automorphism of @ which leaves no element unchanged. If we define a 
new operation X in @ by means of the equation 


aX b= ab’ = ae, 


it is clear that in the resulting quasi-group (G, 1, U) every element is idem- 
potent. Moreover U is also an automorphism of (G, 1, U). We may state this 


result as follows: 


THEOREM 12. (Third structure theorem.) Every self-unit quasi-group which 


does not contain an idempotent element has the form © =(G, 1, U-"), where G 
is a quasi-group in which every element is idempotent, and U an automorphism 
of G which changes every element. Moreover U is the automorphism of © which 
maps each element on its right unit. 


Thus every abelian quasi-group has one of the following three forms: 

(a) (G, T, S), where G is an abelian group, and S and T commutative 
automorphisms of 

(b) (G, 1, S), where G has the form (a) and S is an automorphism of G; 

(c) direct products of types (a) and (b). 

The quasi-group © =(G, 1, U), where @ is self-unit and a7 =e,, is again 
self-unit and contains only idempotent elements. In such a quasi-group left 
and right multiplication by any element are automorphisms. Let @;, éa, és, - - 
be the elements of G, and denote by S; and 7; the automorphisms defined 
respectively by left and right multiplication by e;, and by S;,;, T;,; the auto- 
morphisms corresponding to the product e,e;. The following relations are then 
easily verified : 


(15) = = ;, Ti; = S71T 


Thus although S;7;=7;S;, S; cannot commute with S; or 7; for 7 #1. 
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If & is the automorphism group of G, then any element of & which com- 
mutes with all S; must be the identity. For if (ea)°=e5 we have =e. 
Now from (15) left multiplication by a product e,e; is the transform of 5S; 
by S;. Applying this, we find that left multiplication by (eie;)(exém) is equiva- 
lent to the automorphism 


FAS SEAS mS 


Since by (1) this must be unaltered by the interchange of j and k we find, on 
equating the two expressions, that for all m 


S mS 1S STS = SPST SEAS SF Sm, 
and therefore 
(16) SpS7S = 1, = 1, 


the second relation following in a similar manner. Thus although a commuta- 
tor S;S;S71S;! cannot be equal to the unit element for ij the “three ele- 
ment commutators” of the form (16) are all equal to the unit. 

The following two examples will illustrate the large number of automor- 
phisms enjoyed by quasi-groups of this type: 


{2 3 


3 


1 


In (a) we have the rather surprising situation that every permutation of the 
elements is an automorphism. The automorphism group is therefore the full 
symmetric group. In (b) we have 7,;=(2 3 5 4), T2=(1534), T3=(145 2), 
Ti=(132 5), T5=(1 2 4 3), Ss=T? and S,S2=(1 3 5 2 4). These, with their 
powers, give twenty automorphisms. A quasi-group of this type always con- 
tains an automorphism which changes every element. For example, a5: 4a 
for all a since e,a~e,a. Hence every such quasi-group gives rise to another, 
namely (G, 1, S,Sz'), which is self-unit but contains no idempotent element. 


V. 


11. Some non-abelian quasi-groups. In Theorem 9 it was shown that an 
abelian quasi-group which contains an idempotent element e¢ satisfies the as- 
sociative law 


(17) (ab)c = 


1/1 2 1/15 432 
(a) 2/3 21 (b) 2}3 215 4 
3 3|5 4321 
4/215 43 
s|4321 5 
= 
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where S and T are commutative automorphisms defined by (12). It is natural, 
therefore, to consider quasi-groups which satisfy (17) but which are not neces- 
sarily abelian. 

Let @ be a quasi-group, with commutative automorphisms S and 7, which 
satisfies (17). It follows as in Theorem 9 that the operation X defined by 


(18) aXb=aT 


is associative. The elements of © therefore form, under this operation, a 
group(’) which we shall denote by G. Since S and T are also automorphisms of 
G the unit element e of G is invariant under both S and T, and hence by (18), 
e is an idempotent element of @ and S and T are defined by (12). Hence every 
quasi-group which satisfies the associative law (17) has the form (G, T-!, S-) 
where @ is a group (not necessarily abelian), and T and S are commutative 
automorphisms of @. 
The transform a, of a by c can be defined in @ by the equation 


—1 —-1 —1 


We then have 

(ab). 
where m=cT' and n=c5"", and it is easily shown that those elements which 
are transformed into themselves by all elements of © form an abelian sub- 
quasi-group, the center of G. These are, of course, exactly the elements of 
the center of @. A quasi-group satisfying (17) is therefore abelian if and only if 


g-1 


for all elements a and 3 of G. 


THEOREM 13. In a quasi-group satisfying (17) there exist coset expansions 
with respect to any subquasi-group which is invariant under T. 


Proof. Let /; and hz be elements of $ and let ai; =bh,2. Then for any ele- 
ment ah of the coset a we have, since $7=§, 


ah = = (a? ')hS = (bh)? = 'hs) = bly. 


Hence a$C6b§, and similarly |SCa. Therefore two cosets which have an 
element in common are identical. 

Since T is defined by (12), $ is invariant under T if and only if it contains 
the idempotent element e. Thus coset expansions exist for all subquasi-groups 
of @ which contain e. A subquasi-group § containing ¢ is said to be normal if 

a §$=9 4, 

(”) The associative law together with the left and right quotient axioms imply the existence 
of a unit element. 
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for all a in G. This condition is necessary and sufficient for the existence of a 
quotient group G@/ homomorphic to G. It is clear that the normal subquasi- 
groups of © which contain e are simply the normal subgroups of the group 
@G=(G, T, S) and therefore the usual theorems concerning these will carry 


over to the quasi-group. 
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CONCERNING THE DECOMPOSITION AND AMALGAMA- 
TION OF POINTS, UPPER SEMI-CONTINUOUS 
COLLECTIONS, AND TOPOLOGICAL 
EXTENSIONS 


BY 
R. G. LUBBEN 


1. Introduction. A necessary and sufficient condition that a space H 
Fréchet have the Borel-Lebesgue covering property is that each monotonic 
collection of closed point sets in it have a nonvacuous product('). Thus, if 
such a space is not perfectly compact, there exists in it a monotonic collec- 
tion of closed sets, E, with a vacuous product; E is an example of what we 
call a boundary element. With the help of E we may define a boundary point, 
P(E); if P(E) is added to the basic space and a suitable topology is intro- 
duced, the closures of the set of elements of E contain P(E); and the defi- 
ciency of the elements of EZ, that their product is vacuous, no longer holds 
for the aggregate of their closures in the extended space. By adding to S an 
aggregate of boundary points which satisfy suitable conditions we achieve the 
embedding of S in a perfectly compact Hausdorff space (cf. Theorem 16.1). 

In Chapter I we introduce the class of point elements; these include the 
boundary elements. We define the relation of the intersection of two point ele- 
ments; in terms of this we give an ordering which makes the aggregate of all 
point elements a quasi-partially ordered system. A repetition of this algorithm 
gives the quasi-partially ordered system M of all collections of point elements. 
By a process identifying the equivalent elements of M we obtain a partially 
ordered system whose elements we call portions of our basic space S, or S-por- 
tions; these are our ideal points. A relation of an open set D in S and an ideal 
point P is expressed by saying that D is an S-neighborhood of P; the S-neigh- 
borhoods are used in topologizing collections of ideal points. The relation P 
is an end of M between the ideal point P and the closed point set of S, M, 


Presented to the Society, in three parts: September 9, 1937, under the title Perfectly com- 
pact Hausdorff spaces in which a normal space may be embedded; December 28, 1937, under the 
title Concerning upper semi-continuous collections and the decomposition of points of normal 
spaces; and September 6, 1938, under the title The extension of homeomorphisms of normal 
spaces to topologically related spaces; received by the editors July 18, 1938, and, in revised form, 
September 9, 1940. 

(*) Cf. Moore, (II) (the bibliography is at the end of the paper). Kuratowski and Sierpifi- 
ski, loc. cit., show that the Borel-Lebesgue property is equivalent to the condition that each 
infinite point set have a complete limit point. Fréchet, (II), calls this property perfect com- 
pactness; several years later Alexandroff and Urysohn, (I), call it bicompactness. 

A collection of sets is said to be monotonic provided that if K and L are two of its elements, 
then either KL or L.K; Moore, loc. cit. 
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suggests an analogy between Carathéodory’s theory of ends and ours in that 
both are concerned with methods of approach or accessibility. Our end-theory 
is used as a technique in developing that of the S-neighborhoods. 

We shall now indicate some of the ideas underlying the methods which 
we discussed in the preceding paragraph. The theory of point elements and 
that of ends suggest our regarding a point not as a static entity but rather as 
that of a relation of the point to the remainder of space, that involves methods 
of approach. Secondly, a point need not necessarily be indivisible. We have a 
conception according to which our space S consists of a quantity of basic 
matter; this may be decomposed and put together in various ways, and the 
same applies for each portion of this matter. In particular, the points of S 
are subject to such operations. There exists a maximal portion, that of all 
the matter; there prove to be atomic portions. 

These ideas may be described by means of our ordered system of ideal 
points; let “A <B” be the ordering relation of this system. Let P be an ideal 
point and M bea collection of ideal points; if both P< M and M <P, we shall 
think of P as a summation or an amalgamation of M, and of M as a breaking 
up or a decomposition of P; we think of M and P as describing different struc- 
tures of the same portion of the basic matter of S. Let X and Y be collections 
of S-portions and “y=a(x)” be a transformation from X to Y such that for 
n€Y, y: is the amalgamation of the elements of a~'(y:)(?); in proceeding 
from a~'(yi) to y; we are involved in a change of structure, only; and, thus, 
this transformation may be said to preserve S-portions or to leave S-portions 
invariant. 

If we were concerned with order relations, only, the system of all our ideal 
points would afford a satisfactory basis for the amalgamation and decomposi- 
tion theory. From a topological standpoint, however, we require systems of 
elements for which the S-portion preserving transformations, y=a(x), which 
describe the amalgamation and the decomposition processes, satisfy continu- 
ity conditions. As illustrations of systems which meet this requirement we 
refer to a result by Stone(*). Of particular interest is the case where X and Y 
are perfectly compact Hausdorff spaces; this case leads us to apply a mapping 
theory by Kolmogoroff, which, for our purposes, finds a summary in Theorem 
VIII, p. 98, Alexandroff and Hopf, loc. cit. The adaption of this theory to the 
S-portion preserving transformations leads to the introduction of a special 
class of ideal points, the amalgamation points. It is interesting to note that 
since in applications we are to use both order and continuity relations, such 
relations are used in defining these points. Chapter II is devoted mainly to a 
development of the properties of amalgamation points; such properties have 
striking analogies to those of closed point sets in perfectly compact Hausdorff 
spaces. For instance, a decomposition of an amalgamation point into atomic 


(2) The symbol, a~(y,) means all elements of X, x:, such that y,;=a(x1). 
(*) Loc. cit., p. 476, Theorem 88; we discuss this in §§16 and 20. 
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S-portions is a perfectly compact set (cf. Theorem 14.4). In §15 this analogy 
is shown to be fundamental; here we show that the decomposition M of an 
amalgamation point P into regular amalgamation points is perfectly compact 
if and only if it is upper semi-continuous relative to S; we develop an elabora- 
tion of the Kolmogoroff-Alexandroff-Hopf theory of the S-portion preserving 
continuous transformations of such decompositions. 

The sections following §15 are devoted to applying these results. In Chap- 
ter III we investigate systems of such applications: In §19 we consider the 
ordered system 6(P) of all perfectly compact decompositions of P into regular 
amalgamation points; the ordering “X < Y,” which means that X may be 
mapped on Y by a continuous, S-portion preserving mapping y =a(x), makes 
5(P) a complete lattice. If 5 is a sublattice of 5(P), the sum of the elements 
of 5, Ls(*), becomes a lattice of amalgamation points. The zero of 56, ws, is 
the system of atomic elements of Z;, and may be mapped on each element of 6. 
Such w,’s may be described as universal inverse mapping spaces relative to 
the elements of 6. Particularly important is the case for which P is the maxi- 
mal amalgamation point; that is, P is the amalgamation of all our ideal 
points. Then we let 5(S) = 6(P); in §20 we show that the completely regular 
spaces S are characterized by the property that there exist elements of 5(S) 
in which the decomposition of S has proceeded to elements at least as small 
as the points of S. For such a space we have the interesting subsystem of 6(S), 
5=H(S), which consists of the images of all immediate extensions of S which 
are perfectly compact Hausdorff spaces. The zero of H(S), \(S), is the topo- 
logical image of the space considered by Stone in his Theorem 88 (loc. cit., 
p. 476). In §17 the space A(S) enters into an interesting characterization of 
the normality of S; this is given by the condition that each upper semi-con- 
tinuous decomposition of S into a collection of closed point sets can be ex- 
tended to a similar decomposition of A(S). Further, only the topological 
images of A(.S) have this property. 

In Chapter II we introduce the concept of a semi-completely normal 
space. For such a space the theory of Chapter III is especially simple; such 
a space is characterized by the property that the zero of 5(P), w(P), is a set 
of atomic ideal points. Similarly, the normal space is characterized by the con- 
dition that the only boundary points which are elements of an w(P) are atomic 
points. In Chapter II we give characterizations of various types of normal 
and regular spaces. 


CHAPTER I. AN ORDERED SYSTEM OF IDEAL POINTS 


At the beginning of the preceding section we discussed the methods and 
the underlying ideas which occur in the development of our theory of point 


(*) It may be necessary to add a zero to L; to make it a lattice; such is not the case for 5(P), 
or for 5. 


> 


1941] DECOMPOSITION AND AMALGAMATION POINTS 413 


elements and ideal points. It may be mentioned that methods similar to those 
used in this chapter may be used to extend a partially ordered system K to 
a complete partially ordered system, granting that K satisfies suitable condi- 
tions. 

2. Concerning a topological background. We refer the reader to treatises 
by Fréchet, Hausdorff, Menger, Moore, Sierpifiski, and Alexandroff and 
Hopf (cf. Bibliography). Throughout the paper the symbol S will denote 
a basic Hausdorff space. We shall consider only spaces H, Fréchet (cf. 
Fréchet, (I), p. 186). Alexandroff and Hopf call such spaces 7; spaces (loc. 
cit., p. 59). 

DerFinitions. D 2.1. The symbol My’, the derived set of M relative to T, 
means the set of all points of T which are limit points of M-T. The symbol 
Mr denotes the closure of M relative to T; that is, M-T+(M-T)r. 

D 2.2. If T and R are spaces (1) such that TDR and (2) such that if M 
is a point set in R then Mg=R- Mr, then we say that R is a subspace of T, 
that R is embedded in T, and that T is an extension of R; if, in addition, Tisa 
Hausdorff space, it is a Hausdorff extension of R. lf T= Rr, T is an immediate 
extension of R (cf. Stone, loc. cit., p. 420). 

D 2.3. If T is an immediate Hausdorff extension of S, the points of T—S 
are called frontier points of S. If P isa point of T, TDS, D is an open set of S, 
and P does not belong to the closure in T of S—D, we call D an S-neighbor- 
hood of P. Two frontier points of S are said to intersect provided that each 
S-neighborhood of the one contains points in common with each S-neighbor- 
hood of the other. 

3. Partially ordered and quasi-partially ordered systems. We refer the 
reader to a treatise by Birkhoff and an article by MacNeille for discussions, 
examples, and references to the literature (cf. Bibliography). 

D 3.1. By a partially ordered system(*) is meant a system X in which an 
(ordering) relation “x <-y” is defined which satisfies the following conditions: 
(P,) For xEX, x <x; (Pe) if x<y and y<x, then x=y; (P3) if x<y and y<z, 
then x<z. If the condition P: is omitted, then X is a quasi-partially ordered 
system. The notation “x<y” will be read “y includes x,” “x precedes y,” or 
“x is a part of y.” If x<y but not y<x, we say that x is a proper part of y. 

D 3.2. If x<y and y<x, we say that x and y are equivalent (relative to the 
ordering “<”). Note that P, rules out distinct equivalent elements. In this 
paper we shall have many examples of quasi-partially ordered systems for 
which P: does not hold. 

D 3.3. An element of X is said to be atomic, if no element of X is a proper 
part of it. 

D 3.4. An element of X is a lower bound of a subcollection of X, N, if it is 
a part of each element of N. The set of all lower bounds of N is called the 


(®) Cf. Hausdorff, (I), p. 139 and Birkhoff, pp. 5, 7. 
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intersection I(N) of the elements of NV. A greatest element of J(N) is called a 
greatest lower bound of the elements of N. The terms upper bound and least 
upper bound have analogous definitions. A zero and a unit of X are, respec- 
tively, a lower and an upper bound of all the elements of X. 

D 3.5. If two elements of X have a lower bound in X, they are said to in- 
tersect (in X). 

D 3.6. A subcollection of X, N, is said to be monotonic if for xE N and 
yEN either x<y or y<x. 

D 3.7. If X is partially ordered and each subcollection of X has a greatest 
lower bound in X, X is a complete multiplicative system. 

D 3.8. A lattice is a partially ordered system X such that any two of its 
elements have both a greatest lower bound and a least upper bound in X; if 
each subset of X has such bounds, X is complete. 

4. The point elements. In §1 we discussed the origin of our concept of a 
boundary element. This discussion applies also to a decomposition point ele- 
ment which satisfies (A) of D 4.1. If M=a(E) is a non-isolated point of S, 
(4) of D 4.1 guarantees that E assist in the decomposition of M according to 
the theory we are to develop. For Case (A) the elements of E are subsets of 
S—a(E); this is desirable for technical reasons in expressing relations of a 
point element to its S-neighborhoods (cf. D 4.5 and D 11.1). The fact that the 
topological relations of M=a(E) to point sets in S depend on subsets of S— M 
gives reasons that S— M should contain S-neighborhoods of E. 

D 4.1. A boundary element of S is a nonvacuous collection E such that (1) 
each of its elements is a nonvacuous, closed point set of S, (2) the product of 
any two elements of E contains an element of E, and (3) the product of all 
elements of E is vacuous. A collection of sets E is called a point element of S 
if either (A) or (B) is satisfied: (A) Either E is a boundary element of S, or 
there exists a non-isolated point of S, M, such that E is a boundary element 
of the subspace of S, S— M, and the following condition holds: (4) each open 
set in S that contains M contains an element of E(®). (B) There exists an 
isolated point of S, M, which is an element of E; each element of E is a closed 
point set of S which contains M. If E satisfies (B) it is said to be degenerate. 

For Case (B) E satisfies conditions (1), (2), and (4), and the product of all 
elements of E is M. For Case (A) the product of all elements of E is vacuous, 
and (4) implies (3). 

D 4.2. Let a(Z)=M be the product of the closures in S of the elements 
of E. We say that a(Z£) is attached to E, and conversely. 


(°) The two cases under (A) may be combined as follows; this is the form of (A) we shall use 
in our applications: There exists an M, which is either a non-isolated point of S or is the null 
set, such that (1) each element of E, e, is a nonvacuous, closed point set in the space S— M, 
and its closure in S is M+e; (2) the product of two elements of E contains an element of E; 
(3) the product of all elements of E is a subset of M; (4) if M is a point of S, any open set of S 
which contains M contains an element of e. 
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D 4.3. If a(Z£) is a point of S, E is called a decomposition point element. If 
E is a boundary element, a(£) is vacuous. 

D 4.4. Two point elements are said to intersect, provided that each ele- 
ment of the one has points in common with each element of the other. 

D 4.5. An open set in S which contains an element of a point element E 
is called an S-neighborhood of E. A point or a frontier point of S is said to in- 
tersect E, provided that each S-neighborhood of the point has points in com- 
mon with each S-neighborhood of E. (Cf. D 2.3.) 

D 4.6. If E and F are point elements and each point element which inter- 
sects E intersects F, we say that “E< F”; we read this “E is a portion of F 
(relative to S).” 

D 4.7. Let the aggregate of all point elements be ordered by the relation 
“E is a portion of F.” It is easy to see that P; and P; of D 3.1 are satisfied but 
that P, is not. Thus, this system is quasi-partially ordered. 

EXamPLEs. E 4.1. Let S be the Euclidean plane, M be the origin, and P, 
be the point with coordinates (1/m, 0). Let éns=(Pn, Pare, +), and 
Ejx= (€ix, ) Then the E’s are decomposition point elements 
of S and are attached to M; also, they are boundary elements of S—M. 
Ey and Ex do not intersect, but each is a portion of Ey. Ess intersects each 
of Ey» and Ex; none of these point elements is a portion of any of the others. 
Eee is a greatest lower bound of Ez. and E33; and Egg is a greatest lower bound 
of Ex and 

E 4.2. Let S be a space with infinitely many points, all of which are iso- 
lated. Then all decomposition point elements are degenerate. Any monotonic 
collection of point sets whose elements have a vacuous product is a boundary 
element. 

E 4.3. Let H be a continuum in the plane whose points have coordinates 
(x, y) which satisfy one of the following conditions: (1) OSx<1, y=0; 
(2) x=1/k and 0<yS1/k, where k=1, 2, 3,---. Let F be the aggregate of 
all subcontinua of H which contain the origin and at least one point with a 
positive ordinate. Let M be the origin and E be the aggregate of all sets f— M, 
where fE F. Let G be the aggregate of all sets obtained by reflecting elements 
of E in the X axis. Then E and G are equivalent point elements. However, 
no element of either G or E is a subset of an element of the other. 

5. The intersection of point elements ; atomic elements. Because of Theo- 
rem 5.1 the definitions which are given for the intersection of point elements 
in D 3.5 and D 4.4 are logically equivalent. An analogous state of affairs shows 
that such a consistency should not be considered obvious: Let K be a partially 
ordered system; define for K a new order by an application of Definitions 
D 3.5, D 4.6, and D 4.7; the new order need not be consistent with the basic 
order of K. 


THEOREM 5.1. In order that two point elements E and F should intersect, it 
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is necessary and sufficient that there exist a point element which is a portion of 
both; if this condition is satisfied and G is the aggregate of all sets which are the 
product of an element of E with an element of F, then (a) G is a point element and 
a greatest lower bound of E and F, and (b) a(E) =a(F) =a(G). 


Proof. Let H be a common portion of E and F. Since H intersects itself, 
it intersects each of E and F. Since E intersects H and H is a portion of F, 
E intersects F. 

Conversely, let E and F intersect. Suppose that a(Z) is a point of S and 
a(E) #a(F). By D 4.1, (3), there exists f€ F such that f does not contain a(E). 
Since f=f+a(F), a(E)ES-f; by D 4.1, (4), S—fDdeEE; since e-f is vacuous, 
we are involved in a contradiction. Thus, either a(Z) and a(F) are the same 
point of S, or both are the null set. If E and F are degenerate, the conclusion 
in (a) is obvious; cf. D 4.1, (B). Suppose, therefore, that neither is degen- 
erate. Let gi=e.-fi: and ge=é2:fe be elements of G, and K=a(E). Then 
1°82 = (e1-fi) - (e2-fe) = 2) - (fife) Des-fa=gsEG; thus, Condition (2) of 
D 4.1 is satisfied; clearly the same holds for (3) and (4). Because of (2) 
and (4) 2:g:+X; the converse is true, since 4;=e,+K and hi =f+kK. Thus, 
G satisfies all the conditions of D 4.1, (A), and it is a point element. Let H 
be a point element which intersects G, hGH, eG E, and fEF. Then h-(e-f) 
is nonvacuous. It follows that each of e-h and f-h is nonvacuous. Thus, 
H intersects each of E and F, and G is a common portion of E and F. 

Let X be a point element which is a common portion of E and F, and Y 
be a point element which intersects X. Let e, f, x, and y be elements, respec- 
tively, of E, F, X, and Y. Let Z be the aggregate of all products of an element 
of X by an element of Y; similarly define T in terms of E and Z. By the pre- 
ceding paragraph Z is a point element and Z <X; since X <E, Z intersects E, 
and T is a point element. Then T<Z<X and T intersects X. Since x-y-e€T 
and X < F, f: (x-y-e) is nonvacuous. Then y- (e-f) is nonvacuous; since e-fEG, 
Y intersects G. Thus, X <G, and G is a greatest lower bound of E and F. 


THEOREM 5.2. No decomposition point element intersects a boundary element. 


THEOREM 5.3. A degenerate point element is atomic. 


THEOREM 5.4. If M is a collection of point elements and each finite subcollec- 
tion of M has a lower bound, then M has a greatest lower bound. 


This lower bound may not belong to M. The theorem has an analogy to 
conditions for perfect compactness; cf. Moore, (II), and Fréchet, (I), p. 231. 

Proof. Let H be the aggregate of all point elements E such that E is a 
greatest lower bound of a finite subcollection of M; if M, m<~m; thus, 
mCH and HM. Let K be the sum of the elements of H, and e and f be ele- 
ments of K. There exist EG H and FEH such that eC E and fE F. There exist 
two finite subcollections of M, Hg and Hr, such that E and F are greatest 
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lower bounds, respectively, of Hg and of Hy. By our condition T=Hzg+Hyp 
has a lower bound; let 6 be amy lower bound of T. Then 8 is a lower bound of 
Hz, of E, of Hr, of F, and of G, where G is a greatest lower bound of E and F 
(by Theorem 5.1 E and F have a greatest lower bound). Since 8 is any lower 
bound of 7, G<E, and G<F, then G is a greatest lower bound of T; then 
GEH and KG. By Theorem 5.1 e-fEK. Thus, Condition (2) of D 4.1 is 
satisfied by K. By Theorem 5.1 a(Z) =a(F) =a(G). It follows readily that the 
other conditions of D 4.1 are satisfied. Since each element of M is a subset 
of K, K is a portion of each of these elements. Thus, K is a lower bound of M. 
If the point element F is a lower bound of M, it follows from the definition 
of H that F is a portion of each element of H. If a point element intersects F, 
it intersects each element of H, and thus intersects K. Thus, F<K, and K 
is a greatest lower bound of M. 


THEOREM 5.5. If E is a point element, there exists an atomic point element 
which is a portion of E. 


Proof. There exists a monotonic collection of point elements, M, of which 
E. is an element, which is not a proper subcollection of any monotonic collec- 
tion of point elements; cf. Hausdorff, (I), p. 140. Let F be a greatest lower 
bound of M, and G be a point element such that G<F (cf. Theorem 5.4). 
Then G+ M is monotonic, GE M, and F<G; since G < F, by D 3.3 Fis atomic. 

5A. Historical. In §§16, 17, and 20 we discuss the space A(S)=S+M, 
where S is a completely regular space, M is a collection of regular boundary 
points which are the atomic elements of a certain system, and A(S) is per- 
fectly compact. This space has been studied by Stone, Wallman, and Cech(’). 
Cech, on page 833, has a result which is equivalent to the following: In order 
that S be normal, it is necessary and sufficient that if F, and F, are mutually 
exclusive closed point sets in S, and BEX(S) —S, then £ is not a limit point of 
both. An analogous condition on one of our ideal points 8 is necessary and 
sufficient that 6 be atomic(*); this is true even if S is irregular. By Theorem 
16.1 it is characteristic of a normal space that the elements of A(S)—S be 
atomic boundary points. Thus, Cech encounters the atomic points only in the 
case of the normal space, while we have them at our disposal for any Haus- 
dorff space. This difference seems to be characteristic of the difference of our 
methods; here Cech seems to follow Tychonoff and Urysohn. Stone’s methods 
involve an extensive use of algebra, but seem to have elements in common 
with those of Cech. 

Wallman’s methods most nearly resemble ours. He constructs the points 


(7) Cf. bibliography. Stone’s paper appeared in May, 1937. The author's first report before 
the Society was given in September, 1937; it included most of the results of the first two chapters 
of the present paper for the case of the normal and semi-completely normal spaces. The papers 
of Cartan, Wallman, and Cech appeared later. 

(8) Compare the comment on Theorem 11.7 and Theorem 12.3. 
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of X(S) by means of collections of sets; for the case of the boundary points 
he uses what we should call atomic boundary elements. For the other type 
of points, those corresponding to the points of S, he uses definitions which 
are not suitable for our decomposition theory. Since he does not consider such 
a theory, his definitions are adequate for his purposes. 

Cartan, on the other hand, has a basis for a decomposition theory, based 
on order, resembling that developed in our §5; however, he fails to develop 
the topological applications, and has nothing like the order-continuity theory 
of our Chapters 2 and 3. His filter bases and filires correspond to our point 
elements and composition points; he proves the existence of ulira-filtres which 
correspond to our atomic points. He has the theorem: In order that two filter 
bases should generate the same filter, it is necessary and sufficient that each 
element of the one should contain an element of the other. By Example E 4.3 
such a theorem is not true for our point elements. Thus, formally his defini- 
tions are not quite adequate for our treatment. 

For a domain in the plane Carathéodory has a theory of chains, ends, and 
prime ends, which correspond to our boundary elements, boundary points, 
and atomic boundary points. His treatment of accessibility corresponds to our 
sections 6 and 10. 

6. A Theory of accessibility. The overlapping of a point element and a 
closed set in S, which we define in D 6.1, resembles the intersection of two 
point elements (cf.-D 4.4). Similarly, Theorem 6.1 is an analogue of Theorem 
5.1. The discussion at the end of §5A suggests an interpretation of the results 
of Theorem 6.1 according to which a point element involves methods of ap- 
proach or of accessibility. A boundary element may be regarded as a “way” 
for escaping from the basic space; the corresponding boundary point serves 
as a barrier for such an exit, and may be approached by such a way. In D 6.2 
we formulate these ideas. 

D 6.1. If Eis a point element, M is a point set in S, and each element of E 
has points in common with M, then E and M are said to overiap. 

D 6.2. Let E and F be point elements and M be a point set in S. If each 
point element which intersects E also intersects F or overlaps M, respectively, 
we say that E is a way in F, or that E is a way in M, respectively. Clearly, the 
former is equivalent to the relation “E < F”; the latter is analogous. 

ExamPLEs. E 6.1. Let S be the plane, M be a line, Q be a point of M, 
and E be the aggregate of all sets ]—Q, where J is an interval on M and Q is 
its midpoint. Then E is a maximal common way of M and E, and also of S 
and E£. If R, and R; are the two rays on M from Q, then any way common to 
R, and E fails to intersect any way common to R; and E. We might say that 
there are many more ways of approach to Q in S than there are in M; and 
there are more in M than in Rj. 

E 6.2. In the notation of Example E 4.1 the point element Ey is a maxi- 
mal common way of the set és3 and the point element Ey. 
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THEOREM 6.1. Let M be a closed point set in S and E be a point element. 
(1) In order that there exist a way common to M and to E, it is necessary and 
sufficient that M and E overlap; (2) if this condition is satisfied and E(M) is 
the aggregate [e-M], where eCE, then E(M) is a maximal common way of E 
and M and MDa(E(M)). 


The content of the theorem and its proof are similar to those of Theorem 
5.1. In particular, replace the “F” and the “f” of that proof by “M,” and re- 
place “G” by “E(M).” 


THEOREM 6.2. If F is a portion of E and G is a way common to M and F, 
then G is a way common to M and E. 


7. The quasi-partial ordering of collections of point elements. As in §4 
we first define intersection and then define order in terms of intersection. The 
definitions of the two sections 4 and 7 are similar and the system of §4 is a sub- 
system of the one we consider here. In §1 we have explained how the results 
of §§7 and 8 afford a basis for a summation or an amalgamation theory, and 
how those of §4 yield a decomposition theory. 

D 7.1. If a point element intersects one of a collection of point elements, 
the point element and the collection are said to intersect. Two collections of 
point elements are said to intersect if one of them intersects an element of 
the other. 

D 7.2. Let A be the aggregate whose elements are (1) the point elements 
and (2) the collections of point elements. If M and N are elements of A and 
each element of A that intersects M also intersects N, we say that M is a 
portion of N (relative to S), or M<N. Clearly, this relation is reflexive and 
transitive. 

D 7.3. Let the relation “M<N” order the elements of A. Clearly D 7.3 
and D 4.6 are equivalent if both M and WN are point elements. Thus the 
ordered system of the point elements of D 4.7 is a subsystem of A. 

EXAMPLE. E 7.1. Adopt the notation of E 4.1. Let M=En, N=(Ex, Ex), 
K=(Eu, Eu, Eu, Eu), and L=(Eyu, Ex). Then M, N, and K are equivalent, 
and so are L and Ey. Also, L is a portion of M, but the converse is not true. 
L does not intersect Ex:. L intersects (Eu, Ex) but neither of these is a portion 
of the other. 

D 7.4. If M is a point element or a collection of point elements, let 2(1) 
denote the set of all point elements that are portions of M; let a(M) denote 
the set of atomic elements of 2(M). 


THEOREM 7.1. If M and N are collections of point elements, then M is a 
portion of N if and only if each point element that intersects an element of M 
also intersects an element of N. 


THEOREM 7.2. (1) If N is a collection of point elements and either MECN 
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or ND M, then M <N; (2) if M is a collection of point elements and each element 
of M is a portion of N, then M<N; (3) T(N)DN. 


Proof. Consider (2). Let EE M, and F be a point element which intersects 
E. By Theorem 5.1 there exists a point element G which is a lower bound of E 
and F. Since G<E<N, G<N, by D 7.2 there exists EN such that G and n 
intersect; since G<F, m intersects F. By Theorem 7.1 M<WN. Clearly each 
element of N is a portion of N; the conclusion of (1) of the theorem follows 
from (2). 

The following theorem shows that the ordering relation < is equivalent 
to the aggregate-inclusion relation C, if applied to the sets 2(X) and a(X); cf. 
D 7.4. It brings out the importance of the atomic elements in the ordering 
theory. 


THEOREM 7.3. Let M and N each be point elements or collections of point 
elements: (1) M<=(M)<a(M)<M;; (2) the conditions (a) M<N, (b) =(N) 
D=z(M), and (c) a(N)Da(M) are logically equivalent; (3) the conditions (a) M 
intersects N, (b) the product 2(M)-=(N) is nonvacuous, and (c) the product 
a(M)-a(N) is nonvacuous are logically equivalent; (4) 
and a(M+N)=a(M)+a(N); each of these four sets is equivalent in our ordering 
toM+N. 


Condition (3) isan analogue of Theorem 5.1. Cf., also, Theorem 7.4. Con- 
dition (3) brings out the equivalence of D 7.1 and D 3.5. 

Proof. Let the point element E belong to M, and let F be a point element 
which intersects E. By Theorems 5.1 and 5.5 there exists an atomic point ele- 
ment G which is a lower bound of E and F. By Theorem 7.2 (1), E< M; since 
G<E, G<M, and GEa(M). By Theorem 7.1 M<a(M). Since 2(M)Da(M), 
a(M)<2(M); cf. Theorem 7.2 (1). By Theorem 7.2 (2), 2(M) <M. 

Let M be a portion of N and X€2Z(M); since X<M<N, X<N, and 
X EZ(N); thus, 2(N)D=Zz(M). Conversely, if 2(N)DzZz(M), it follows by part 
(1) and Theorem 7.2 (1) that M<2(M)<2Z(N) <N. Thus (2a) and (2b) are 
equivalent. In the same way we can show that (2a) and (2c) are equivalent. 

If M and N intersect, there exist intersecting point elements E and F 
which belong to M and N, respectively (cf. D 7.1). By Theorems 5.1 and 5.5 
there exists an atomic point element G which is a lower bound of E and F. 
By Theorem 7.2 (1), E<M and F<N. It follows that G<M and G<N, or, 
that GEa(M)-a(N). Since 2(M)-2(N)Da(M)-a(N), (3a) implies each of 
(3b) and (3c). By D 7.1 and Theorem 5.1 each of these implies (3a). 

By Theorem 7.2 (1), 2(4)>DM; the proof of part (4) follows with the 
help of this theorem and parts (1) and (2). 


THEOREM 7.4. Let M be a collection of point elements, and of aggregates of 
point elements: (1) The set of all the point elements which belong to elements of M 
is a least upper bound of M; (2) if the elements of M have lower a bound, the 
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product of the sets a(m) and that of the sets =(m), where m ranges over M, are 
greatest lower bounds of M. 


Proof. Let K be the product of all the sets a(m) and L that of all the sets 
=(m). By our hypothesis and Theorem 5.5 neither K nor L is vacuous. By 
Theorem 7.2 (2), and Theorem 7.3 (1), each of K and L is a lower bound of 
the elements of M. Let X be a lower bound of M, and Y be an element of M. 
By Theorem 7.3 a( Y)Da(X); it follows that KDa(X). Since LDK, it fol- 
lows from Theorems 7.2 and 7.3 that X <a(X) <K <L. The conclusion of (2) 
follows. Part (1) may be proved by similar methods. 

8. The S-portions, our ideal points. If E is a nondegenerate point element 
and we remove a finite number of the elements of E, the remainder is a point 
element which is equivalent to E. Thus, the condition P, for partially ordered 
systems does not hold for the quasi-partially ordered system of collections 
of point elements A, which we considered in the preceding section. In our 
applications to topology we find it desirable to remove the ambiguity which 
is involved in having equivalent, non-identical elements. We achieve this by 
a procedure which is essentially that of identifying equivalent elements; this 
yields a partially ordered system(°); its elements are our ideal points. For rea- 
sons given in §1 we call these S-portions. 

D 8.1. Let A be the ordered system of all point elements and collections 
of point elements (cf. D 7.2 and D 7.3). If EEA, let P(E) be the collection 
of all elements of A, X, such that X <E and E<X. We call P(E) an S-portion 
or an ideal point. Clearly, EE P(E); if XEP(E), then P(X)=P(E£); for, if 
YEP(X), E<X<Y,and Y<X<E. 

D 8.2. Let P and Q be S-portions, EEP, and FEQ. If E<F according 
to D 7.2, we shall say that P<Q, or that P is a portion of Q; also, we shall 
say that P< Fand E<Q. 

D 8.3. Let K(S) be the system of all S-portions; let it be ordered by the 
relation P <Q of D 8.2. It is obvious that K(S) is a partially ordered system; 
in particular, Condition P: holds. 

D 8.4. If one of the elements of an S-portion is a point element, the S-por- 
tion is called a composition point; if the point element is a boundary element or 
a decomposition point element, respectively, the point is called a boundary 
point or a decomposition point, respectively; cf. D 4.3. The theory of composi- 
tion points corresponds to that of §§4 and 5, while that of S-portions in gen- 
eral requires that of §7. We shall see in §14 that the composition points are 
included among the amalgamation points; these are a special class of the ideal 
points, and they are a basis for our topological applications. We shall see, also, 
that regular points and frontier points of S may be identified with composition 
points; cf. Theorem 13.7. 

ExamPLes. E 8.1. Let E be a finite collection of point elements such that 


(*) Cf. Birkhoff, p. 7, Theorem 1.2. 
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if E,; and E, are elements of E then a(E£,) =a(E:); cf. D 4.2. Then P(E) isa 
composition point. This follows from Theorems 14.11 and 14.8; or, it may be 
proved directly. 

E 8.2. Let P bea fixed point in the plane and R be a ray with initial point 
P. Let I(m, R) be I—P, where I is the interval on R with endpoint P and 
length 1/n. Let E(R)=(J(1, R), I(2, R),-- +), and let E be the set of all 
E(R)’s. Let Ri, Re, Rs,--- be an infinite sequence of distinct R’s. Let 
F,=I(n, Ra)+I(n+1, Rass) +--+; let F=(K, Fo, Fs,---). Then Fis a 
point element but does not intersect any element of E; by Theorem 8.1 P(F) 
does not intersect P(EZ), and not P(F)< P(E). Suppose that H is a point ele- 
ment and H<E<H; then each E(R,) intersects H, and F intersects H; cf. 
D 4.4. Since H<E, F intersects E, and we have a contradiction. Thus, H does 
not exist, and P(E) is not a composition point. 

E 8.3. If E contains a boundary element and a decomposition point ele- 
ment, P(£) is not a composition point. 

D 8.5. If M is a point or a point set let 2(M) and a(M) denote, respec- 
tively, all composition points and all atomic ideal points which are portions 
of M (cf. D 7.4). Let Ep denote an element of the ideal point P. 

D 8.6. A degenerate composition point is one which has degenerate ele- 
ments. (Cf. D 4.1.) 


THEOREM 8.1. Let P and Q be ideal points. (1) X(Ep) EP, a(Ep) EP, and 
2(Ep)DEp. (2) The following are equivalent: (a) P<Q; (b) 2(Ee)D=Z(Ep); 


(c) a(Eg)Da(Ep). (3) The following are equivalent: (a) P intersects Q; 
(b) Ep intersects Eg; (c) a(Ep)-a(Eg) is nonvacuous. (4) If P intersects Q, 
P(a(Ep)-a(Eg)) is their greatest lower bound in K(S). 


(Cf. D 3.5 and the theorems of §7.) 


THEOREM 8.2. An atomic S-portion is a composition point. A composition 
point is atomic if and only if its elements contain only atomic point elements. 


Proof. Let FE Ep and GEa(F); by Theorem 7.2 F< Ep. Since G< F<Ep, 
P(G) <P(Ep) =P. If P is atomic, P=P(G), GEP, and F< Ep <G;since G is 
atomic, so is F. The sufficiency may be proved by similar methods. 


THEOREM 8.3. Two atomic S-portions do not intersect. 
THEOREM 8.4. A degenerate S-portion is atomic. 


The latter follows from Theorem 5.3. Let P and Q be atomic points which 
intersect in X. Then X <P; since P is atomic, P=X; similarly, Q=X. 

9. Intersections and orderings of collections of points. We extend the con- 
cepts of intersection and of order to the class of all points and all collections 
of points. Our definitions, methods, and results are similar to those of preced- 
ing sections. We introduce the concepts of the summation and the decomposi- 
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tion of points. Example E 9.2 gives an indication of the complicated relations 
that may hold in our theory; some of the results in it may seem paradoxical. 

D 9.0. The term, a real point is to mean a point of S. Hereafter, if the 
term point is used without any explicit or implicit qualifications, it may mean 
a real, an ideal, or a frontier point; cf. D 2.3. 

D 9.1. If a real point or a frontier point intersects(!*) a point element 
which belongs to an element of an S-portion, the point and the S-portion are 
said to intersect. Two S-portions are said to intersect if they have a lower 
bound in the system of ideal points; cf. D 3.5. If a point intersects one of a 
collection of points, it and the collection are said to intersect; similarly define 
the intersection of two collections. 

D 9.2. Let B be the aggregate whose elements are the points and the col- 
lections of points. If M and WN are elements of B and each ideal point that 
intersects M also intersects N, we say that M is a portion of N, or that M<N. 
Clearly, this relation gives a quasi-partial ordering for B. The formulation of 
our definition is similar to the condition of Theorem 7.1. By Theorem 8.1 
K(S) is a subsystem of B (cf. D 8.2 and D 8.3). 

D 9.3. If P is a point and M is a collection of points, P< M, and M<P, 
we say that P is a summation of the elements of M;; if, in addition, no two 
elements of M intersect, M is said to be a decomposition of P. P(M) means 
an ideal point which is a summation of the elements of M. 

D 9.4. If M is the set of all point elements, P(M) is the maximal S-portion. 
Clearly, the term is justified, and P(M) is the summation of all composition 
points. It follows from Theorems 8.3 and 5.5 that the set of all atomic ideal 
points is a decomposition of P(M). 

EXAMPLEs. E 9.1. Let S be completely regular and R be a perfectly com- 
pact Hausdorff space which is an immediate extension of S. Then R is a de- 
composition of the maximal S-portion; cf. Theorem 16.1. Let M and N be the 
sets of all decomposition points and of all boundary points, respectively. Then 
S<M and M<S; however, M and N fail to intersect. (Cf. Theorem 5.2.) 

E 9.2. Let S be the plane and M be the set of all points of S. If Fis a 
closed set, let E(F) be the set of all point elements X such that each element 
of X is a subset of F; let Q(F) be the ideal point of which E(F) is an element. 
Let H be the aggregate of all Q(L)’s, where L is a line; and let K be the set 
of all Q(C)’s, where C is the circumference of a circle with a positive radius. 
Since no point of S is isolated, all point elements in E(C) and in E(L) are 
nondegenerate; it follows from D 4.1, Theorem 5.1 and D 7.1 that E(C) and 
E(L) do not intersect; by Theorem 8.1 Q(C) and Q(L) do not intersect; by 
D 9.1 and D 9.2 H and K do not intersect. Hence, neither H<K nor K <H. 
If P is a real point common to C and L it follows from D 4.5 that P intersects 
elements of E(C) and E(L); it may be shown that P intersects J(C) and I(L). 


(*) Cf. D 4.5. 
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Since J(C) intersects L but does not intersect J(L), L is not .a portion of 
I(L); similarly, C is not a portion of J(C), and M is a portion of neither H 
nor K. By Theorem 10.3 E(L) contains boundary elements, but E(C) does 
not; it follows that Q(C)<C, but not Q(L)<LZ; similarly, K<M, but not 
H<M. 

Because of the similarity of the ideas involved in §§7 and 9 we can prove 
theorems analogous to those of §7 for collections of points, and can use similar 
proofs. We give several theorems about summations and decompositions. 


THEOREM 9.1. If P is an S-portion, a(P) is a decomposition of P, and P 
is a summation of P<a(P)<2Z(P) <P. 

(2) If M is a collection of ideal points, there exists one ideal point, P(M), 
which is the summation of the elements of M; and P(M) is the least upper bound 
of M in the system of the ideal points. 


Proof. By D 8.5 =(P)Da(P) and each element of =(P) is a portion of P- 
By the analogue of Theorem 7.2 for the case of points, a(P)<2(P)<P- 
Let X and Y be ideal points such that Y<X and Y<P. By Theorem 8.1 
a(Ep)-a(Ex)Da(Ey). If FEa(Ey), F is an atomic point element; by Theo- 
rems 8.1 and 8.2 P(F) is atomic, P(F) <X, and P(F) <P. Hence P(F)€a(P), 
and X intersects an element of a(P). By D 9.2 P<a(P). By Theorem 8.3 
a(P) is a decomposition of P. This completes the proof of (1). 

Consider (2). Let E be the sum of all sets a(Z,,), where mC M. Then E is 
a collection of point elements; let P= P(E). Since EDa(E,,), by Theorem 7.2 
a(E,) <E; by Theorem 7.3 and D 8.2 m<P; by the analogue of Theorem 7.2 
for the case of points, M<P. By Theorem 8.1 if the ideal point A intersects P 
then E, intersects E. By Theorems 7.3 and 7.1 E, intersects an element of E, 
\; then A belongs to one of the sets, a(Z,,), and Ea intersects this set; by 
Theorem 8.1 A intersects m; by D 9.2 P<M. Let the ideal point Y be an 
upper bound of the elements of M. Then, for mE M, a(Ey)Da(En) (cf. Theo- 
rem 8.1). Then a(Ey)>E >a(E,,). By Theorem 7.3 and D 8.2 m<P<Y. 
Thus, P is a summation of the elements of M and is a least upper bound of 
them. Since the system of ideal points is partially ordered, P is unique. 


THEOREM 9.2. In the partially ordered system of ideal points each collection 
M which has a lower bound has one greatest lower bound, Bu; and a(B8y) is the 
product of all the sets a(m), where mE M. 


Proof. Let Y be an ideal point which is a lower bound of the elements 
of M; K be the product of all the sets a(m); Bu =P(K); and mEM. IfXEa(Y), 
then \< Y<m, and \Ga(m); thus a(m)Da(Y), and KDa(Y). Let the ideal 
point X intersect Y; by Theorem 9.1 Y¥<a(Y), and by D 9.2 X intersects 
an element of a(Y); since this element belongs to K, it follows from D 9.2 
that Y <8. Similarly, we can prove that Bu <m. By Theorem 9.1 K =a(6y). 
We have established the conclusion. 
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10. Accessibility and ends. We develop a theory for the accessibility of 
S-portions; this involves an extension of the theory of §6, where we deal with 
point elements. The discussion and the examples which were given there are 
appropriate here. The ends may be regarded as barriers at the terminations 
of the corresponding ways. We borrow the term end from Carathéodory; in 
§5A we indicate similarities between his treatment and ours. Theorem 11.3 
brings out a dualism of the theories of the ends and of the S-neighborhoods; 
both are applied in the topologization of our ideal points, and in the develop- 
ment of this topology. The concepts of the present section, of overlapping and 
of being a common way, are analogous, respectively, to those of intersecting 
and of being a common portion; this may be seen by comparing the results of 
Theorem 10.1 with those of Theorems 5.1, 7.1, 7.4, and 9.2. 

D 10.1. If M is a set of real points, K is a collection of point elements, 
and M and some element of K overlap('!), we say that M and K overlap; 
also, P(K) and M overlap; if P(K) is a portion of the real or the frontier point 
Q, we say that M and Q overlap. 

D 10.2. If P and Q are points and each S-portion that intersects P over- 
laps M (and intersects Q), we say that P is an end of M (in Q). If P and Q 
are ideal points, EE P, FEQ, and P is an end of M in Q, we say that E isa 
way to P (in F and in M) (cf. D 6.2). Clearly, the latter implies that P <Q. 

Examples and comment. Adopt the notation of E 4.1; the composition 
point P(Es.) is an end of the point set é33 in the point P(E;2) (cf. also E 6.2). 
Consider E 9.2; the point P(F) may be characterized as the summation of all 
composition points which are ends of F, and it is an end of F; E(F)EP(F), 
and each point element of E(F) consists of subsets of F; Theorem 10.1 shows 
that it is characteristic of an end of a closed set of S that it have an element E 
such that any point element which belongs to E consists of subsets of the 
closed set. Such is not the case for all the elements of an end; for, consider 
E 4.3; here P(E) is an end of the x-axis, but no element of E is a subset of the 
x-axis. If, in E 9.2, we let C’ and L’ be the sums of all the E(C)’s and of all 
the E(L)’s, respectively, we have two ways in S which have no common way; 
the ends of these ways, P(C’) and P(L’), do not intersect. 

If A is a point of a linear interval and M is a countable sequence of points 
on the interval which converges to A, according to our theory there exist 
many more methods of approach to A in the arc than there exist in the se- 
quence. The end of the arc is to be regarded as vastly smaller than A, but 
is much greater than the end of the sequence; the latter is capable of further 
subdivision. Similar interpretations hold for the other examples. 


THEOREM 10.1. Let M be a closed point set in S and P be an S-portion. (1) In 
order that there exist an end of M in P, it is necessary and sufficient that M and P 
should overlap. (2) Let P and M overlap, GEP, and G(M) be the collection of all 


(4) Cf. D 6.1. 
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E(M)’'s(*), where E is a point element which belongs to G; let Q be the ideal point 
P(G(M)); then Q is the maximal end of M in P. 


Proof. Let the ideal point A be an end of M in P. Since A intersects itself, 
by D 10.2 A overlaps M; and A <P. Since A overlaps M, there exists E,4GA 
which overlaps M (D 10.1). Since A<P, by Theorem 8.1 2(Ep)DEa; by 
D 10.1 M overlaps each of 2(Ep) and P. The necessity of the condition in (1) 
follows. 

Conversely, suppose that P and M overlap; by D 10.1 there exist GEP 
and a point element X, which belongs to G, such that X overlaps M; by Theo- 
rem 6.1 X(M) is a point element; thus, G(M) and Q=P(G(M)) exist. Let Z 
be an ideal point which intersects Q@. By Theorem 8.1 Ez intersects G(M); 
by D 7.1 there exist point elements EZ, and E(M) which belong to Ez and to 
G(M), respectively, and which intersect. Since each element of E(M) is a 
subset of M, it follows by D 4.4 that each element of EZ, has points in common 
with M. By D 6.1 and D 10.1 M overlaps each of E,, Ez, and Z. There exists 
an element of G, E, such that each element of E(M) is a subset of an element 
of E; then £, intersects E; by D 7.1 Ez intersects G; by Theorem 8.1 Z inter- 
sects P. Since, also, Z overlaps M, Q is an end of M in P (cf. D 10.2). 

Let G, be any element of P, whatever. Since each element of E(M) is a 
subset of an element of E, it follows from D 4.4 and D 4.6 that E(M) <E; by 
Theorem 7.2 G(M) <G, and thus G(M) <G,; by Theorem 7.1 E(M) intersects 
an element, K, of G,; since each element of E(M) is a subset of M, it follows 
that K overlaps M. By the results of the preceding paragraph it follows that 
G,(M) is nonvacuous; and, if Q;= P(G:(M)), then Q, is an end of M in P. 

Let 6 be an end of M in P, and Y be an ideal point which intersects 8. 
Then 8 <P; by Theorem 8.1 a(G)Da(Es), and K =a(Eg)-a(Ey) is nonvacu- 
ous. Let FE K; by Theorems 7.3 and 7.2 F< Eg; by D 8.2 P(F) <8; by D 10.2 
P(F) overlaps M; by the result of the preceding paragraph, F overlaps M; 
by Theorem 6.1 F(M) exists; by arguments we have used before, F(M)<F 
<Es<G. By D 7.2 F(M) intersects an element E of G. Since each element 
of F(M) is a subset of M, it follows by an argument we used in the next- 
to-the-last paragraph that E(M) exists and F(M) and E(M) intersect. Since 
a(Ey)>K, FEK, and F(M)</F, it follows by Theorems 7.2 and 7.3 that 
F(M)<F<K<Ey, and that F(M)€zZ(Ey). Thus, 2(EZy) and G(M) inter- 
sect, since their respective elements F(M) and E(M) intersect. By Theorem 
8.1 Y and Q intersect. Thus, by D 9.2 8<Q. Since 6 is an end of M in P, 
Q is the maximal end of M in P. Since Q,<Q, and Q<Q:, Q=Q,. Thus, Q is 
independent of the particular element G of P. We have established the truth 
of (2) and the sufficiency of the condition in (1). 


THEOREM 10.2. Let M be a closed point set in S, P be an end of M, and Q 


(2) Cf. Theorem 6.1. For example, E(M) is the set of all products e- M, where e CE. 
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be an ideal point which intersects P; there exists an end of M which is common 
to P and Q. If O<P, Q is an end of M. 


THEOREM 10.3. In order that the closed point set in S, M, be perfectly com- 
pact in itself, it is necessary and sufficient that no boundary point be an end of M. 


Proof. Suppose that M is not perfectly compact in itself; there exists in M 
a monotonic collection of closed point sets, K, which have no point in common 
(cf. Moore, (II)). By D 4.1, K is a boundary element. By Theorem 10.1, 
P(K) is an end of M. 

Conversely, let M be perfectly compact in itself, and E be a boundary ele- 
ment. Let K be the aggregate of all products e- M, where eCE. If E over- 
lapped M, no element of K would be vacuous; then the product of the ele- 
ments of K would be nonvacuous (cf. Fréchet, (I), p. 231). Then the product 
of the elements of E would be nonvacuous; by D 4.1 this is impossible. Since E 
does not overlap M, there exists no end of M in P(E) (cf. Theorem 10.1) 


THEOREM 10.4. If the point set M of S is perfectly compact in itself and P 
is a point and a limit point of M, there exists a composition point which is an 
end of M in P. 


Proof. If R is a neighborhood of P relative to M, let e(R)=Ru—P. Let E 
be the aggregate of all the e(R)’s. Since M is a closed point set in S, Ry is 
closed in S, and e(R) is closed in S—P. Let U be an open set in S which con- 
tains P; then U- M is a neighborhood of P relative to M. M may be regarded 
as a regular subspace of S (cf. Alexandroff and Hopf, p. 89, Theorem IX). 
It follows that U-M and U contain an element of E. If we let P=a(E), 
E satisfies condition (4) of D 4.1. It may readily be verified that E satisfies 
the remaining conditions. Thus, EZ is a point element, and Q= P(E) is a com- 
position point. By Theorem 10.1 Q is an end of M. 

Let the ideal point X intersect Q; by D 10.2 X overlaps M. By Theorem 
8.1 Ex intersects E; by D 7.1 there exists a point element, F, which belongs 
to Ex and intersects E. Since each S-neighborhood of P contains an element 
of E, and each element of F has points in common with each element of E, it 
follows that F and P intersect; cf. D 4.5. By D 9.1 X intersects P; by D 10.2 
Q is an end of M in P. 

11. The S-neighborhoods. These are applied in the topologization of our 
ideal points. The condition of “being separated by S-neighborhoods” of D 11.2 
is analogous to the separations which are involved in Hausdorff’s Axiom D 
and in the definition of normality; it finds analogous applications; cf. Theo- 
rem 11.5. The end theory of the preceding section is closely related to the 
S-neighborhood theory ; duality of the two is brought out in Theorem 11.3. An 
important characterization of the atomic points is given in Theorem 11.7. 

D 11.1. An open set in S, D, is called an S-neighborhood of M if one of the 
following conditions holds: (1) M is a point or a subset of D; (2) Mis a point 
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element and D contains an element of M; (3) M is an ideal point, a collection 
of points, or an aggregate of point elements, and D is an S-neighborhood of 
each element of M. Thus, to see whether D is an S-neighborhood of the S-por- 
tion P, first apply (2) for each point element which belongs to some element 
of P, then apply (3) for each element of P; then apply (3) for P. (Cf. D 2.3.) 

D 11.2. If U and V are mutually exclusive open sets in S which are 
S-neighborhoods of M and of N, respectively, we say that they separate M 
and N (relative to S). 


THEOREM 11.1. Jf K is an S-portion or a collection of point elements, and D 
is an open set in S, then D is an S-neighborhood of K if and only if K and S—D 
do not overlap. 


Proof. Let D be an S-neighborhood of the S-portion P, EE P, and \CE. 
By D 11.1 Dis an S-neighborhood of \ and of E; and there exists BCA such 
that DDB. Then B-(S—D) is vacuous; by D 6.1, Theorem 10.1, and D 10.1, 
neither A, Z, nor P overlaps M. The converse may be established by reversing 
this argument. 


THEOREM 11.2. If E is an element of the ideal point P, then E and P have 
the same S-neighborhoods. 


Proof. Let D be an open set in S. By Theorem 10.1 if some element of P 
overlaps S—D, so does every other element. The conclusion follows from 


Theorem 11.1 and D 11.1. 


THEOREM 11.3. Let D be an open set in S and P be an ideal point. (1) In 
order that D be an S-neighborhood of P it is necessary and sufficient that S—D 
have no end in P; (2) in order that P be an end of S—D it is necessary and suffi- 
cient that D fail to be an S-neighborhood of any portion of P. 


Proof. If D is an S-neighborhood of P, by Theorem 11.1 P does not 
overlap S—D. By Theorem 10.1, S—D has no end in P. A similar argument 
proves the converse. 

Let P be an end of S—D and X be a portion of P. Since X intersects P, 
by D 10.2 X overlaps S—D; by Theorem 11.1 D is not an S-neighborhood 
of X. Conversely, suppose that D is not an S-neighborhood of any portion of 
P. Let Z be an ideal point which intersects P. By Theorem 8.1 P(a(Ep)-a(Ez)) 
is a lower bound of P and Z. By our hypothesis and Theorem 11.1 S—D 
overlaps P(a(Ep)-a(Ez)); by Theorem 10.1 and D 10.1 S—D overlaps 
a(Ep)-a(Ez), a(Ez), and Z. By D 10.2 P isan end of S—D. 


THEOREM 11.4. Let D be an S-neighborhood of the ideal point X, and P be 
a non-isolated point of D; then D—P is an S-neighborhood of X. 


Proof. If E is a point element which belongs to an element of X, by D 11.1 
there exists e, CE such that De. If a(£) =P, it follows from the fact that P 
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is non-isolated that S—P De, (cf. D 4.1 and D 4.2). If a(Z)#P there exist 
elements of E, and e, such that S—P Des and De (cf. D 4.1). Then 
D—PDe. By D 11.1 D—P is an S-neighborhood of E and of X. 


THEOREM 11.5. In order that a real or a frontier point should fail to intersect 
a composition point, it is necessary and sufficient that the two points be separated 
by a pair of their respective S-neighborhoods. 


Proof. Let the real point P be separated from the composition point Q 
by U and V. Then by D 11.1 V is an S-neighborhood of any point element 
which belongs to an element of Q; by D 4.5 and D 9.1 P intersects neither 
the point element nor Q. Conversely, suppose that P and Q do not intersect, 
and let the point element Z be an element of Q. By D 9.1 P and E do not in- 
tersect; by D 4.5 P and E can be separated by a pair of their respective 
S-neighborhoods, U and V; by Theorem 11.2 V is an S-neighborhood of the 


point Q. 
THEOREM 11.6. If each of M and N is an ideal point or a collection of ideal 
points and M <N, then each S-neighborhood of N is an S-neighborhood of M. 


Proof. Suppose that D is an S-neighborhood of N but not of M; there 
exists PEM such that D is not an S-neighborhood of P. By Theorem 11.3 
S—D has an end in P, say Q; then Q<P. Since Q intersects P and M<N, by 
D 9.2 Q intersects an element Z of N; let 8 be a lower bound of Q and Z. If 
AGB, 2(Ez)Dd and 2(Ez) EZ (cf. Theorem 8.1). Since ZEN, D is an S-neigh- 
borhood of Z, of 2(Ez) and of X (cf. D 11.1). Since \ is an arbitrary element of 
8, D is an S-neighborhood of 8; since 8<Q, by Theorem 11.3, (2), we are in- 
volved in a contradiction. Thus, D does not exist. 


THEOREM 11.7. An S-portion P is atomic if and only if it satisfies the follow- 
ing condition: If the sum of a finite number of open sets in S is an S-neighborhood 
of P, at least one of them is an S-neighborhood of P. 


If P is nondegenerate, the following is an equivalent condition: Jf M and N 
are closed point sets in S and have at most a finite number of common points, 
then P is not an end of both M and N. 

Proof. Let D, and D, be open sets whose sum D is an S-neighborhood of P. 
Let S—D,= and S—D:= Mz. Suppose that neither D, nor is an S-neigh- 
borhood of P; by Theorem 11.3 M,; and M2 have ends in P. If P is atomic, 
these ends are P. Let E be a point element such that ECP. There exists eG E 
such that De. By Theorems 6.1 and 10.1 E(M,) and E(M2) are point ele- 
ments and are elements of P. Then e-M,CE(M;) and e-M:€ E(M2). Since 
any two elements of P intersect, by D 4.4 (e-Mi)-(e- Me) is nonvacuous. 
Since DDe and M,-M:=S—D, we have a contradiction. Thus, the condition 
is necessary. 

Suppose that P is not atomic and D is an S-neighborhood of P. By Theo- 
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rems 8.1, 8.2, and 8.3 there exist two atomic point elements, Z and F, which 
belong to a(Ep) but do not intersect. By D 4.4 and D 11.1 there exist eG E 
and such that DDe+f and e-f is vacuous. Let and D.=D-f. 
Since D, does not contain e¢, it is not an S-neighborhood of E or of P; similarly, 
Dz is not an S-neighborhood of P. By D 4.1 and D 4.2 if a(E) ¥a(F), then é-f 
is vacuous and D,+D.=D. By D 4.1 if a(Z)=a(F), then e+a(F) =, 
f+a(F)=f, and -f=a(F); since e-f is vacuous, a(F) is non-isolated. Then 
D,+D:=D-—a(F), and by Theorem 11.4 this sum is an S-neighborhood of P. 
Thus, the condition is sufficient. 


CHAPTER II. TOPOLOGICAL PROPERTIES OF THE IDEAL POINTS 


In the first chapter we considered intersection and order; our treatment 
now requires the introduction of relations which involve continuity. In §12 
we introduce a topology with the help of the S-neighborhoods. As a suggestion 
of problems we shall consider and of methods we shall use, we refer the reader 
to Alexandroff and Hopf, loc. cit., pp. 95—98; note particularly Theorem VIII. 
In this theorem they consider a perfectly compact Hausdorff space X, a de- 
composition ),A of X into mutually exclusive closed point sets, and a map- 
ping y=a(x) of X into a space Y such that a(x) =a(x2) if and only if x; and x2 
are elements of the same element of the decomposition. They develop equiva- 
lent conditions, which include: (1) the transformation is continuous and Y is 
a perfectly compact Hausdorff space; (2) the transformation is continuous, 
and Y is a Hausdorff space; (3) the decomposition is upper semi-continuous. 

In our Theorems 15.3, 15.4 and 15.5 we obtain extensive generalizations 
of the results of these authors. These results involve properties which restrict 
our attention to a special class of the S-portions, the amalgamation points. 
In §14 we develop a geometric theory of these points in which the amalgama- 
tion points have properties similar to those of the perfectly compact point 
sets in Alexandroff and Hopf’s treatment. In Theorem 15.5 this analogy is 
strengthened by a kind of representation theory ("*) in which the amalgamation 
points are identified with certain perfectly compact collections of amalgama- 
tion points, to which Alexandroff and Hopf’s results may be applied. Corre- 
sponding to the set-theoretic treatment of upper semi-continuity of these 
authors our treatment requires the introduction of a geometric upper semi- 
continuity theory; cf. D 15.1. The latter part of the paper is devoted to the 
application of the basic theorems of §15. 

In §13 we give characterizations of various types of regular and normal 
spaces in terms of the regular composition points. In §§16 and 17 we find that 
these characterizations prove useful in applying the results of §15. Such ap- 
plications are particularly simple and extensive for the case of the semi-com- 
pletely normal spaces, which we introduce in §13. For them the development 


(4) Cf. Birkhoff, p. 76. Our representations involve not merely order but also continuity. 
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of Chapter II has a completeness that is attained for more general spaces only 
in Chapter ITI. 

12. The topology of our points. We first give the following definition. 

D 12.1. If P is a point and M is a point set, and each S-neighborhood 
of P is an S-neighborhood of infinitely many elements of M, then P is a limit 
point of M. Similarly, if P and M are a point element and a collection of point 
elements, respectively, P is called a limit element of M. 


THEOREM 12.1. The space T(M), which is obtained by topologizing M by 
D 12.1 is a space H Fréchet. Let U be an open set in S and let the symbol U(M) 
denote any nonvacuous subset of M consisting of all elements of M, with the possi- 
ble exception of a finite number, of which U is an S-neighborhood. The collection 
of all such U(M)'s may be taken as a system of neighborhoods for defining limit 
points in T(M). 


If P is the point and N is a subset of M, clearly P is a limit of N according 
to D 12.1 if and only if each U(M) that contains P contains points of N dis- 
tinct from P. By Fréchet, (I), pp. 185-186, T(M) is a space H. 


THEOREM 12.2. If the composition point P neither intersects nor is a limit 
point of the set M of composition points, there exists an S-neighborhood of P 
which is not an S-neighborhood of any element of M. 


Proof. P has an S-neighborhood D, which is an S-neighborhood of at most 
a finite number of elements of M, Xi, X2,---, Xm. Let E and F; be point 
elements which are elements of P and of X;, respectively. There exist e;CE 
and f;C F; such that e;-f; is vacuous. By D 4.1 there exists eC E such that 
Let U=(S—f,)-(S—fa) - - - (S—fm). Then UDe and U is 
an S-neighborhood of E and of P; but U is not an S-neighborhood of F; or 
of X;. Then D- U satisfies the conclusion. 


THEOREM 12.3. In order that a composition point be a limit point of a closed 
set of S, it is necessary and sufficient that the point be nondegenerate and contain 
an end of the set. 


Proof. Let M be the set, P be a point which satisfies the condition, and E 
be a point element which is an element of P. By Theorem 10.1 P and E over- 
lap M; by D 6.1 each element of E contains points of M. By the hypothesis 
and D 8.6 E is nondegenerate; by D 4.1 no point of M is common to all ele- 
ments of E; thus, each of these elements contains infinitely many points of M; 
by D 11.1 each S-neighborhood of P contains an element of EZ. Thus, P is a 
limit point of M. 

If there exists no end of M in P, by Theorem 11.3 S— M is an S-neighbor- 
hood of P. Then P is not a limit point of M. If P is degenerate by D 8.6 and 
D 4.1 a(Z£) is an isolated point of S; then a(Z) is an S-neighborhood of E 
and of P, and P is not a limit point of M. 
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D 12.2. If M is a collection of point elements, let a(M) be the collection 
of all real points which are attached to elements of M (cf. D 4.2). If Misa 
real point or a frontier point, let a(M) be M or the null set, respectively. If E- 
is a set of points, or is an ideal point, let a(M) be the sum of all sets a(m), 
where mC M. The concept a(M) is applied in the definition of regularity (cf. 
D 13.1). In Example E 9.2, a(Q(F)) = F. The method of the definition involves 
an induction similar to that of D 11.1. 


THEOREM 12.4. Let P and Q be ideal points, P<Q, ECP, and D be an 
S-neighborhood of P. Then a(Q)>Da(P), a(P)=a(E), and DsDa(P). 


Proof. By D 8.2 if FEQ, E<F. If X €Ea(E), there exists \CE such that 
a(A) =X. By Theorem 7.1 there exists 5€ F such that A intersects 6; by Theo- 
rem 5.1 a(A)=a(6). Thus, a(F)Da(Z). Since a(Q) =)-a(F), for FEQ, and 
a(P) for ECP, it follows that a(Q) Da(P). If P=Q, then E< F, and 
F<E; then a(£)Da(F), and a(F)Da(£); thus, a(£) =a(F); since F is any ele- 
ment of Q=P, a(£)=a(P). By D 11.1 D is an S-neighborhood of \EEEP. 
If X€S—Ds, by D 4.1 and D 12.2 X is not an element of a(A), of a(Z), or 
of a(P). 

13. Regular points and normal spaces. Since we deal extensively with per- 
fectly compact Hausdorff spaces of our ideal points, we find need of the con- 
cept “the regularity relative to S of an ideal point.” In terms of this concept 
we characterize various types of regular and of normal spaces (Theorems 13.1 
to 13.3). These characterizations are of interest, since the regularity of a 
Hausdorff space does not imply its normality. These characterizations yield 
methods for applications of the decomposition and mapping theory of §15; 
the most extensive results are given for the semi-completely normal spaces, 
which we introduce in this section. Normality proves to be a weaker condition 
than semi-complete normality; and the latter is weaker than comple/e nor- 
mality. In Theorem 13.7 we show that regular real or frontier points may be 
replaced by regular composition points in questions which involve either con- 
tinuity or order. This procedure gives a basis for applying our theory to ques- 
tions concerning the embedding of S in other spaces, and to those involving 
mappings of S. In general our methods do not require the regularity or the 
normality of the basic space; they are applicable locally, so long as they deal 
with regular ideal points. For instance, we are in a position to study an infini- 
tesimal regular portion of an irregular point. For the plane all composition 
points are regular. 

D 13.1. A point P is regular (relative to S) provided that if D is an S-neigh- 
borhood of P there exists an S-neighborhood of P, R, such that D+a(P)D Rs 
(cf. D 12.2 and Alexandroff and Hopf, p. 68). 

D 13.2. Sis said to be semi-completely normal provided that if P is a point 
of S, then the subspace of S, S—P, is normal. 

Clearly each completely normal space has this property; the plane is an 
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example. In Theorem 13.4 we show that each semi-completely normal space 
is normal; an example by Tietze shows that the converse is not true (loc. cit., 
pp. 304-306). An example by F. B. Jones shows that if the hypothesis of the 
continuum is valid, then there exists a semi-completely normal space which is 
not completely normal. He has constructed a space which is normal (loc. cit., 
pp. 673-675). On page 674 he has a point set N, which is uncountable and 
contains no limit point of itself. By his Theorem 4 and the continuum hy- 
pothesis S is not completely normal. It is obvious from his construction of S 
that if P is a point of S then S—P is normal. 


THEOREM 13.1. (1) Im order that a point of S be regular, it is necessary and 
sufficient that it intersect no boundary point. (2) An irregular point of S inter- 
sects an irregular boundary point. 


Thus, a regular space is characterized by the property that it be a Haus- 
dorff space and that none of its points intersect a boundary point. 

Proof. Let P be irregular, and U be an open set containing P such that 
if R is an S-neighborhood of P, then R-(S—U) is nonvacuous. If M=U0—U 
were perfectly compact, it would be possible to separate P and M by a pair 
of open sets, U; and U;('*); then U- U; is an open set which contains P and 
is a subset of U; the closure of this set is a subset of U, since it contains no 
point of U; and U2 M. Thus we are involved in a contradiction; it follows 
that there exists a collection of open sets, G, which covers M such that no 
finite subcollection of G covers M (cf. Kuratowski and Sierpifiski, loc. cit.). 
For XEM let U(X) and W(X) be a definite pair of mutually exclusive open 
sets which contain X and ?, respectively, such that U(X) is a subset of some 
element of G. Clearly, no finite collection of the U(X)’s covers M. Let D de- 
note the sum of a finite collection of the U(X)’s, F=M—M-D, and E be the 
set of all F’s. It follows that E is a boundary element; let it be an element of 
the boundary point 8. Suppose that 8 is regular; by Theorem 11.4 S—P is an 
S-neighborhood of 8; since a(@) is vacuous, by D 13.1 there exists an S- 
neighborhood of 8, V, such that S—PDV; then S—YV is an open set con- 
taining P. Since V contains an element of E, M—M-V can be covered by 
a finite collection of the U(X)’s, say U(X:1), U(X2),---, U(X,). The 
sum of V and this finite collection is an open set which contains M. Let 
56=U-(S—V)-W(X) - - - W(X,). Then 6 is an open set which contains P, 
5- M is vacuous, and UD65. Thus, the supposition that 8 is regular involves a 
contradiction. Suppose that P and £ did not intersect; then by Theorem 11.5 
8 and P can be separated by a pair of their respective S-neighborhoods, V 
and W,; by Theorem 11.2 and D 11.1 V contains an element of E; since V 
does not contain P we arrive at a contradiction as we did above. Thus, we 
have established the truth of (2) and the sufficiency of the condition in (1). 


(**) Follow the proof of Theorem IX, p. 89, Alexandroff and Hopf. 
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Let P be regular, E be a boundary element, and 8= P(E). By D 4.1 there 
exists eC E such that PG S—e. Since e is closed in S, there exists an open 
set U, containing P such that S—eDUV. By D 11.1 and Theorem 11.2 S-U 
is an S-neighborhood of E and of 8. By Theorem 11.5 P and B do not inter- 
sect. Thus, the condition is necessary. 


THEOREM 13.2. A Hausdorff space is normal if and only if each of its bound- 
ary points is regular. 


Proof. Let S be normal, E be a boundary element, and D be an S-neighbor- 
hood of the boundary point P(Z£). By D 11.1 there exists e€E such that 
DDe. Since S—D and e are closed and mutually exclusive, they can be sepa- 
rated by a pair of mutually exclusive open sets U and V. Since VDe, by 
Theorem 11.2 V is an S-neighborhood of P(E); also DD V. 

Conversely, let the condition hold in S and M and N be mutually exclu- 
sive closed sets. By Theorem 13.1 each point of S is regular. For PEM let 
D(P) be an open set which contains P such that N-D(P) is vacuous. Let D 
denote any open set which is the sum of a finite number of the D(P)’s; and 
let E be the aggregate of all the sets M— M-D. If one of the D’s contains M, 
the complement of its closure contains N; if not, E is a boundary element. 
Since S—NDM, S—N isan S-neighborhood of P(E); by our condition there 
exists an S-neighborhood of P(E), U, such that S—NDU; then U contains an 
element of EZ, and there exists a D such that UD M—M-D. Then D+U)M, 
and N-(D+T) is vacuous. Thus, the complement of D+U i is an open set 
which contains N, and the condition is sufficient. 


THEOREM 13.3. A Hausdorff space is semi-completely normal if and only if 
each of its composition points is regular. 


Proof. Let S be semi-completely normal, 8 be a composition point, and E 
be a point element which is an element of 8. If 8 is degenerate, then a(§) is 
an isolated point of S and is an S-neighborhood of 6; then @ is regular (cf. 
D 8.6 and D 4.1). If a(8) is a non-isolated point of S, then by D 13.2 the sub- 
space S—a(@) of S is normal; then 8 is a boundary point of this subspace; by 
Theorem 13.2 8 is a regular boundary point of this subspace. It follows with 
the help of Theorem 11.4 that 8 is a regular decomposition point of S. If 8 
is a boundary point of S let E be a point element, EG§; let P be a point of S; 
and let F be the collection of all elements of E which do not contain P; it 
follows that F is a boundary element of S and of S—P; also, in S, F<E, 
E<F, and FE®6; by the argument we used above it follows that -F is an ele- 
ment of a regular boundary point of S—P; and, hence, that 8 is regular rela- 
tive to S. 

Conversely, let all composition points of S be regular and let P be a point 
of S. By Theorem 13.2 S is normal and S—P is regular. Methods analogous 
to those used for Theorem 13.2 show that S—P is normal; by D 13.2 S is 
semi-completely normal. 
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THEOREM 13.4. A semi-completely normal space is normal. 


By Theorem 13.3 all the boundary points are regular; the conclusion fol- 
lows from Theorem 13.2. 


THEOREM 13.5. If F is a finite point set in a semi-completely normal space S, 
then S—F is semi-completely normal. 


This may be proved with the help of Theorem 13.3 and the methods used 
in establishing that theorem. 


THEOREM 13.6. Let a regular point P be added to S so that the space S+P 
is a Hausdorff space. If S is normal, so is S+-P; in order that S+-P be semi- 
completely normal, it is necessary and sufficient that S have the same property. 


Thus a semi-completely normal space is characterized by the following 
property: If we either add or remove a finite number of regular points, or do 
both, and the result is a Hausdorff space, it is normal. 

Proof. Let Q be a boundary point of the space S+P. Since P is a regular 
point, by Theorem 13.1 Q and P do not intersect relative to S+P; by Theo- 
rem 11.5 there exist in S+P mutually exclusive open sets U and V which 
are (S+P)-neighborhoods of Q and P, respectively. Let E be a point ele- 
ment of S+P such that no element of E contains P and that EGEQ; then E 
is a point element of S. Since S is normal and JU is also an S-neighborhood 
of E, it follows from Theorem 13.2 that there exists an S-neighborhood of E, 
W, such that UDW. Since the closures of W in S and in S+P are identical, 
it follows that Q is a regular boundary point of S+P. By Theorem 13.2 S+P 
is normal. 


THEOREM 13.7. Let P be a real, a frontier, or a composition point which is 
regular; if a(P) is a non-isolated point of S, let F(P) be the aggregate of all sets, 
Ds—a(P), where D is an S-neighborhood of P; otherwise, let F(P) be the set of 
all the Ds’s. Let Q(P) be the composition point of which F(P) is an element. 
Then (1) a(P)=a(Q(P)), P<Q(P), and Q(P) <P; (2) if P is a limit point of a 
point set, then so is Q(P); and conversely; (3) each S-neighborhood of P is an 
S-neighborhood of Q(P); if D is an S-neighborhood of Q(P), either D or D+a(P) 
is an S-neighborhood of P; (4) Q(P) is regular. 


Thus, Q(P) is equivalent to P both from the point of view of order and of 
continuity. The topological applications of our theory require such a twofold 
equivalence; we discuss this in the introductions to Chapter II and to §§14 
and 15. 

Proof. Let P be a composition point and E be a point element such that 
ECP. Since each element of F(P) contains an element of E, E< F(P) (cf. 
D 4.6). Let H be a point element which does not intersect E; there exist eC E 
and h€H such that e-h is vacuous. Then S—hDe; by Theorem 11.2 S—h 
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is an S-neighborhood of P. By D 13.1 there exists an S-neighborhood of P, 
U, such that a(P)+(S—h)D>Us. Then Us—a(P) or Us is an element of F(P), 
and contains no point of h. By D 4.4 F(P) and H do not intersect. (It may 
readily be verified by D 4.1 that F(P) is a point element.) It follows that 
F(P) <E (cf. D 4.6). Since also E< F(P), it follows by D 8.2 that P<Q(P) 
and Q(P) <P; thus, P=Q(P). 

Next, let P be a real point or a frontier point. Clearly, F(P) satisfies the con- 
ditions of D 4.1 and is a point element. Let X be a composition point which does 
not intersect P. By Theorem 11.5 P and X can be separated by a pair of their 
respective S-neighborhoods, U and V. There exists an S-neighborhood of P, 
W, such that UD Ws. Then U contains an element of F(P). By D 11.1 V con- 
tains elements of each point element which belongs to X; by D 4.4, D 7.1, 
and Theorem 8.1 Q(P) and X do not intersect. By D 9.2 Q(P)<P. Con- 
versely, let X be an ideal point which does not intersect Q(P); by Theorem 
8.1, if G is a point element belonging to X, G does not intersect F(P). By 
D 4.4 there exist f€ F(P) and g&G such that f-g is vacuous. There exists an 
S-neighborhood of P, D, such that either f= Ds or f= Ds—P. By D4.1S—Dszg 
contains g and is an S-neighborhood of G. By D 4.5 and D 9.1 P intersects 
neither G nor X. By D 9.2 P<Q(P). 

Since P is regular, each of its S-neighborhoods contains an element of 
F(P) and is an S-neighborhood of Q(P). If D is an S-neighborhood of Q(P), 
D>fEF(P) (D 11.1 and Theorem 11.2). Then f+a(P)=Rs, where R is an 
S-neighborhood of P and of Q(P). Then D+a(Q(P))>RsDR, and Q(P) is 
regular; since a(Q(P)) =a(P), either D+a(P) or D is an open set containing 
R, and is an S-neighborhood of P. 

If P isa non-isolated point of S, the conclusion of (2) follows from (3), (4), 
D 12.1, and Theorem 11.4. For the other cases, P and Q(P) have the same 
S-neighborhoods, and (2) follows. 

14. The amalgamation points. Suppose that the regular space T is an im- 
mediate extension of S. By Theorem 13.7 we can replace each point of S by 
an equivalent decomposition point, and each point of T—S by a boundary 
point, and thus obtain a space 7; of composition points which is topologi- 
cally equivalent te T. We now introduce the amalgamation points in order 
to make more general applications, such as those we discuss in the introduc- 
tions of Chapter II and of §13. These applications require that the amalgama- 
tion points include the composition points and that they have special properties 
which do not hold for all ideal points. These properties are similar to those of 
closed point sets in perfectly compact Hausdorff spaces. Thus, in Theorems 
14.3, 14.4, and 14.5 we establish for amalgamation points a property analo- 
gous to the Borel-Lebesgue covering property; this analogy is emphasized in 
Theorem 15.3. Theorem 14.11 corresponds to the theorem that a nonvacuous 
product of perfectly compact sets is perfectly compact. In Theorems 14.6 and 
14.7 we establish a condition for the separation of non-intersecting amalgama- 
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tion points; this suggests the condition for the separation of closed sets, which 
characterizes the normality of a Hausdorff space. 

In Theorems 14.12 and 14.13 we add to the characterizations of the nor- 
mal and the semi-completely normal spaces. For such spaces we obtain an 
extensive knowledge concerning the atomic elements of the developments of 
§§15 and 16. For the Hausdorff spaces in general such a completeness is at- 
tained in Chapter III only after the development of a theory of multiplicative 
systems and lattices of regular amalgamation points. Theorems 14.10 and 
14.11 afford a basic technique for this lattice theory. The examples at the end 
of this section give indications of the extent to which our results may find 
applications in irregular spaces. 

D 14.1. An S-portion, P which satisfies the following condition is called 
an amalgamation point: lf EGP and X is a point element which is a limit 
element("*) of E, then X and E intersect. In the first chapter we defined order 
in terms of intersection. Since both order and continuity relations are used in 
our topological applications of the amalgamation points, it may be noted that 
the definition involves both order and continuity. 

D 14.2. If M isa collection of points, P is an amalgamation point, P< M, 
and M <P, we say that P is the amalgamation of the elements of M. That is, 
the summation of D 9.3 is called an amalgamation if the result of the summa- 
tion process is an amalgamation point. 

ExampLes. E 14.1. Let S be the plane, E be the set of all decomposition 
point elements, and F be the set of all boundary elements. By Theorems 13.7, 
13.1 and 5.2, E does not intersect F. Clearly, each element of F is a limit ele- 
ment of E. Thus, P(£) is not an amalgamation point. If X CE, there exists 
an S-neighborhood of X, R, whose closure is perfectly compact in itself; by 
Theorems 10.3 and 11.3 S—R is an S-neighborhood of each boundary ele- 
ment. Thus, X is not a limit element of F, and P(F) is an amalgamation point. 

E 14.2. The point Q(F) of E 9.2 is an amalgamation point; it is the amal- 
gamation of all ends of F. 

The point of E 8.3 is an amalgamation point but is not a composition 
point. The point P(Z) of E 8.2 is not an amalgamation point; here F is a limit 
element of E but does not intersect E. 


THEOREM 14.1. An S-portion P is an amalgamation point if and only if the 
following condition holds: If the composition point X is a limit point of the collec- 
tion of composition points M and P<M<P, then X intersects M and P. 


It may be proved with the help of D 14.1 and Theorems 11.2, 8.1, and 9.1. 
THEOREM 14.2. A composition point is an amalgamation point. 


Proof. Let E and F be non-intersecting point elements; by D 4.4 there 


(5) Cf. D 12.1, and D 7.1. 


438 R. G. LUBBEN . [May 


exist eC E and fEF such that e-f is vacuous. Then R= S—éDf. If the point 
element G belongs to an element of P(£), it intersects itself and E (cf. D 8.1 
and Theorem 7.1). If g&G, e-g is nonvacuous, R does not contain g, and R 
is not an S-neighborhood of G. Thus, F is not a limit element of any element 
of P(E). By D 14.1 P(£) is an amalgamation point. 

D 14.3. If M is a point set, G is a collection of open sets in S, and for 
m€M there exists g©G such that g is an S-neighborhood of m, then G is 
said to cover M (relative to S). 


THEOREM 14.3. Let M be an amalgamable collection of ideal points and let G 
cover M relative to S. Then there exists a finite subcollection of G such that the 
sum of its elements is an S-neighborhood of M. 


Note that the conclusion does not state that the finite subcollection covers 
M relative to S. The latter is the type of conclusion one has where the Borel- 
Lebesgue property holds. Theorem 14.3 is used in establishing the Borel- 
Lebesgue property for certain decompositions of an amalgamation point (cf. 
Theorems 14.4, 14.5, and 15.3). 

Proof. Suppose that the conclusion does not hold for G. Let N be the ag- 
gregate of all atomic ideal points which are portions of elements of M. If R 
is an open set of S, let N(R) denote the aggregate of all elements of N of which 
R is an S-neighborhood. Let H be the collection of all R’s such that N(R) 
is covered relative to S by a finite subcollection of G, say G(R). Let the symbol 
L denote the complement in S of an element of H; let E be the aggregate of 
all L’s, and let K be the product of all the L’s. 

It follows from Theorems 8.1 and 9.1 that if an ideal point intersects an 
element of either M or N, then it intersects an element of the other; by 
D 9.2, M<N and N<M; by Theorem 11.6 each S-neighborhood of M is an 
S-neighborhood of N, and conversely. Since each element of N is a portion 
of an element of M, it follows by Theorem 11.6 that G covers N; if REG, 
then R covers N(R) relative to S; thus REH, and HDG. Suppose that D, 
is the sum of the elements of a finite subcollection of H, say Hi, and D, is an 
S-neighborhood of M; then D, is an S-neighborhood of N; by Theorem 11.7 
Hi, covers N relative to S. If Rsx€ Hi, G(R:) covers N(R;) relative to S. Since 
N is the sum of the finite collection of N(R;)’s, N is covered by the sum of the 
sets G(R,); this sum, G*, is a finite subcollection of G. If D* is the sum of the 
elements of G*, D* is an S-neighborhood of N and of M. This is contrary to 
our supposition concerning G. Thus, D; and H; do not exist. Thus, the hypoth- 
esis of our theorem holds for each of G and H, but the conclusion holds for 
neither. 

Suppose that an element of E, L, were vacuous; then S—L=S would 
be an element of H; then N=N(S), and N is covered by a finite subcollec- 
tion of G, G(S); since HDG we are involved in a contradiction (cf. the 
preceding paragraph). Thus, LZ does not exist. If R; and R: are elements 
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of H, it follows from Theorem 11.7 that N(Ri+R:)=N(R:)+N(R2). Since 
S—(Rit+R:2) =(S—R1)-(S—Re), it follows that the product of two elements 
of E is an element of E. 

Let PEK. Suppose that Z,CE and P is not a limit point of Z:. There 
exists an open set in S, D, which contains P but contains no element of Li—P. 
Then S—L,)D—Pand N(S—L;)>N(D-—P). Thus, Hand N(D—P) 
is covered relative to S by a finite subcollection of G. Since PE K-D, S—D is 
not an element of E, D is not an element of H, N(D) is not covered by a finite 
subcollection of G, and N(D)#N(D—P). By Theorem 11.4 if P were non- 
isolated, we should have N(D)=N(D—P); thus, P is isolated. By Theorem 
8.4 there exists one atomic ideal point, 8, such that P=a(@), and 8 is degener- 
ate (cf. D 12.2 and Theorem 13.7). Thus, N(D) is either N(D—P) or 
8B+N(D—P); in either case it can be covered by a finite subcollection of G, 
and DEH. Therefore, we are involved in a contradiction, and LZ; does not 
exist. 

Let PEK. For R an S-neighborhood of P and LEE let F(R, L) 
=(L—P)-Rs, and let F be the aggregate of all F(R, L)’s. Since P is a limit 
point of each L, the product of two R’s is an R, and the product of two L’s 
is an L, it follows that the elements of F satisfy conditions (2) and (1) of 
D 4.1; if they also satisfy (4) they satisfy (3), and F is a decomposition point 
element. Suppose that (4) is not satisfied, and that U is a definite S-neighbor- 
hood of P which contains no element of F. Let T be the aggregate of all sets, 
(U0 —U)-F(R, L), where F(R, L)EF, and UDR. By the definition of U no 
element of T is vacuous. Since the product of two elements of F is an element 
of F, the product of two elements of T is an element of T. Let YEU-—U; 
since S is a Hausdorff space, there exist in it mutually exclusive open sets, 
Vand W, which contain Yand P. If R= U: Wand LEE, then (U — U)- F(R, L) 
does not contain Y; thus, the product of the elements of T is vacuous; by D 4.1 
T is a boundary element. Similarly, if K is vacuous, E is a boundary element. 
Let = denote any of the three F, T, or E which is a point element; we have 
shown that at least one of them satisfies this condition. 2 has the property 
that if LCE then L contains an element of 2. Let 8 be the composition point 
of which 2 is an element. 

Let XEN and let Y be a point element which is an element of X (cf. 
Theorem 8.2 and D 8.4). There exists gy GG such that gx is an S-neighborhood 
of X (for, G covers N relative to S). Since HDG, S—gxCE, S—gx contains 
an element of 2, and gry contains an element of Y; by D 4.4 2 does not inter- 
sect Y; by Theorem 8.1 8 does not intersect X. Since N<M<WN and M is 
amalgamable so is N. By Theorems 9.1 and 14.1 6 is not a limit point of N. 
By Theorem 12.2 there exists an S-neighborhood of 8, D, which is an S-neigh- 
borhood of no element of NV. There exists 2:€Z such that D2. Since N(D) 
is vacuous, DEH, S—DEE, and S—DD2X2, where 2:€2. Since 2-2: is 
vacuous, we are involved in a contradiction. 
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THEOREM 14.4. An amalgamable collection of atomic ideal points has the 
Borel-Lebesgue covering property and is perfectly compact in itself. 


By Theorems 14.3 and 11.7 the set has the covering property. It is per- 
fectly compact in itself; cf. Theorem 12.1 and Kuratowski and Sierpifiski, 
loc. cit., Bibliography. 

THEOREM 14.5. The aggregate of all atomic ideal points is amalgamable and 
is perfectly compact in itself. The amalgamation of this collection is regular, 
and it is the maximal ideal point. 


Proof. Let M be the collection. By Theorem 9.1 the summation of the 
elements of M, 6 exists. If P and Q are intersecting ideal points, by Theorem 
9.2 a(P)-a(Q) is nonvacuous; then MDa(P)-a(Q); by Theorems 9.2 and 9.1 
Q intersects 8 and M; by D 9.2 P< M. By Theorem 14.1 8 is an amalgamation 
point. Clearly, a(@) consists of all points of S (cf. D 12.2 and D 9.4). By D 13.1 
8 is regular. 

THEOREM 14.6. Let P be a real point, Q be an amalgamation point, and M 
be a collection of composition points such that Q<M<Q. The following condi- 
tions are equivalent: (1) P and Q do not intersect; (2) no element of M intersects 
P; (3) P and Q can be separated by S-neighborhoods. 


Proof. Let X € M and E bea point element which belongs to some element 
of X. Since X <Q, by Theorem 8.1 E belongs to an element of Q. By D 9.1 
if X intersects P, then so does Q; thus condition (1) implies condition (2). 
By condition (2) and Theorem 11.5 X and P can be separated by a pair of 
their respective S-neighborhoods, U(X) and V(X). By Theorem 14.3 there 
exists a finite collection of the U(X)’s such that the sum of these, U, is an 
S-neighborhood of M. If V is the product of the corresponding V(X)’s, V is 
an S-neighborhood of P, and U- V is vacuous. By Theorem 11.6 U is an S- 
neighborhood of Q. Thus, (2) implies (3). By D 11.1, D 11.2, D 9.1 and D 4.5, 
(3) implies (1). 

THEOREM 14.7. If P and Q are amalgamation points, one of which is regular, 
the following are equivalent: (1) P does not intersect Q; (2) P intersects no element 
of a(Q); (3) P and Q are separated by S-neighborhoods. 


Proof. By D 11.1, D 11.2, D 7.1, and D 4.4, and Theorem 8.1, (3) implies 
(1). By Theorem 9.1, (1) and (2) are equivalent; to establish (3) we shall con- 
sider the case of Q being regular. Let XEa(P), YEa(Q), and E and F be 
point elements such that EC X and FC Y (cf. Theorem 8.2). By Theorem 8.1 
E does not intersect F; there exist e(Y)GE and fEF such that f-e(Y) is 
vacuous. Then by D 4.1 D(Y) =S—e(Y)s Df, and D(Y) is an S-neighborhood 
of Fand of Y. By Theorems 9.1 and 14.3 there exist Yi, Ye, - - - , Y, such that 
D=D(¥:)+D(¥2)+ - - - +D(¥,) is an S-neighborhood of a(Q) and of Q (cf. 
Theorem 11.6). By D 13.1 there exists an S-neighborhood of Q, R, such that 
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D+a(Q)DRs. By Theorem 9.1 Q<a(Q) <Q; the methods of the proof of 
Theorem 12.4 show that a(Q) =a(a(Q)). If each element of E contained points 
of a(Q), by D 4.1, D 11.1, and D 12.2 X would be a limit point of a(Q); by 
Theorem 14.1 X intersects a(Q) and Q. By (1) this is impossible, and there 
exists ¢€E such that a(Q) -& is vacuous. By D 4.1 there exists eC E such that 
- - - e( De. Then e-(D+a(Q)) is vacuous; S— Rg contains e 
and is an S-neighborhood of E and X; X and Q can be separated by S-neigh- 
borhoods. The conclusion for (3) follows by methods used for Theorem 14.6. 


THEOREM 14.8. A regular amalgamation point which is a portion of either a 
decomposition point or of a collection of boundary points is a composition point. 


Proof. Let P be the amalgamation point and Q be a decomposition point 
such that P<Q. Let EGP; let F and G be point elements such that FEQ 
and G belongs to E; let F(P) and Q(P) be defined as in Theorem 13.7. By 
Theorem 7.2 and D 8.2 G<E<F. By D 7.1 G intersects F. By Theorems 5.1 
and 12.4, and D 12.2, a(Q) =a(F) =a(G) =a(E) =a(P). If Ris an S-neighbor- 
hood of a(P), it is an S-neighborhood of F, Q, and P (cf. D 4.1, D 11.1, and 
Theorem 11.6). Since P is regular, it has an S-neighborhood U such that 
R+a(P)DUs. Then Us or Us—a(P) is an element of F(P). By D 4.1 F(P) 
is a point element, and a(P)=a(F(P)). 

Consider the second hypothesis for P. Let XCS, R= S—X; by an argu- 
ment similar to that of the preceding paragraph, it follows that a(P) is vacu- 
ous, and F(P) is a boundary element. 

Since each element of F(P) contains an S-neighborhood of P, each ele- 
ment of F(P) contains elements of each point element which belongs to E. 
Thus, E< F(P), and P<Q(P); cf. Theorem 7.1 and D 8.2. Suppose that not 
Q(P) <P; by Theorem 9.2 there exists YEa(Q(P))—a(P), and Y does not 
intersect P. By Theorem 14.7 P and Y can be separated by S-neighborhoods 
U and V. Since U or UV —a(P) is an element of F(P), and F(P)€Q(P), F(P) 
intersects no point element of which V is an S-neighborhood. By Theorem 8.1 
Y and Q(P) do not intersect. Thus, the supposition that “not Q(P) <P” in- 
volves a contradiction. Since, also, P<Q(P), P=Q(P). 


THEOREM 14.9. If D is an S-neighborhood of the regular amalgamation point 
P, then the set (S—D)-a(P) ts finite or vacuous. 


Proof. Suppose that M=(S—D)-a(P) is infinite. By Theorems 10.3, 10.4, 
and 12.3 there exists a composition point 8 which is an end and a limit point 
of M; since S—DDM, B is an end of S—D (cf. D 10.2). By Theorems 10.2 
and 11.3 P and B do not intersect. By Theorem 14.7 P and 6 can be separated 
by S-neighborhoods U and V. Since 8 is a limit point of M, V contains points 
of M and of a(P); by Theorem 12.4 0Da(P). Thus, the supposition that M 
is infinite involves a contradiction. 
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THEOREM 14.10. (1) A perfectly compact set of regular amalgamation points 
is amalgamable. (2) An amalgamation of a collection of regular amalgamation 
points is regular. 


Proof. By Theorem 9.1, if N is the set of (1), then N has a summation P; 
N<P<a(P)<N. If the composition point X intersects no element of a(P), 
by D 9.2 X intersects no element of NV. By Theorem 14.7 each element of NV 
can be separated from X by S-neighborhoods. There exists a finite collec- 
tion H of open sets which covers N relative to S, and an S-neighborhood 
of X, U, such that U has no point in common with an element of H (cf. the 
proof of Theorem IX, p. 89, Alexandroff and Hopf). Let W be the sum of the 
elements of H; it is an S-neighborhood of N and of a(P) (cf. Theorem 11.6). 
Thus, X is not a limit point of a(P). By Theorem 14.1 P is an amalgamation 
point. 

Let the elements of N be regular, and let D be an S-neighborhood of P. If 
XEN, D isan S-neighborhood of X and a(P)Da(X) (cf. Theorems 11.6 and 
12.4). By our hypothesis there exists an S-neighborhood of X, U(X), such 
that D+a(X)D U(X). By Theorems 14.3 and 11.6 there exists a finite collec- 
tion of the U(X)’s, whose sum U is an S-neighborhood of N and of P. Then 
D+a(P)DU. 


THEOREM 14.11. (1) Jf a collection H of amalgamation points has a lower 
bound, its greatest lower bound is an amalgamation point; (2) if the elements 
of H are regular and one of them is the amalgamation of a set of regular composi- 


tion points, then their greatest lower bound is regular. 


Theorems 14.5, 14.10, and 14.11 are applied in Chapter III in questions 
concerned with the existence and the properties of multiplicative systems and 
complete lattices of regular amalgamation points. Examples may be given to 
show that the conclusion of (2) does not hold if the second part of the hy- 
pothesis be omitted. 

Proof. Let F be the product of all the a(h)’s, where hEH. If P is the sum- 
mation of the elements of F, by Theorem 9.2 P is the greatest lower bound 
of the h’s. Let the composition point Q be a limit point of F which does not 
intersect P. Suppose that no element of a(Q) is a limit point of F. By Theorem 
12.2, if BE a(Q), there exists an S-neighborhood of 8, D(8), which is not an 
S-neighborhood of any element of F. By Theorems 14.2, 14.3, and 11.6 there 
exists an S-neighborhood of Q, D, which is the sum of a finite collection of the 
D(8)’s. By Theorem 11.7 Dis not an S-neighborhood of any element of F. Thus, 
we are involved in a contradiction, and there exists 8Ga(Q) such that Bisa 
limit point of F. If hE H, a(h)>F, and 8 is a limit point of a(h); by Theorem 
14.1 8 intersects an element of a(h). Since 8 is atomic, BEa(h). Thus, BEF; 
by Theorem 8.1 P and Q intersect. By Theorem 14.1 P is an amalgamation 


point. 
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We shall first establish (2) for the case where the number of elements of H 
is the positive integer m. Clearly (2) holds for »=1. Suppose that (2) holds 
for each collection with fewer than m elements. Let A be an element of H 
which is the amalgamation of a collection T of regular amalgamation points; 
Let BC H—A, and H’=H-—B. By the definition of n, the elements of H’ have 
a greatest lower bound C, which is a regular amalgamation point. Let Z be 
the greatest lower bound of B and C. By Theorem 9.2 Z is the greatest lower 
bound of the elements of H; by part (1) Z is an amalgamation point. Let D 
be an S-neighborhood of Z. If X is an amalgamation point, let D(X) denote 
the aggregate of all elements of a(X) of which D is not an S-neighborhood. 
By Theorem 14.4 a(X) is perfectly compact in itself. Since D(X) is closed 
relative to a(X), it is perfectly compact in itself (cf. Fréchet, (I), pp. 229- 
230). By Theorem 11.6 Dis an S-neighborhood of a(Z); by Theorem 9.2 
a(Z)=a(B)-a(C); it follows that D(B)-D(C) is vacuous. If XE D(B), by 
Theorem 8.1 X does not intersect C. By the definition of m, C is regular; by 
Theorem 14.7 X and C can be separated by S-neighborhoods. By Theorem 
11.6 each element of D(B) can be separated from each element of D(C) by 
S-neighborhoods. Since each of D(B) and D(C) is perfectly compact in itself, 
they can be separated by S-neighborhoods D,; and D, (apply an argument 
similar to that for the proof of Theorem IX, p. 89, Alexandroff and Hopf). 
Then D+D, and D+D, are S-neighborhoods, respectively, of a(B) and of B, 
and of a(C) and of C, respectively. Since B and C are regular, there exist 
S-neighborhoods R; and R, of B and C, respectively, such that E:x=D+D, 
+a(B)D>R,, and Since Z<B and Z<C, by Theo- 
rem 12.1 R=R,-R: is an S-neighborhood of Z. Let Mi=D+D,, and 
(S—M,) -a(B); thus, M,+Ni=E,. Let M:=D+Drz, (S— M2) -a(C), 
and K= M,- Ne+M2-Ni+Ni-Ne2. By Theorem 14.9 Ni, Ne, and K are finite 
or vacuous. Since D,-Dz is vacuous, and 
-(M2+N:)=D+K. Thus, D+KDR. By Theorem 12.4 RDa(Z) and 
a(B)-a(C)Da(Z). Let L=K—K-a(Z); then L is finite or vacuous. Sup- 
pose that there exists XGa(Z) and YEL such that X intersects Y. Since 
X<Z<A, X€a(A). Since A<T, by D 9.2 X intersects an element of T, 
say X;. Let the point elements E and E, be elements of X and of Xi, respec- 
tively. By Theorem 8.1 E and E, intersect; by Theorem 5.1 a(E) =a(E£,); by 
D 12.2 a(X)=a(X). Since X<Z, by Theorem 12.4 a(Z)Da(X); thus, 
a(X,)# Y. By D 4.1 there exists e,€ FE; such that e, does not contain Y. 
Then S— Y is an S-neighborhood of E,; and of X;. Since X; is regular, there 
exists an S-neighborhood of X;, U, such that S— YDU; then S—T is an 
S-neighborhood of Y. Since X is atomic and intersects Xi, X <Xi; then U 
is an S-neighborhood of X. By Theorem 11.5 X does not intersect Y; thus 
the supposition that X and Y exist involves a contradiction. By Theorem 14.6 
Z and L can be separated by a pair of their respective S-neighborhoods, U 
and V. Then W=R: U is an S-neighborhood of Z, RD W, and W-L is vacu- 
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ous; since D+ KDR, D+a(Z)>D+(K—L)DW. Thus, Z is regular. Thus, 
by induction we establish the conclusion of (2) for any case where H is finite. 

Consider the infinite case. Let Z be the lower bound of the elements of H; 
let A, D, and D(X) be defined as in the preceding paragraph. By Theorem 9.2 
a(Z) is the product of the sets a(h), where hGH; by Theorems 9.1 and 11.6 
D is an S-neighborhood of a(Z); hence, the sets D(h) have a vacuous product. 
We showed in the preceding paragraph that each of the D(h)’s is perfectly 
compact in itself; it follows that there exists a finite subcollection of H, 
= (hy, he, hn), such that the product \= D(h,)-D(he) - - D(ha) is vacu- 
ous (cf. Fréchet, (I), p. 231). We shall suppose that A CH’ ; this is permissible, 
for if the product \ is vacuous, the product of all the elements of \ by D(A) 
will also be vacuous. Let J be the product a(h;)-a(he)-a(hs) - - - a(h,). Let 
B=C=P(J); by the results of the preceding paragraph B is the greatest 
lower bound of the elements of H’, and it is a regular amalgamation point. 
Clearly D is an S-neighborhood of each element of J and of J; by Theorem 
11.6 Dis an S-neighborhood of B. Let R be an S-neighborhood of B such that 
D+a(B)DR; let K=(S—D)-a(B) and L=K—K-a(Z). Then D+KDR. By 
following the argument of the later portion of the preceding paragraph, we 
see that Z is a regular amalgamation point. 

THEOREM 14.12. (1) A Hausdorff space is normal if and only if all its atomic 
boundary points are regular; (2) it is semi-completely normal if and only if all 
its atomic ideal points are regular. 


Proof. By Theorems 13.2 and 13.3 the conditions are necessary. By Theo- 
rem 14.2 each composition point is an amalgamation point. If the conditions 
hold it follows from Theorems 14.10, 14.2, and 9.1 that each of the composi- 
tion points involved in the conditions of Theorems 13.2 and 13.3 is regular. 
Thus, the conditions are sufficient. 


THEOREM 14.13. All the amalgamation points of a semi-completely normal 
space are regular, and each of them can be decomposed into a collection of regular 
atomic composition points. 


This follows from Theorems 9.1, 14.12 and 14.10. 

ExampPLes. E 14.3. Urysohn('*) has constructed a countable space R such 
that if X and Y are points of R and U and V are open sets containing X 
and Y, respectively, then U-V is nonvacuous; because of this condition no 
point of R is isolated. Let P be an amalgamation point which is distinct from 
the maximal amalgamation point of R; cf. D 9.4 and Theorem 14.5. Suppose 
that P is regular. By D 9.2 and Theorem 8.1 there exists a composition point 
Q which does not intersect P. By Theorems 14.2 and 14.7 P and Q can be sepa- 
rated by a pair of their respective R-neighborhoods, U and V. There exists an 


(**) Loc. cit., pp. 274-283. 


i 


1941] DECOMPOSITION AND AMALGAMATION POINTS 445 


R-neighborhood of P, W, such that U-+-a(P)>W. By Theorem 14.9 there ex- 
ist at most a finite number of points in (R—U)-a(P), say Pi, Ps, - - +, Pa. 
Since no point of R is isolated it follows from Theorems 12.3, 11.3, and 11.6 
that each of P and Q isa limit point of R. Thus, there exist XE V and YEW. 
For each i let 6; and \; be mutually exclusive open sets which contain P; and 
X respectively. Let \= An. Then VDA, U-V is vacuous, a(P)-d 
and W-} are vacuous; we are involved in a contradicion. To summarize: the 
maximal ideal point is a regular amalgamation point of R and is the only one; 
by Theorem 14.2 no composition point of R is regular. 

15. The upper semi-continuity and the perfect compactness of decomposi- 
tions. First we shall recall definitions by Moore and by Alexandroff(!”), and 
then we shall introduce extensions of these. (I) Let T be a space H Fréchet, 
K bea point set of T, and M be a collection of mutually exclusive subsets of K 
whose sum is K; M is called a decomposition (Zerlegung) of K (cf. D 9.3). 
(II) A collection M of mutually exclusive closed point sets of T is said to be 
upper semi-continuous (in T) provided that if PEM and D is an open set of 
T which contains P, there exists in T an open set R which contains P such 
that if an element of M has a point in common with R then that element is 
a subset of D('8). (III) If TDK and M is a decomposition of K, then T(M), 
the (weak) space of the decomposition, is defined as follows: (1) its points are 
the elements of M; (2) if U is an open point set in T, let U(M) be the aggre- 
gate of all elements of M which are subsets of U; the U(M)’s are the neigh- 
borhoods for T(M)(**) (cf. Theorem 12.1). (IV) A continuous mapping of the 
space X on the space YF is said to be closed if the image of each closed point 
set in X is a closed point set in Y(?*). 

EXxAmPLEs. E 15.1. Let X be the subspace of the plane whose points are 
those of a circle and its interior. Let 5 be a definite diameter of the circle; 
Let Y; be the decomposition of X which consists of 6 and all chords of the 
circle which are parallel to 5; let Z; be the decomposition whose elements are 
the points of 6, and the chords that are parallel to 6. Let Y and Z be the spaces 
of the decompositions Y; and Z; respectively. Let the relations y=f(x) and 
2=g(x) mean, respectively, that x€y and x€z. The collection Y; is upper 
semi-continuous in X, but Z; is not. The spaces X and Y are perfectly com- 
pact, but Z is not. The mapping y=f(x) of X on Y is closed. The mapping 


(27) Cf. Moore, (III), and Alexandroff, (I). For treatments of the theory see Moore, (I), 
chap. 5, and Alexandroff and Hopf, pp. 61-70 and 95-98. 

(8) Moore, loc. cit.; Alexandroff and Hopf call M a continuous decomposition (stetige Zer- 
legung) of the sum of the elements of M (loc. cit., p. 67). 

(}%) Alexandroff and Hopf, p. 66, call T(M) der schwache Zerlegungsraum der Zerlegung M. 
If M is upper semi-continuous, 7(M) is their Zerlegungsraum (loc. cit., pp. 63 and 67). We deal 
mainly with the latter. 

(°) Alexandroff and Hopf, p. 95; for information and definitions having to do with map- 
pings (Abbildungen) see pages 51, 52; in V, page 54, they show that a continuous mapping need 
not be closed. 
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ous; since D+ KDR, D+a(Z)>D+(K—L)DW. Thus, Z is regular. Thus, 
by induction we establish the conclusion of (2) for any case where H is finite. 

Consider the infinite case. Let Z be the lower bound of the elements of H; 
let A, D, and D(X) be defined as in the preceding paragraph. By Theorem 9.2 
a(Z) is the product of the sets a(h), where hGH; by Theorems 9.1 and 11.6 
D is an S-neighborhood of a(Z); hence, the sets D(h) have a vacuous product. 
We showed in the preceding paragraph that each of the D(h)’s is perfectly 
compact in itself; it follows that there exists a finite subcollection of H, 
H’' =(hy, he, - - , hn), such that the product D(h)-D(he) - - D(hn) is vacu- 
ous (cf. Fréchet, (I), p. 231). We shall suppose that A CH’ ; this is permissible, 
for if the product \ is vacuous, the product of all the elements of \ by D(A) 
will also be vacuous. Let J be the product a(h;)-a(h2)-a(hs) - - - a(h,). Let 
B=C=P(J); by the results of the preceding paragraph B is the greatest 
lower bound of the elements of H’, and it is a regular amalgamation point. 
Clearly D is an S-neighborhood of each element of J and of J; by Theorem 
11.6 D is an S-neighborhood of B. Let R be an S-neighborhood of B such that 
D+a(B)DR; let K =(S—D)-a(B) and L=K—K-a(Z). Then D+KDR. By 
following the argument of the later portion of the preceding paragraph, we 
see that Z is a regular amalgamation point. 


THEOREM 14.12. (1) A Hausdorff space is normal if and only if all its atomic 
boundary points are regular; (2) it is semi-completely normal if and only if all 
its atomic ideal points are regular. 


Proof. By Theorems 13.2 and 13.3 the conditions are necessary. By Theo- 
rem 14.2 each composition point is an amalgamation point. If the conditions 
hold it follows from Theorems 14.10, 14.2, and 9.1 that each of the composi- 
tion points involved in the conditions of Theorems 13.2 and 13.3 is regular. 
Thus, the conditions are sufficient. 


THEOREM 14.13. All the amalgamation points of a semi-completely normal 
space are regular, and each of them can be decomposed into a collection of regular 
atomic composition points. 


This follows from Theorems 9.1, 14.12 and 14.10. 

EXAmPLEs. E 14.3. Urysohn('*) has constructed a countable space R such 
that if X and Y are points of R and U and V are open sets containing X 
and Y, respectively, then U-V is nonvacuous; because of this condition no 
point of R is isolated. Let P be an amalgamation point which is distinct from 
the maximal amalgamation point of R; cf. D 9.4 and Theorem 14.5. Suppose 
that P is regular. By D 9.2 and Theorem 8.1 there exists a composition point 
Q which does not intersect P. By Theorems 14.2 and 14.7 P and Q can be sepa- 
rated by.a pair of their respective R-neighborhoods, U and V. There exists an 


Loc. cit., pp. 274-283. 
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R-neighborhood of P, W, such that U+-a(P)>W. By Theorem 14.9 there ex- 
ist at most a finite number of points in (R—U)-a(P), say Pi, Ps, ---, Pa. 
Since no point of R is isolated it follows from Theorems 12.3, 11.3, and 11.6 
that each of P and Q is a limit point of R. Thus, there exist XG V and YEW. 
For each i let 5; and \; be mutually exclusive open sets which contain P; and 
X respectively. Let \= - An. Then VDA, U-V is vacuous, a(P)-d 
and W-} are vacuous; we are involved in a contradicion. To summarize: the 
maximal ideal point is a regular amalgamation point of R and is the only one; 
by Theorem 14.2 no composition point of R is regular. 

15. The upper semi-continuity and the perfect compactness of decomposi- 
tions. First we shall recall definitions by Moore and by Alexandroff(!”), and 
then we shall introduce extensions of these. (I) Let T be a space H Fréchet, 
K be a point set of T, and M bea collection of mutually exclusive subsets of K 
whose sum is K; M is called a decomposition (Zerlegung) of K (cf. D 9.3). 
(II) A collection M of mutually exclusive closed point sets of T is said to be 
upper semi-continuous (in T) provided that if PE M and D is an open set of 
T which contains P, there exists in T an open set R which contains P such 
that if an element of M has a point in common with R then that element is 
a subset of D('*). (III) If TDK and M is a decomposition of K, then T(M), 
the (weak) space of the decomposition, is defined as follows: (1) its points are 
the elements of M; (2) if U is an open point set in T, let U(M) be the aggre- 
gate of all elements of M which are subsets of U; the U(M)’s are the neigh- 
borhoods for T(M)('*) (cf. Theorem 12.1). (IV) A continuous mapping of the 
space X on the space Y is said to be closed if the image of each closed point 
set in X is a closed point set in Y(?*). 

EXxaAMPLEs. E 15.1. Let X be the subspace of the plane whose points are 
those of a circle and its interior. Let 5 be a definite diameter of the circle; 
Let Y; be the decomposition of X which consists of 6 and all chords of the 
circle which are parallel to 5; let Z; be the decomposition whose elements are 
the points of 5, and the chords that are parallel to 6. Let Y and Z be the spaces 
of the decompositions Y; and Z; respectively. Let the relations y=f(x) and 
z=g(x) mean, respectively, that xGy and x€z. The collection Y; is upper 
semi-continuous in X, but Z, is not. The spaces X and Y are perfectly com- 
pact, but Z is not. The mapping y=f(x) of X on Y is closed. The mapping 


(17) Cf. Moore, (III), and Alexandroff, (I). For treatments of the theory see Moore, (I), 
chap. 5, and Alexandroff and Hopf, pp. 61-70 and 95-98. 

(*8) Moore, loc. cit.; Alexandroff and Hopf call M a continuous decomposition (stetige Zer- 
legung) of the sum of the elements of M (loc. cit., p. 67). 

(1%) Alexandroff and Hopf, p. 66, call T(M) der schwache Zerlegungsraum der Zerlegung M. 
If M is upper semi-continuous, 7(M) is their Zerlegungsraum (loc. cit., pp. 63 and 67). We deal 


mainly with the latter. 
(2°) Alexandroff and Hopf, p. 95; for information and definitions having to do with map- 
pings (Abbildungen) see pages 51, 52; in V, page 54, they show that a continuous mapping need 


not be closed. 
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z=g(x) of X on Z is not continuous. The mapping y=f(g-'(z)) of Z on Y is 
continuous but is not closed. The example both serves to illustrate the results 
of Theorem 15.1 and to give Gegenbeispiele. If we amalgamate the elements 
of Y,; and 2, we obtain collections of amalgamation points which may be used 
to illustrate Theorem 15.4. 

The extensive results of Alexandroff and Hopf in their Theorem VIII, 
p. 98, may be amplified by the following theorem. The mapping of their hypo- 
thesis is continuous rather than closed. They give no result analogous to that 
of the Conditions (I) and (III) implying (II); the transformation y =f(g—*(z)) 
of the preceding example illustrates the fact that the stronger condition, closed- 
ness, is essential for such a result. 


THEOREM 15.1. Let X and Y be Hausdorff spaces, and let y=a(x) define a 
continuous mapping of X into Y; then any two of the following conditions imply 
the third: (1) Y is perfectly compact; (I1) X is perfectly compact; (III) the map- 
ping y=a(x) is closed; for yEY the set a~(y) is perfectly compact in itself. 


Proof. By Alexandroff and Hopf, Theorem VIII, p. 98, Conditions (II) 
and (III) imply (I). By this theorem and their Theorems II on page 95, 
(I) on page 53, and IV on page 86 Conditions (I) and (II) imply (III). Let H 
be a collection of open sets which covers X. If yE Y let H(y) be a finite sub- 
collection of H which covers a~'(y) (cf. Condition (III) and Kuratowski 
and Sierpifiski, loc. cit.). Let D(y) be the sum of the elements of H(y); 
then X—D(Y) is closed in X. By (III) a(X—D(y)) is closed in Y; and 
5(y) = Y—a(X —D(y)) is open in Y and contains y. By (I) there exists a finite 
subcollection of the 6(y)’s which covers Y, say 5(y1), 5(y2),--+, 5(yn). 
Let H*=H(y1)+H(y2)+ --- +H (yn). If there exists 7 such that 
a (xo) € 5(y;); if x9 were not covered by D(y;), it would belong to X —D(y,); 
then a(xo) Ga(X —D(y;)) = Y—4(y;), and we are involved in a contradiction. 
Thus xo is covered by an element of H(y;), and X is covered by H*. Thus, 
(I) and (III) imply (IT). 

D 15.1. Acollection M of points is said to be upper semi-continuous (rela- 
tive to S) provided that if PE M and D is an S-neighborhood of P, there exists 
an S-neighborhood of P, R, such that if Q is an element of M and R is an 
S-neighborhood of a portion of Q, then D is an S-neighborhood of Q (cf. 
Definition (II) above). 

EXAampPLEs. E 15.2. Let M be a decomposition of the perfectly compact 
Hausdorff space S into closed sets. Let N be the collection of those ideal points 
which are amalgamations of elements of M. Then N is upper semi-continuous 
relative to S if and only if M is upper semi-continuous in S. Examples of both 
possibilities are given by Alexandroff and Hopf, p. 67. See also E 15.1. 

E 15.3. Acollection of real points, or of atomic ideal points, is upper semi- 
continuous relative to S. 

If, in Theorem 15.1, we amalgamate the elements of the sets a~'(y), for 
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y€ Y, we obtain amalgamation points for which Theorem 15.4 applies. This 
is an instance of the analogy we have noted before between the properties of 
perfectly compact sets and of amalgamation points. Similarly, the results of 
Theorem 15.3 resemble some of those of Alexandroff and Hopf. These analo- 
gies give indications of some rather trivial applications of our theory. In gen- 
eral, our procedure is to define mappings in terms of decompositions or of 
amalgamations; these processes involve mainly order relations. This proce- 
dure must be carried out in such a manner that it gives conditions which assure 
the continuity of the mappings and permit the application of the results of 
Alexandroff and Hopf. Such conditions are given in Theorems 15.4, 15.5, and 
15.6. Thus, we have on the one hand the processes of amalgamation of points 
and of continuous mappings, and on the other those of decomposition of 
points and of the inverse of a continuous mapping. We may think of the lat- 
ter as giving a kind of representation theory(?') for our system of points, in 
which the representation of a point is a decomposition of that point into an 
upper semi-continuous collection of amalgamation points. Thus, this repre- 
sentation theory involves not only order, but also continuity. 


THEOREM 15.2. If Nis an upper semi-continuous collection of amalgamation 
points, no two of them intersect. 


Suppose that X and Y are intersecting elements of VN. By D 15.1 X and Y 
have the same S-neighborhoods. By Theorem 9.2 if not X < Y then there 
exists an element 6 of a(X)—a(X)-a(Y). By Theorem 12.2 if \Ga(Y) there 
exists an S-neighborhood of AX, 5(A), which is not an S-neighborhood of 6. By 
Theorem 14.3 there exists a finite collection of the 5(A)’s, whose sum D is an 
S-neighborhood of Y. By Theorem 11.7 D is not an S-neighborhood of 8. 
Since 8 <X and D is an S-neighborhood of X, we are involved in a contradic- 
tion. Thus, X < Y. SimiJarly, Y<X. Hence, Y=X. 


THEOREM 15.3. Let Y be a decomposition(2*) [x] of the ideal point X into 
regular amalgamation points. The following conditions are equivalent: (1) Y is 
perfectly compact in itself; (2) X is an amalgamation point and Y is upper semi- 
continuous relative to S; (3) the space(*) S(Y) of the decomposition Y is a per- 
fectly compact Hausdorff space. 


The following is a point set analogue of this theorem. 


THEOREM 15.3A. If Y is a decomposition of the Hausdorff space X into a 
collection of sets which are perfectly compact in themselves, the following condi- 
tions are equivalent: (1) The space X(Y) of the decomposition Y is perfectly 
compact; (2) X ts perfectly compact and Y is upper semi-continuous in X. 


(#) Cf. Birkhoff, p. 76, and Stone, loc. cit. 
(#) Cf. D 9.3. 
() Cf. Theorem 12.1. 
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Consider 15.3A. By Alexandroff and Hopf, p. 98, Theorem VIII, (2) im- 
plies (1). Let (1) hold and y=a(x) mean that xGyEY (XDy). If U is an 
open set in X, U(Y) means the set of all elements of Y that are subsets of U; 
and U(Y) is an open set in X(Y) (cf. Definition (III)). Let yEY, and R 
be an open set in X containing y. If s© Y—R(Y), there exist in X mutually 
exclusive open sets, V, and W., which contain, respectively, y and z (cf. proof, 
Theorem IX, p. 89, Alexandroff and Hopf). Since Y—R(Y) is a closed set 
in the perfectly compact space X(Y), it has the Borel-Lebesgue property; 
there exist W.,(Y), W.,(Y), - - Wz,(Y) which cover Y—R(Y) in X(Y). Let 
Vz,and W=W,,+W.,+ --- +W.,. Then V and W are mu- 
tually exclusive open sets in X, VDy, and W contains all elements of 
Y—R(Y). Since V- W is vacuous, any element of Y that has a point in com- 
mon with V is a subset of R. Thus, Y is upper semi-continuous in X ; and the 
mapping y=a(x) of X on X(Y) is continuous (cf. Alexandroff and Hopf, 
p. 67). Let F be a closed point set in X, and D=X—F. Then D(Y) is open 
in X(Y). Since D(Y) = X(Y) —a(F), a(F) is closed in X(Y), and the mapping 
is closed. By Theorem 15.1 Condition (1) implies (2). 

Proof of Theorem 15.3. Let (2) hold and G be a collection of open sets of S 
that covers Y relative to S. If x€ Y, let DEG such that D is an S-neighbor- 
hood of x. Let R(x, D) be an S-neighborhood of x such that if it is an S-neigh- 
borhood of a portion of an element of Y, then D is an S-neighborhood of that 
element. By Theorems 14.4, 11.6, and 9.1 there exists a finite collection of 
the R’s which covers the aggregate of atomic portions of X; say R(x:, D,), 
R(x2, De), - - R(xn, Dn). Let G* be the collection D,, D2, ---, If xe Y 
and @ is an atomic portion of x, 8 <x <X, and there exists j such that R(x;, D;) 
is an S-neighborhood of 8. Then D; is an S-neighborhood of x, and G* covers Y 
relative to S. Since Y has the Borel-Lebesgue covering property, it is per- 
fectly compact in itself (cf. Theorem 12.1 and Kuratowski and Sierpifski, 
loc. cit.). Thus (2) implies (1). 

Conversely, let Y be perfectly compact in itself. By Theorem 14.10 X is 
an amalgamation point. Let x€ Y, D be an S-neighborhood of x, and L be 
the set of all elements of Y of which D is not an S-neighborhood. By D 12.1 
no point of Y—L is a limit point of L, and L is a closed point set relative 
to Y. Since Y is perfectly compact in itself, so is L. By Theorem 14.10 there 
exists a regular amalgamation point 8, such that 8<L<f. By D 9.3 x inter- 
sects no element of LZ; and thus it does not intersect 8. By Theorem 14.7 
x and 8 can be separated by a pair of their respective S-neighborhoods, U 
and W; by Theorem 11.6 W is an S-neighborhood of L. Let x; be an element 
of Y such that U is an S-neighborhood of a portion \ of x. If x; were an ele- 
ment of L, W would be an S-neighborhood of x; and of \; since U- W is vacu- 
ous, this involves a contradiction. Since x,G Y—L, D is an S-neighborhood 
of x;. Thus, Y is upper semi-continuous, and (1) implies (2). 

If x; and x: are two elements of Y, by Theorem 14.7 and D 9.3 they can 


eg 
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be separated by S-neighborhoods. By Theorem 12.1 condition (1) implies (3). 
The converse is obvious. 


THEOREM 15.4. Given that P is an amalgamation point and Y and X are 
decompositions of P into regular amalgamation points such that if yEY there 
exists a subcollection a~'(y) of X which is a decomposition of y; then any two 
of the following conditions imply the third: (1) Y is perfectly compact in itself; 
(2) X is perfectly compact in itself; (3) the mapping y=a(x) of X into Y is a 
closed mapping; the sets a~'(y) for yEY, are perfectly compact in themselves. 


By Theorem 15.3 the conditions (2) and (1) are equivalent, respectively, 
to the upper semi-continuity of X and of Y. Cf. E 15.1. 

The close resemblance of Theorems 15.1 and 15.4 fails to extend to the 
explicit assumption of the continuity of the mapping y =a(x), which is neces- 
sary for the former. The inherent potentialities for the continuity of y=a(x) 
for Theorem 15.4 are an example of the properties of this mapping which fol- 
low from the way it is defined: For ye Y, y<a7(y)<y; X Da™"(y); and if 
x€a-"(y), then x<y (cf. D 9.3). These order relations, which involve X, Y, 
and the mapping, may be regarded as a key to our theory, and are a founda- 
tion for the applications we make in following sections. The transformation 
expresses the fact that the elements of y are obtained by amalgamations of 
elements of X ; conversely, the elements of X are the results of decompositions 
of the y’s. For topological applications we need conditions of continuity as 
well as those for order; simultaneous conditions for the required continuity 
and order are given in Theorems 15.3 to 15.6. 

Proof. By Theorem 15.3 if condition (1) or (2) holds, then Y or X, respec- 
tively, is upper semi-continuous relative to S. By (1) and (2) the mapping 
y =a(x) is continuous from X to Y (cf. argument on page 67, and Theorem IV, 
p. 53, Alexandroff and Hopf). The conclusion follows from Theorem 15.1. 


THEOREM 15.5. Adopt the notation of Theorem 15.4, and let X be upper semi- 
continuous(*) relative to S; then (A) Y is upper semi-continuous relative to S 
if and only if the aggregate Y’ = [a—(y)], where yEY, is an upper semi-con- 
tinuous collection of point sets in X(*). (B) Let Y’’=X(Y") be the space(**) of 
the decomposition of X, Y', and let y'’ =a''(x) mean that xGy'’E Y"’; then the 
mapping y=a(x) of X on Y ts closed if and only if the mapping y’’ =a’’ (x) 
of X on Y"’ is closed. (C) If the conditions in either (A) or (B) are satisfied, 
then those in each of Theorem 15.4, (A) and (B), are satisfied, and the mappings 
y =a(x) and y"’ =a''(x) are equivalent mappings of X (2"). 

(*) Or, X is perfectly compact in itself (cf. Theorem 15.3). 


() Cf. definition-(I1). Here X is regarded as a space (cf. Theorem 12.1). 

(*) Cf. Definition (III); Y’’ is der zur Zerlegung gehirende schwache Zerlegungsraum (cf. 
Alexandroff and Hopf, p. 66). The points of Y’’ are the elements of Y’. 

(?7) That is, the mapping, y’’ =a’’(a“(y)), of Y on Y’’ is a homeomorphism (cf. Alexan- 
droff and Hopf, p. 61). 
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Proof. By Theorems 14.7 and 12.1 X and Y determine Hausdorff spaces. 
Let two of the conditions of Theorem 15.4 hold. The third follows; by Theo- 
rems VIII and II, pages 98 and 95, Alexandroff and Hopf, the mappings of 
(B) are equivalent and both are closed, and Y’ is upper semi-continuous in X. 

By Theorem 15.3 our hypothesis that X is upper semi-continuous relative 
to S is equivalent to condition (2) of Theorem 15.4. If y=a(x) is a closed 
mapping, condition (3) of that theorem holds. By the preceding paragraph 
the conditions in (A) and in (B) are necessary. Let y’’=a’’(x) be a closed 
mapping from X to Y’’. Let yE Y, U be an S-neighborhood of y, and U(X) 
and U(Y) denote all elements of X and of Y, respectively of which U is an 
S-neighborhood; U(X) is open relative to X, and U(X)Dam"(y)=y"’. If V 
is the set of all elements of Y’’ that are subsets of U(X), then V is an open 
set in Y’’, and y’’E V (Definition (III)). Let H be the sum of the elements of 
y’’—V. Then y’’ and H are closed point sets in X which do not intersect 
(cf. Theorem I, p. 53, Alexandroff and Hopf). Since X is perfectly compact, 
so are y’’ and H. By Theorems 14.10, 14.7, and 11.6 y’’ and H can be sepa- 
rated by S-neighborhoods D and R. Since y’’=a™(y), y<y’’ <y; by Theorem 
11.6 D is an S-neighborhood of y. Let D be an S-neighborhood of a portion 8 
of an element of Y, y;. Suppose that y,G Y— U(Y); by Theorem 11.6 there 
exists x,;€a~'(y,) such that U is not an S-neighborhood of x. Then a~"(y;) 
=a’’(x,)€ — V, and HDa~"(y:). By Theorem 11.6 R is an S-neighborhood 
of y; and of 8. Since D is an S-neighborhood of 8, and R-D is vacuous, we are 
involved in a contradiction. Thus, Y is upper semi-continuous relative to S. 


By Theorems 15.3 and 15.4 the condition in (B) is sufficient. If the collection 
Y’ is upper semi-continuous in X, it follows from Theorems VIII and II on 
pages 98 and 95, Alexandroff and Hopf, that the mapping y’’ =a’’(x) is closed 
from X to Y’’. By (B) the mapping y=a(x) is closed. By the first paragraph 
the condition in (A) is sufficient, and (C) is true. 


THEOREM 15.6. The conclusions of Theorems 15.3, 15.4, and 15.5 remain 
true if the aggregate consisting of P and of the elements of X and Y include regu- 
lar real or regular frontier points. 


This follows from Theorems 12.1, 13.7, and 14.2. 

. 16. Applications of the preceding sections. Applications of the preceding 
section require the decomposition of an amalgamation point P into regular 
amalgamation points. In problems dealing with the embedding of S in a per- 
fectly compact Hausdorff space we have the case where P is the maximal 
amalgamation point and the elements of the decomposition include the points 
of S (cf. Theorem 16.1). 

We supplement the results of §§13 and 14 for the regular, the normal, and 
the semi-completely normal spaces by giving characterizations of the com- 
pletely regular, the locally perfectly compact, and the perfectly compact 
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Hausdorff spaces. Some of these give our interpretations of results by other 
authors, and demonstrate the generality of our methods (cf. Theorems 16.1, 
16.2, and 16.4). In order to utilize this generality fully, we devote Chapter III 
to a study of lattices of regular points, and to lattices of systems of decom- 
positions of an amalgamation point into collections of regular amalgamation 
points. These give systematic methods for classifying our results. An impor- 
tant part of Chapter III is the demonstration of the existence of atomic ele- 
ments of systems of points which are encountered in applications of our 
mapping theory. For the special case of the semi-completely normal space the 
~equired atomic elements are the atomic ideal points (cf. Theorem 16.5). Simi- 
lar conclusions hold for the decompositions of boundary points of normal 
spaces (cf. Theorem 16.1, (3)). 


THEOREM 16.1. (1) In order that S be completely regular(**), it is necessary 
and sufficient that there exist a collection of regular boundary points M such 
that (a) each boundary point intersect M, and (b) the collection S+-M be upper 
semi-continuous relative to S. (2) This condition is satisfied if and only if S+-M 
is a perfectly compact Hausdorff space. (3) If Sis normal and M is the set of its 
atomic boundary points, this condition 1s satisfied. (4) A perfectly compact, im- 
mediate Hausdorff extension of S is a decomposition of the maximal ideal point. 


The result in (3) is similar to that in Lemma 12, p. 119, Wallman, loc. cit. 
If Y is any perfectly compact Hausdorff space in which S is embedded and X 
is the space S+M of (3), then the conclusion of Theorem 15.4 concerning the 
mapping y =a(x) holds; cf. Stone, loc. cit., p. 476, Theorem 88. See also Theo- 
rem 20.2. Cech, also, loc. cit., has considered this space. 

Proof. Let Y be the maximal amalgamation point and X =S+M. Let P 
be a real point, Q be a boundary point, and 8 be an atomic portion of Q. By 
(1a) 8 intersects Bu € M; since B is atomic, 8 <8y. Since By is regular, P and 
Bu do not intersect, and they can be separated by S-neighborhoods U and V 
(cf. D 13.1 and Theorem 11.5). Since 8<8y, V is an S-neighborhood of 8 and 
P and B do not intersect (Theorems 11.6 and 11.5). By Theorem 14.2 Q is an 
amalgamation point. By Theorem 14.6 P and Q do not intersect. By Theorem 
13.1 P is regular. By (1a) each composition point intersects either S or M. 
By D 9.2 Y<M+S; since M+S< Y, X=S+M isa decomposition of Y (cf. 
Theorem 15.2). By Theorems 14.5, 15.6, and 15.3 the condition in (1) is suffi- 
cient and that of (2) is necessary. 

Conversely, let the perfectly compact Hausdorff space T be an immediate 
extension of S; then all points of T are regular. Let M be the boundary points 
of S which are equivalent to points of T—.S. By Theorems 13.7 and 12.1, 


(8) S is completely regular if and only if it can be embedded in a perfectly compact Haus- 
dorff space; cf. Tychonoff, loc. cit. 
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S+ M is perfectly compact. By Theorems 14.10 and 14.2 there exists an amal- 
gamation Z of the elements of S+ M. If Z# Y, there exists an atomic bound- 
ary point 8 which intersects Y but does not intersect Z (cf. Theorem 9.2). 
By Theorems 12.1 and 14.7 the space S+ M+ is a Hausdorff space; clearly, 
6 is a limit point of S. Since S+M is perfectly compact, we are involved in 
a contradiction; cf. Alexandroff and Hopf, p. 91, Theorem XI. Thus, Y<Z, 
Z<Y, and Z=Y. By Theorems 15.6 and 15.3 the condition in (1) is neces- 
sary, and that of (2) is sufficient. 

For Case (3) the collection X = S+M obviously is upper semi-continuous. 
By Theorems 5.5 and 14.12 M satisfies condition (1a). 


THEOREM 16.2. (1) If S is regular but is not perfectly compact, then in order 
that the set of all boundary points be amalgamable it is necessary and sufficient 
that S be locally perfectly compact; (2) if this condition is satisfied and Q is the 
amalgamation of all the boundary points, then S+-Q is perfectly compact. 


This theorem resembles closely one due to Alexz“droff; cf. Alexandroft 
and Hopf, p. 93, Theorem XIV. 

Proof. If the condition holds, it follows from Alexandroff’s theorem that 
there exists a point Q, such that S+(Q is a perfectly compact Hausdorff space 
in which S is embedded; because of Theorems 13.7 and 12.1 we may suppose 
that Q is a boundary point; by Theorem 14.2 Q is an amalgamation point. 
It follows from Theorem 16.1 that each boundary point is a portion of Q. 
Thus, the condition is sufficient. 

Conversely, let Q be the amalgamation of all the boundary points. By 
Theorems 13.1 and 14.6 Q and the real point P can be separated by S-neigh- 
borhoods U and W, respectively. If W were not perfectly compact, by Theo- 
rem 10.3 there would exist a boundary point 8 which is an end of W. Then 8 
is a portion of Q, and U is an S-neighborhood of 8. By Theorem 12.3 6 is a 
limit point of W, and W- U is nonvacuous. Thus, we are involved in a con- 
tradiction, and the condition is necessary. 


THEOREM 16.3. In order that a Hausdorff space be perfectly compact, it is 
necessary and sufficient that it have no boundary points. 

This follows from Theorem 10.3. 

THEOREM 16.4. Let X be a perfectly compact Hausdorff space which is an 
immediate extension of S, P be the maximal S-portion, M be a decomposition of X 
into closed point sets, and Y be the aggregate of all ideal points, y(m), where y(m) 
is the amalgamation of the elements of m, and mE M. Theorems 15.4 and 15.5 
are applicable. 


Thus, Y is upper semi-continuous relative to S if and only if M is upper 
semi-continuous in X; etc. The theorem points out that the results of Alex- 
androff and Hopf are special cases of our’s. 
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THEOREM 16.5. If S is semi-completely normal, the results of Theorems 15.4 
and 15.5 hold true for the case that X is the decomposition of P into atomic ideal 
points. 


An interesting case is the one where P is the maximal ideal point, and Y 
is a perfectly compact Hausdorff space in which S is embedded. This justifies 
our regarding X as a universal inverse mapping space. 

17. Extensions of upper semi-continuous collections of point sets in nor- 
mal spaces. Stone has commented on the “remarkable properties” of a space 
which for the case that S is normal is a homeomorph of S plus its atomic 
boundary points (loc. cit., p. 476, lines 8 and 9). The results of this section 
give additional grounds for this comment. Our results in this section are dis- 
tinguished by the fact that they are characteristic of normal spaces. Also, cf. 
Cech, loc. cit. 

D 17.1. If S is a subspace of T, M and N are collections of mutually ex- 
clusive closed point sets of S and of T, respectively, and M is the collection of 
all sets S-n, where nCN, we say that N is an extension of M (from S into T). 

E 17.1. Let T be a circle plus its interior, and S be the interior. Let N 
be the set of all chords parallel to a given diameter; define M as in D 17.1. 
N contains an extension of M, N is upper semi-continuous in 7, but M is not 
upper semi-continuous in S. Thus, T cannot take the place of the space \(S) 
of Theorem 17.1. 

Let E and F be two chords in T such that E and F have in common ex- 
actly one point, P, which belongs to T—S. Let K be the collection whose ele- 
ments are E-S, F-S, and the points of S—S-(E+F). Then K is upper 
semi-continuous in S, but cannot be extended to T. It follows that T does 
not serve as a 7x (cf. Theorem 17.2). 


THEOREM 17.1. Let S be normal, \(S) be the space of S and its atomic bound- 
ary points, M be a collection of mutually exclusive closed point sets of S, N be 
the aggregate of the closures in X(S) of the elements of S, and K be the aggregate 
of the amalgamations of the elements of N. (1) The following conditions are equiv- 
alent: (a) M ts upper semi-continuous in S; (b) N is upper semi-continuous in 
X(S); (c) K is upper semi-continuous relative to S. (2) If these conditions are 
satisfied, the spaces of these decompositions are homeomorphic(**). 


Thus, the theory of upper semi-continuous collections of point sets in a 
normal space may be regarded as a part of the theory of our ideal points (this 
holds true even if the elements of M are not perfectly compact). 

“Proof. For mE M, let n(m)EN such that m=S-n(m); let P(m) be the 
amalgamation of the elements of (m); by Theorems 16.1 and 14.10 P(m) 
exists. If U is an open set in S, and UDmEM, let (UV) denote all points 
of X(S) of which U is an S-neighborhood. Suppose that 8En(m) --m and not 


(2%) Cf. Definition (III), §15, and Theorem 12.1. 
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BEX(U). Then by Theorems 11.3 and 12.3 8 is an end of S— U and of m. By 
Theorem 11.3 neither U nor S—m is an S-neighborhood of 8. Since S= U 
+(S—m) and S is an S-neighborhood of 8, by Theorem 11.7 we are involved 
in a contradiction. Thus, U is an S-neighborhood of m(m) and of P(m); cf. 
Theorem 11.6. Conversely, if W is an open set in A(S), and WDn(m), then 
n(m) and X(S)— W are closed in A(.S). Thus, 2(m) and \(.S) — W are perfectly 
compact in themselves and are amalgamable (cf. Theorems 16.1 and 14.10); 
by Theorems 14.7 and 11.6 they can be separated by S-neighborhoods, D and 
R. Then WDX(D)Dn(m), DDm, and D is an S-neighborhood of P(m). By 
Theorem 14.10 each P(m) is regular. The conclusion follows from these rela- 
tions, the definitions of upper semi-continuity, and Theorem IV, p. 53, Alex- 
androff and Hopf. 


THEOREM 17.2. (1) In order that it be possible to extend each M, which is 
an upper semi-continuous decomposition of S into closed point sets, to a subset 
of a similar decomposition of some immediate, perfectly compact, Hausdorff ex- 
tension of S, say Tm, it is necessary and sufficient that S be normal. (2) (a) If S 
is normal, there exists a Tm, Y, which is independent of M; (b) such a Y is 
homeomor phic to X =(S) by means of the mapping y=a(x) of Theorems 15.6 
and 15.4. 


In particular, the conclusion of (2) holds for Y=X(S); cf. Theorem 17.1. 
Proof. Let E and F be mutually exclusive closed sets in S. Let M be 
the aggregate whose elements are E, F, and the points of S—(E+F). Then M 


is an upper semi-continuous decomposition of S. If a Ty exists, there exists 
an upper semi-continuous extension of M into Ty. Then the product of the 
closures of E and F in Ty is vacuous. Since Ty is perfectly compact, it is 
normal (cf. Alexandroff and Hopf, p. 89). There exist in Ty mutually exclu- 
sive open sets, U and V, which contain Er and Fr, respectively. Since 
U-SDE and V- SDF, the condition in (1) is necessary. 

Conversely, let S be normal and T be the space of the decomposition M 
(cf. Definition (III), §15). If t€@T and sCS, let the relation ¢=f(s) mean that 
s€t (recall that the points of T are the elements of M). Then the mapping 
of S on T, t=f(s), is continuous and T is normal (cf. Alexandroff and Hopf, 
pp. 67, 53, and 70). By Theorem 16.1 there exists an immediate, perfectly 
compact, Hausdorff extension of T, say R. There exists a continuous mapping 
from \(S) to R, say r= F(s), such that if PCS, then f(P) = F(P) (cf. Theorem 
16.1 and Stone, loc. cit., Theorem 88, p. 476). 

Let N be the aggregate [F-'(r) ], where r ranges over R. By Theorem VIII, 
p. 98, Alexandroff and Hopf, N is an upper semi-continuous decomposition 
of Y=X(S) into closed point sets. Thus, we have established (2a) and the 
sufficiency of the condition in (1). 

Consider any Y which is independent of M, and let X be the space con- 
sisting of S and those boundary points which are equivalent to points of Y; 
the mapping of the conclusion is a homeomorphism of X and Y (cf. Theorem 


1% 
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13.7). Suppose that the element 6 of X —S is not atomic; then there exist two 
atomic boundary points which are portions of it, say a and 8. By Theorem 
14.12 a and B are regular. By Theorem 14.7 there exist S-neighborhoods of a 
and of 8 whose closures in S, E and F are mutually exclusive. If M is the col- 
lection whose elements are E, F, and the points of S— (E+ F), it is an upper 
semi-continuous decomposition of S. Clearly, a is a limit point of E and 8 is 
a limit point of F; by Theorem 11.6 each S-neighborhood of 6 contains points 
of E and of F, and 4 is a limit point of E and of F. Hence, there exist no mu- 
tually exclusive closed sets in Y which contain E and F, respectively. Since Y 
contains an extension of M, we are involved in a contradiction. Thus, 5 does 
not exist, and X =X(S). 


CHAPTER III. THE LATTICE-MAPPING THEORY OF SYSTEMS OF REGULAR POINTS 


Let P be a regular amalgamation point, and let X, Y, and y=a(x) be 
such that the conditions of Theorem 15.4 are satisfied. Recall that for yE Y, 
XDa-"'(y) and y is an amalgamation of the elements of a~'(y). Since the 
mapping y=a(x) deals both with order and with continuity, we may think 
of Y as a mapping space or an amalgamation space for X, and of X as an in- 
verse mapping space or a decomposition space for Y. If S is semi-completely 
normal, we have shown in Theorem 16.5 that if X* is the decomposition of P 
into atomic ideal points, then X* serves as a common inverse mapping space 
for all the Y’s which are upper semi-continuous, or perfectly compact, decom- 
positions of P into regular amalgamation points. That is, the elements of X* 
may be said to be atomic from the point of view of our mapping theory. By 
Theorem 14.12 for spaces other than the semi-completely normal the atomic 
mapping points will not, in general, be the atomic ideal points. For these more 
general spaces there is thus the question of the existence of such atomic ele- 
ments, and that of the existence of decomposition spaces or of inverse map- 
ping spaces. 

In §19 we give conditions for which these questions have answers in the 
affirmative. Our methods involve an order relation X < Y, where X and Y 
are decompositions of P which satisfy the conditions of Theorem 15.4. The 
ordered set so obtained is a complete lattice and its zero is the required set 
of atomic mapping points. The sublattices of this lattice, and their zeros and 
units, give an extensive body of information which is not in Chapter II for 
the case even of the semi-completely normal space. Important sublattices are 
considered in §20. 

Section 18 is concerned with preliminary methods dedling with multiplica- 
tive systems and lattices of ideal points, and with the generation of such sys- 
tems from collections of points. The zeros of the sublattices of §19 are, in gen- 
eral, collections of atomic elements of systems of ideal points. 

In Example 14.3 we established the existence of a space for which the only 
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regular amalgamation point is the maximal ideal point P; for it P=X=Y, 
and the application of Theorem 15.4 is extremely limited. 

18. The generation of multiplicative systems and lattices of amalgama- 
tion points. We develop methods for generating such systems from any collec- 
tion of amalgamation points. Most of these do not require a hypothesis of 
regularity. In Theorem 18.5 we give conditions for regularity. In Theorem 
18.4 we give conditions which make the generated set a lattice. 

Note that if N is a subsystem of M, an atomic element(**) of N need not 
be an atomic element of M (for instance, N might consist of a single non- 
atomic element of M). The term atomic regular (amalgamation) point means 
an atomic element of the system of all regular amalgamation points; it should 
not be confused with the term regular atomic point (of S). Theorems 14.2 
and 14.12 show that the terms are synonymous only for the semi-completely 
normal spaces. 

D 18.1. The set of points M is said to be almost-multiplicative provided 
that if M>K and K has a lower bound in the system of all ideal points, then 
the greatest lower bound of K belongs to M. The following are examples of 
almost-multiplicative systems: all atomic points; all composition points; all 
amalgamation points; all regular composition points; if S is completely regu- 
lar, all regular amalgamation points (cf. Theorems 5.4, 14.2, 14.11, and 20.1). 

D 18.2. If M is almost-multiplicative but is not completely multiplica- 
tive(*'), it become’ a complete multiplicative system M+0 by the addition 
of a zero element O; if M is completely multiplicative, let M+0 denote M, 
and let O denote its zero. 

These systems find applications, among others, in establishing the exist- 
ence of atomic elements. If M is the system of all regular amalgamation points 
of the space of Example E 14.3, it has one element, the maximal ideal point 
of the space. This is the atomic element of the system. This example shows 
how far the atomic regular points may differ from the atomic points. 


THEOREM 18.1. Let M be an almost-multiplicative system of amalgamation 
points. (1) If PEM, there exists an atomic element of M which is a portion 
of P; (2) no two atomic elements of M intersect; (3) M is completely multiplica- 
tive if and only if it has exactly one atomic element (its zero). 


Proof. By Hausdorff, (I), pp. 140-141, there exists a system of elements 
of M, say K, which contains P, is monotonic, and is not a proper subset of 
any monotonic subcollection of M. For kEK the set a(k) is perfectly compact 
in itself (cf. Theorems 9.1 and 14.4). By Theorem 9.2 the a(k)’s are the ele- 
ments of a monotonic collection of point sets. There exists an atomic point 6 
which is common to all the a(k)’s (cf. Kuratowski and Sierpifiski, and Moore, 


() Cf. D 3.3. 
(*) Cf. D 3.7, and MacNeille, loc. cit., pp. 429, 442, and 443. 
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(II)). It follows that 6 is a portion of each element of K. By D 18.1 there 
exists an element of M, 8, which is the greatest lower bound of the elements 
of K. Let \ be an element of M such that A <8, and let REK. Then A<8<k. 
It follows that K+A is monotonic; because of the definition of K, \G K; then 
B since A\=8, and is an atomic element of M. Since PEK, 8 <P. 

Let a and £8 be intersecting atomic elements of M. By Theorem 8.1 and 
D 18.1 there exists an element of M, 5, which is a lower bound of a and 8. 
Since and 8 is atomic, 8 <6, and similarly, The conclusion 
of (2) and the necessity of the condition in (3) follow. If M has exactly one 
atomic element, it follows by (1) that this element is a lower bound of each 
collection of elements of M; by D 18.1 the condition in (3) is sufficient. 

D 18.3. If K and M(K) are collections of amalgamation points, M(K) is 
an almost-multiplicative system, and M(K) consists of those amalgamation 
points which are greatest lower bounds of subcollections of K, we say that 
M(K) is generated by K; if A(K) is the aggregate of all amalgamation points 
P such that P is the amalgamation of the elements of some subcollection of 
M(K), we say that A(K) is the additive system generated by K. If xCK, x is the 
lower bound of the pair x and x; thus M(K)DK; similarly A(K))M(K). If K 
is either the set of all composition points, or of all atomic ideal points, then 
K=M(K); if S is semi-completely normal, A(K) is the set of all amalgama- 
tion points. 

THEOREM 18.2. Each collection of amalgamation points K generates an ad- 
ditive system A(K) and an almost-multiplicative system M(K). A(K) is an al- 
most-multiplicative system, and A(K) and M(K) have the same atomic elements. 


Proof. Let M(K) and A(K) be defined as in D 18.3. Let H be a subcollec- 
tion of M(K) that has a lower bound. Let H=H,+H; such that KDA, and 
M(K)—KDA:. Let F be the product of all sets a(h), where hGH (cf. D 8.5). 
For hE H; let H(h) be a subcollection of K such that & is the greatest lower 
bound of the elements of H(h); cf. D 18.3. Let H; be the sum of all the H(h)’s, 
for hE He. Let G=H,+Hs, and let E be the product of all the a(g)’s, where 
g&G. Clearly, EDF. Suppose that 8G E— F; there exists hGH such that 8 
is not an element of a(h). Since GDA, hE Hz; by Theorem 9.2 there exists 
hs€ H(h) such that a(hs3) does not contain 8. Since hs€G, we are involved in 
a contradiction, and 8 does not exist. Thus, E= F; by Theorem 9.2 P(F) is 
the greatest lower bound of the elements of H and of G. Since KG, it follows 
from the definition of M(K) that P(F)€M(K) (by Theorem 14.11 P(F) is 
an amalgamation point). Thus, M(K) is an almost-multiplicative system of 
amalgamation points, and is generated by K. 

Next let H be a subcollection of A(K), and let F be the product of all the 
sets a(h), for hE H. If hGH, there exists a subcollection of M(K), Mi, such 
that h is the amalgamation of the elements of M;, (cf. D 18.3). For BE F and 
hEH, let x(8, h) be an element of M;, that intersects 8. For a fixed 8, let x(8) 
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be the greatest lower bound of the x(8, h)’s, where h ranges over H; by the 
first paragraph, x(8)€ M(K). By Theorem 9.2 FDa(x(8)), x(8)<P(F), and 
P(F) is the greatest lower bound of the elements of H. Let X be the aggregate 
of all the x(8)'s, for 8E F. By Theorems 8.1, 9.2, and D 9.2, X<P(/), and 
P(F) <X. By Theorem 14.11 and D 14.2 P(F) is an amalgamation of the ele- 
ments of X. Since M(K)>D4X, it follows that P(F)€A(K), and that A(K) is 
an almost-multiplicative system. 

Since A(K)>M(K), and for a€©A(K) there exists M(K) such that 
m <a, it follows that the two systems have the same atomic elements. 


THEOREM 18.3. Let K be a system of amalgamation points, and M(K) be the 
almost-multiplicative system generated by it. Then K and M(K) generate the same 
additive system; and, if K is almost-multiplicative, M(K)=K. 


THEOREM 18.4. If A(K) is the additive system generated by the collection of 
amalgamation points K, then A(K)+0 is a complete lattice if and only if it is 
possible to amalgamate the elements of K. If the condition is satisfied, the unit 
of the lattice is the amalgamation of the elements of K. 


Proof. Suppose that A(K)+0 is a complete lattice; then it has a unit, J, 
which is an element of A(K). Since A(K)DK, for REK, k<I; by D 9.2, 
K <I. Since IE A(K), it follows from D 18.3 and D 14.2 that there exists a 
subset of M(K), say M, such that J< M. Let X be an ideal point that inter- 
sects I; by D 9.2 X intersects an element of M, say m. By the definition of 
M(K) there exists RE K such that m<k. Then by D 9.2 X intersects k, and 
I<K; since K <I, it follows from D 14.2 that I is an amalgamation of the 
elements of K. 

Conversely, let J be an amalgamation of the elements of K. Since 
M(K)DK, IE A(K). Let A(K); then there exists a subcollection of M(K), 
M, such that B<M<§. For mEM there exists REK such that m<k; by 
D 9.2 M<K; then 8< M<K<lI. Thus J is the unit of A(K). By Theorem 
18.2 and D 18.2 A(K)+0 is a complete multiplicative system; since it has a 
unit, it is a complete lattice (cf. MacNeille, pp. 430-431). 


THEOREM 18.5. If K is a collection of regular amalgamation points, and each 
element of K is a portion of some collection of regular composition points, then the 
additive and the multiplicative systems generated by K consist of regular points. 


Proof. If kEK and BEa(k) it follows from the hypothesis and Theorem 
9.2 that 8 is a portion of some regular composition point X. By Theorems 9.2, 
14.2, 14.11, and 14.8 the greatest lower bound of k and X is a regular composi- 
tion point k(8), and 8<k(8). It can be shown with the help of Theorem 9.1 
that k<a(k) <L<k, where L is the aggregate of all k(8)’s. Thus, & is an amal- 
gamation of a collection of regular composition points. The conclusion follows 
from D.18.3 and Theorems 14.11 and 14.10. 
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19. Systems of upper semi-continuous, perfectly compact decompositions 
of regular amalgamation points. Let us consider the aggregate D(R) of all de- 
compositions of the perfectly compact Hausdorff space R into upper semi- 
continuous collections of closed point sets. If X and Y are elements of D(R) 
and each element of X is a subset of some element of Y, let us say that X < Y. 
This relation orders D(R). The following analogue to Theorem 19.1 holds: 
If Y;and Y, are elements of D(R) and X is the set of all products y:-y2, where 
yi€ Y; and y2E€ Ye, then X is the greatest lower bound of Y; and Y2 in D(R). 
Then X is upper semi-continuous, and it corresponds to the wy(P) of Theorem 
19.1, if M is the pair Y; and Y2. Such analogies may be extended to the case 
of arbitrary subcollections M of D(R). We shall now extend these ideas to 
the case of the amalgamation points. 

D 19.1. If P isa regular amalgamation point, let 5(P) be the set of all 6’s, 
where 6 is an upper semi-continuous decomposition (**) of P into regular amal- 
gamation points. If X and Y are elements of 5(P), let the relation X< Y 
mean that each element of Y is decomposible into a set of points which is a 
subcollection of X; let 5(P) be ordered by this relation. Let L(P) denote the 
sum of the elements of 5(P), and w(P) be the set of atomic elements of L(P). 

Clearly this relation partially orders 6(P). The relation X < Y is merely 
the requirement that X and Y satisfy the conditions of Theorem 15.4. Thus, 
the study of 5(P) and its sublattices systematizes our information about the 
mappings and inverse mappings we considered in §§15 and 16. We shall show 
that 5(P) is a complete lattice and that w(P) is its zero. Thus, w(P) may be 
mapped on any element of 5(P) by the methods of Theorem 15.4; the ele- 
ments of w(P) may be regarded as the atomic points from the point of view of 
these mappings. The zero of a sublattice of 5(P) has an analogous relation to 
the elements of the sublattice; and the elements of this zero may be regarded 
as the atomic points of the mapping theory which involves the elements of 
this sublattice. 

ExamPLe. E 19.1. Let P be an amalgamation point in a semi-completely 
normal space S or a boundary point of a normal space. Then L(P) consists of 
all amalgamation points which are portions of P, and w(P) is the decomposi- 
tion of P into atomic points (cf. Theorems 16.1, 16.5, and 14.13). 

D 19.2. If P is the maximal amalgamation point, let 6(S)=6(P) and 
w(S)=w(P). 

The preceding example suggests questions which the author has not solved 
for the case of the completely regular spaces. (I) If A and B are regular amal- 
gamation points and A <B, does w(B)Dw(A)? (II) Does w(S) consist of the 
atomic regular points? An affirmative for (II) implies one for (I). A negative 
for (I) would imply the possibility of the existence of “incommensurable 


(#) By Theorem 15.3 the condition of the upper semi-continuity of 6 is equivalent to that 
of its perfect compactness (cf. D 9.3). 
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points,” A and B; or that of a point P and a point 6 such that BEw(P) and 
w(8) consists of proper portions of 8. Theorem 14.12 shows that if S is not 
semi-completely normal, some of its atomic points are too fine to be regular; 
the preceding discussion suggests that for more general spaces S some of the 
atomic regular points may be too fine to belong to w(S). In any case the exist- 
ence of w(P) is of importance, since it is the finest decomposition of P for 
which the methods of §15 are applicable. 


THEOREM 19.1. Let P be a regular amalgamation point which is a portion of 
a collection of regular composition points; let M be a subcollection of 5(P); let 
Lu (P) be the additive system which is generated by the sum of the elements of M, 
and wu(P) be the set of atomic elements of Lu(P): (1) wu(P)GS5(P); (2) if 
BEwmu(P) and NEM, B intersects exactly one element of N, say Ng; and B is 
the greatest lower bound of all the Ng's; (3) Lu(P) is the sum of all the Y’s such 
that YES(P) and wu(P)<Y in 6(P); the elements of M are such Y’s; 
(4) Lu(P)+0 is a complete lattice of regular amalgamation points, and its 
unit is P. 


The lattice of (4) is obtained by the methods of the preceding section. The 
set of its atomic elements, wy(P), is the zero of a certain sublattice of 5(P); 
this lattice is suggested in condition (3) (cf. Theorem 19.3). This condition 
is used to show that the systems in the following two theorems are complete 
multiplicative systéms. 

Proof. Let 8 be an atomic portion of P; it intersects exactly one element, 
Nz, of each element N of M. By Theorem 9.2, 8 < Pg, the greatest lower bound 
of all the N,’s. By D 18.3 Ps€Lau(P); by Theorem 18.5 Py is regular. By 
Theorems 18.1 and 18.2 there exists an atomic element of Ly(P), say A, 
which is a portion of Ps; and there exists a subcollection of the sum of the 
elements of M, say A*, such that A is the greatest lower bound of A*. Since 
A <P3, A is a lower bound of the elements of [Na]. If NEM, no two elements 
of N intersect, since N is a decomposition of P into amalgamation points. It 
follows that [N,]>A*; by Theorem 9.2 Ps<A; since A <Ps, A =P; thus 
we have established (2). Since 8 < Ps€wwm(P), it follows with the help of Theo- 
rems 9.1 and 9.2 that P<a(P)<ws(P)<P; by Theorem 18.1 no two ele- 
ments of wy(P) intersect; thus wy(P) is a decomposition of P. It remains to 
show that wy(P) is upper semi-continuous. ; 

First we shall establish this upper semi-continuity for the case that the 
number A of elements of M is a positive integer. Let n =X be a positive integer 
such that the conclusion holds for each collection of m elements of 6(P); 
clearly, n=1 is such an integer. Let M and H be two subcollections of 5(P) 
which have, respectively, »+1 and m elements, and are such that MDH. 
Let J=wy(P), K be the element of M—H, and L be the set of atomic ele- 
ments of the additive system generated by J+K. It follows from part (2) 
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and Theorem 9.2 that L=wy(P). Let BEL and let D be an S-neighborhood 
of 8. There exist elements of J and K, say j and k, such that 8 is the greatest 
lower bound of j and k. By an argument used in the proof of Theorem 14.11 
there exist in S mutually exclusive open sets D, and D, such that D+D, and 
D+D, are S-neighborhoods, respectively, of j and of k. Since J is upper semi- 
continuous, there exists an S-neighborhood of J, Ri, such that if R; is an 
S-neighborhood of a portion of an element of j, then D+D, is an S-neighbor- 
hood of that element. Similarly define for k and D+D,; let R= R,- Re. Let 
R be an S-neighborhood of a portion of an element of L, 6;, which is the great- 
est lower bound of j; and k;. Then D+D, and D+D, are S-neighborhoods of 
ji and of k;. Since D,-D, is vacuous, it follows from Theorems 9.2 and 11.6 
that D is an S-neighborhood of a(6,) =a(j:)-a(k:) and of 6:1. Thus L is upper 
semi-continuous, and our conclusion holds for any finite case. 

Let M be infinite. Again let 8@wu(P) and D be an S-neighborhood of 8. 
By (2) 6 is the greatest lower bound of the elements of [Ng]; by Theorem 9.2 
a(8) is the product of the sets a(Ng). By methods used in the proof of Theorem 
14.11 there exist a finite collection of the Ns’s, H= (Nis, Nos, - , Nig) such 
that D is an S-neighborhood of the product X =a(Ni,)-a(Neg) - - - a( Nig). If 
Bf; is the greatest lower bound of the elements of H, by Theorems 9.2 and 11.6 
D is an S-neighborhood of Let NisGNiGM, G=(Mi, Ne, Ne), and 
L=we(P). By the preceding paragraph LG 6(K) and 6, CL. Since L is upper 
semi-continuous, there exists an S-neighborhood of 6;, R, such that if R is 
an S-neighborhood of a portion of an element of L then D is an S-neighbor- 
hood of that element. By Theorem 9.2 8<$;,; by Theorem 11.6 R is an 
S-neighborhood of 8. By condition (2) each element of wy(P) is a portion 
of an element of L; it follows that wy(P) is upper semi-continuous. We have 
established (1). 

Let Z be the almost-multiplicative system which is generated by the sum 
of the elements of M. By Theorem 18.2 wy(P) is the set of atomic elements 
of Z. Let YES(P) and wu(P)< Y in 5(P); by D 19.1 the latter means that 
each element of Y, y, is an amalgamation of a subcollection of wy(P). Since 
Z Dwm(P), Lu(P)DY (cf. D 18.3). Thus, if 2 is the sum of all Y’s that satisfy 
the condition of (3), then Lyu(P)DzZ. Conversely, let AG Lu(P) and let H 
be the set of all elements of wy(P) that are portions of A; then A is an amal- 
gamation of the elements of H. Let L be the set which consists of H and the 
elements of wa(P)—H; let Y consist of A and the elements of wy(P)—H. 
Since Ly(P) is an almost-multiplicative system and its atomic elements are 
the elements of wy(P), no element of wu(P)—H intersects A (cf. Theorems 
18.1 and 18.2). By Theorem 14.7 A and H can be separated from each element 
of wy(P) —H by S-neighborhoods, and none of these elements is a limit point 
of H. Thus, H is closed relative to wy(P). By Theorem 15.3 wy(P) is perfectly 
compact in itself. Since L is an upper semi-continuous decomposition of wy(P) 
into closed point sets, it follows from Theorem 15.5 that Y is upper semi-con- 
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tinuous relative to S. Then YE 4(P) and wy(P) < Yin 6(P). Thus, [DLy(P); 


since Ly(P)Dz, Lu(P)=2. 
The conclusion of (4) follows from Theorems 18.4 and 18.5. 


THEOREM 19.2. Let P be the point of Theorem 19.1. If M=6(P), then 
L(P)=La(P) and w(P)=wx(P). Also, 5(P) is a complete lattice with unit P 
and zero w(P). 


Proof. If M=6(P), by Theorem 19.1 and D 19.1 Ly(P)DL(P), and con- 
versely. Thus, Ly(P)=L(P) and wu(P)=a(P). By Theorem 19.1, (3), if 
YE46(P), then w(P)<Y in 6(P). Thus, w(P) is the zero of 5(P); clearly P 
is the unit of 5(P). 

By Theorem 19.1 if 5(P)>M and YEM, then wy(P)< Yin 5(P). Let X 
be a lower bound of M in 6(P). If x©X and NEM, there exists one element 
of N, Nz, such that x is a portion of N, (cf. D 19.1). By (2) of Theorem 19.1 
there exists an element of wa(P), say 8., which is the greatest lower bound of 
the N,’s. Thus, x is a portion of 8,. From this relation and the fact that each 
of X and wy(P) is a decomposition of P, each element of wy(P) can be de- 
composed into a subcollection of X. Thus, X <wy(P) and wy(P) is the great- 
est lower bound of M in 6(P). Since 5(P) has a unit, it is a complete lattice 
(cf. MacNeille, pp. 430, 431, and Birkhoff, p. 17). 


THEOREM 19.3. Jf 5(P)>M and P satisfies the condition of Theorem 19.1, 
let w,(M, P)=(P), P)=om(P), ws(M, P) be the least upper beund of M 


in 5(P), and w(M, P)=P; if 1Si5j 4, let 5;;(M, P) be the set of all elements 
of 6(P), X, such that w(M, P)<X <w;(M, P) in 6(P). Then 6;;(M, P) is a 
complete sublattice of 5(P) and its zero and unit are, respectively, w;(M, P) and 
w;(M, P); wu(P) is the greatest lower bound of M in 5(P). 


Thus, any X <w:(M, P) may serve as a common inverse mapping space 
for the elements of M. However, X =a.(M, P) may be regarded as the “most 
economical” of these inverse spaces. For, if X€é2(M, P) and Y; and ¥Y2 are 
elements of M, we can first decompose the elements of Y; into points of X 
and then reamalgamate these into points of Y2 by the methods of Theorem 
15.4. Since the elements of X =a.(M, P) are “coarser” than those of any other 
element of 5(M, P), the initial decomposition need not be extended so far 
if this X is used for an inverse space. Similarly, X =w(P) is the “least economi- 
cal” of these inverse spaces, but it serves for all sets in 5(P). Analogous inter- 
pretations hold for the common mapping spaces of the elements of M, the 
elements of 534(M, P). Theorem 19.3 may be modified by replacing 5(P) by 
any of its complete sublattices. 

20. Applications to completely regular spaces. If we order all the perfectly 
compact immediate Hausdorff extensions of S by the ordering of D 19.1, we 
obtain a quasi-partially ordered system (cf. Theorems 13.7 and 16.1). By 


A 
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identifying (**) equivalent elements of this system, we obtain a complete multi- 
plicative system which is isomorphic to the subsystem of 5(S), H(S), which 
we consider in D 20.1 and Theorems 20.2 to 20.4. The zero of H(.S), A(S), is 
equivalent to the space considered by Stone in his Theorem 88, p. 476. In §17 
we considered this space for the case that S is normal (cf. also, Cech, loc. cit.) 

The important theorems 14.11, 18.5, and 19.1 to 19.3 involve hypotheses 
in which certain points satisfy the condition of being the amalgamation of a 
collection of regular composition points(*). This condition and the results of 
the preceding section enter into the characterizations of completely regular 
spaces which are given in Theorem 20.1. The fact that the atomic mapping 
points in such a space are necessarily regular composition points gives an 
analogy to the results of Theorem 14.13. 

D 20.1. Let H(S) be the subsystem of 6(S) which consists of all Y’s such 
that each point of Y is either a boundary point or is equivalent (*) to a point 
of S. Let A(S) be the zero of H(S) (cf. D 19.2). 


THEOREM 20.1. Any of the, following is a necessary and sufficient condition 
that S be completely regular: (1) At least one element of 5(S) consists of com- 
position points; (2) the elements of w(S) are composition points; (3) if Q is a 
regular amalgamation point, the elements of w(Q) are regular composition points. 

Any regular amalgamation point in a completely regular space is the amal- 
gamation of some collection of regular composition points (*). 


Proof. By Theorems 13.7 and 16.1 the condition in (1) is necessary. Let Y 
be an element of 5(S) which consists of regular composition points, Q be a 
regular amalgamation point, and K be the aggregate of all points Q,, where Q, 
is the greatest lower bound of Q and the element y of Y. By Theorem 14.11 
if y intersects Q, then Q, is a regular amalgamation point. Since Y is a de- 
composition of the maximal amalgamation point P, and Q<P, it may be 
shown that K is a decomposition of Q@. We may regard Q as an upper semi- 
continuous collection of one element; since Y is upper semi-continuous, we 
may show by an argument like that used for the finite case in the proof of 
Theorem 19.1 that K is upper semi-continuous relative to S. By D 19.1 
KE4(Q). By Theorem 19.1 if B€&w(Q), there exist elements of K and of Y, 
respectively, kg and yg, such that B<kg<vyg. Since 6 is a regular amalgama- 
tion point and yg is a regular composition point, it follows from Theorem 14.8 
that 6 is a composition point. Thus, the conditions in (2) and (3) are neces- 
sary. Since w(Q)€4(Q), by D 19.1, D 14.2, and D 9.3 Q is an amalgamation 


of w(Q). 


() Cf. Birkhoff, p. 7, Theorem 1.2. 

(*) There exist examples which show that such an hypothesis is essential for the truth of 
these theorems. 

(*) Cf. D 3.2 and Theorem 13.7. 

(*) Cf. Theorem 14.13. 
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Clearly, each of (2) and (3) implies (1) (cf. Theorem 14.5). Let X be an 
element of 5(S) which consists of regular composition points, M be the set 
of those elements of X which are boundary points, and Y= S+M. By Theo- 
rem 5.2 no boundary point intersects a decomposition point. By D 19.1, 
D 19.2, and D 9.2 each boundary point intersects M. By the argument used 
at the beginning of the proof of Theorem 16.1 it follows that the points of S 
are regular. Since no two elements of Y intersect, it follows from Theorems 
14.6, 14.7, and 12.1 that Y is a Hausdorff space. Let the mapping y =a(x) be 
defined as in Theorems 15.4and 15.6. Let 8€ Y,andD be an S-neighborhood of 
8. Since 8 is regular, there exists an S-neighborhood of 8, R, such that DD Rg. 
Let x be an element of X such that R is an S-neighborhood of x. By Theorem 
12.4 RsDa(x). By D 12.2 and the definition of the mapping, y=a(x), either 
x=a(x) or a(x) =a(x); in either case D is an S-neighborhood of a(x). Thus, 
our mapping is continuous from X to Y (cf. Alexandroff and Hopf, p. 53, 
Theorem IV). By Alexandroff and Hopf, Theorem VIII, p. 98, Y is perfectly 
compact. By Theorems 15.3 and 16.1 the condition in (1) is sufficient. 


THEOREM 20.2. Let S be completely regular: (1) H(S) is a complete multi- 
plicative subsystem of 5(S); (2) X(S) consists of the composition points which are 
equivalent to the points of S, and of the boundary points which are elements of 
w(S); (3) if X =X(S) and YEH(S), then X may be mapped on Y by the mapping 
y =a(x) of Theorem 15.4. 


Concerning (3) cf. Stone, loc. cit., Theorem 88. 

Proof. Let H’ denote the set of composition points which are equivalent 
to points of H (cf. Theorem 13.7 and D 3.2). Let M be a subcollection of 
H(S). By Theorem 19.3 wy(S) is the greatest lower bound of M in 6(S). 
Since S’ is a subset of each element of M, and the remaining points of each 
element of M are boundary points, by Condition (2) of Theorem 19.1 
wu(S)DS’, and wu(S)—S’ consists of boundary points (cf. Theorem 14.8). 
Thus, wu(S)€H(S); (1) follows by D 3.7. If M=H(S), by Theorem 19.3 
and D 20.1 A(S) =wa(S). Let K be the set of all boundary points which be- 
long to w(S), and let Y=S’+XK. By an argument similar to that used in the 
proof of the sufficiency of the condition of Theorem 20.1 it follows that 
YE4(S); hence, YE H(S). Thus, A(S) < Y in H(S). Since w(S) <X(S) in 6(S), 
it follows that \(S)—S’=K, and that A(S)= Y. 

D 20.2. Let the symbol H’ denote the set of all composition points which 
are equivalent to elements of H (cf. D 3.2 and Theorem 13.7). Let B be the 
set of all boundary points and C be the set of all real points which are 
limit points of B. Let Q(S) be the amalgamation of the elements of B+C. 
Let I(S) =(S’—C’)+Q(S). 

Recall that H(S) contains the topological images of all immediate, per- 
fectly compact Hausdorff extensions of S. Theorem 20.2 shows that A(S) is a 
universal inverse mapping space for such extensions, and is one of them. The 


‘ 
ag 
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two following theorems show that J(S) is the least common mapping space 
of the elements of H(S), and that it does not necessarily belong to H(S). The 
following theorem gives the structure of I(S). In particular, if S is not locally 
perfectly compact at any of its points, then Q(S) is J(S) and is the maximal 
amalgamation point. Then Q(S) is the unit of 6(S). 


THEOREM 20.3. Let S be completely regular. (1) I(S) is the least upper bound 
of H(S) in 5(S); (2) I(S) —Q(S) consists of those composition points which are 
equivalent to the points of S at which S is locally perfectly compact. 


Proof. Let M be the set of all boundary points, N be the set of real points — 
which are limit points of M, and K=S—N. If X EK, there exists an S-neigh- 
borhood of X, R, which is not an S-neighborhood of any element of M+N (cf. 
Theorems 12.2 and 13.1). Let D be an S-neighborhood of X such that RD D. 
If D were not perfectly compact, there would exist a boundary point 8 such 
that Bis an end of D (Theorem 10.3). Then, since RD D, it may be shown with 
the help of Theorem 10.1 that R is an S-neighborhood of 8; since BEM, we 
are involved in a contradiction. It follows that if the composition point 4 is 
a limit point of M+N, then X #a(6) (cf. D 12.2). Thus, either a(5)EN, or 
a(é) is vacuous, and 4 is a boundary point; in either case 6 intersects an ele- 
ment of M+N. By Theorems 14.1 and 13.7 Q(S) is an amalgamation point. 
Clearly, no two elements of J(S) intersect, each ideal point intersects an ele- 
ment of J(S), and J(S) is upper semi-continuous relative to S (cf. D 15.1 and 
D 19.2). Thus, I(S)€6(S). 

Let YE H(S) and Z be an upper bound of H(S) in 6(S). Clearly, Y¥<J(S) 
in 6(S). If A and B are boundary points which belong to elements of H(S), 
they can be decomposed into subcollections of \(.S), H4 and Hz; and they can 
be amalgamated into a point C such that C<H4+Hs<C. Let L=C+X(S) 
—(H,+Hs). Then C intersects no element of L — C; since \(S) contains L—C 
and is upper semi-continuous, it follows that L is upper semi-continuous; also, 
L is a decomposition of the maximal amalgamation point. Thus, L is an ele- 
ment of 5(S) and of H(S), and L<Z. Let 5€Z such that C is a portion of 5; 
since A and B are arbitrary, it follows that 6 is independent of A, B, and C; 
thus, by D 9.2 M is a portion of 6. Since the elements of N are limit points 
of M, they intersect 5 (cf. Theorem 14.6). Since S’N’, each element of S’ 
belongs to each element of H(S), and no two elements of Z intersect, each 
element of N is a portion of some element of Z; that is, of 5. By D 9.2 Q(S) isa 
portion of 5. Since the elements of J(S)—@Q(S) belong to S’, it follows that 
I(S)<Z in 65(S). We have established the conclusion. 


THEOREM 20.4. (1) In order that H(S) be a complete sublattice of 5(S), it is 
necessary and sufficient that S be locally perfectiy compact. (2) If this condition is 
satisfied, \(S) and I(S) are the zero and the unit of H(S); and Q(S) is the amal- 
gamation of all the boundary points. 
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Here J(S) is the topological image of the space we considered in Theorem 
16.2. Cf. Alexandroff and Hopf, p. 93. 
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ON THE JACOBI SERIES 


BY 
J. H. CURTISS 


1. Introduction. Let F(z) denote a function regular in a neighborhood of 
each of the points of the complex z-plane determined by the \ numbers a;, 
j=1, 2,--+-,X, which are not necessarily distinct. By means of interpolation 
to F(z) in the points a;, the coefficients a, of the following series are uniquely 
determined [20, p. 53]: 

where w(z) =] ][}.1(¢—a,). We shall denote the partial sums of this series by 
S,(2; F) or S,(z), n=0, 1, 2, - - - , and the Cesaro means of order r by SY (z; F) 
or S® (sz), n=0,1,2,---. 

Jacobi [8](*) seems to have been the first to study developments of this 
type. He was interested in the problem of finding a formal expansion for F(z) 
of the type Yea(z) (w(z))’, in which the functions g,(z) are polynomials of 
degree less than \. The sum of the first terms of this original series of Jacobi 
is the polynomial of degree at most An —1 which interpolates to the function 
F(z) in the points a;, each considered to be of multiplicity ». Thus the nth 
partial sum of Jacobi’s original series is identical with the \nth partial sum 
of the series (1.1). A change in the order of the points a; naturally changes 
(1.1), but does not change Jacobi’s original series. We shall call (1.1) the 
Jacobi series for F(z) with respect to the points a;. The series is a generaliza- 
tion of the Taylor series, to which it reduces if the a; all coincide. 

The present study of the Jacobi series was undertaken at the suggestion 
of Professor J. L. Walsh. The purpose of the paper is to develop two general 
methods for studying the Jacobi series on the boundaries of its regions of con- 
vergence, and to obtain thereby certain typical results concerning the be- 
havior of the series on these boundaries. The first method, in which the basic 
idea (§4) is due to Professor Walsh, consists in the study of certain expres- 


Presented to the Society in two parts: §§1-5 and 9, December 27, 1934, under the title 
The Jacobi interpolation series on the lemniscate of convergence (jointly with Professor J. L. 
Walsh); §§10-11, October 30, 1937, under the title Uniform convergence and summability of the 
Jacobi series on an unrestricted lemniscate; received by the editors July 15, 1939, and, in revised 
form, June 13, 1940. The author is indebted to Professor Walsh not only for the contributions 
acknowledged in the text, but also for a number of suggestions concerning the exposition of the 
results contained in this paper. 

(*) See also [20, pp. 54-64]; and [5, 6, 9, 10, 1t, 12, 13, 19]. The Jacobi series has been used 
by Lebesgue to establish Weierstrass’s theorem on approximation to continuous functions by 
polynomials; see [2, p. 60]. 
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sions for the sums of the columns of the array (1.1). This method is developed 
in §§4~-7, and is applied in §8 to the problem of determining the order of the 
coefficients of the series (1.1) under various conditions on the function F(z). 
The second method consists in expressing the Anth partial sum of (1.1) (that 
is, the mth partial sum of Jacobi’s original series) as a definite integral similar 
to Dirichlet’s integral ($10). The technique of working with this integral is 
illustrated in §11 by the derivation of several convergence tests for the Jacobi 
series analogous to the de la Vallée Poussin test and related tests for Fourier 
series. Both of the two general methods depend upon a fundamental connec- 
tion between the Jacobi series and the Fourier series of the boundary values 
of F(z) (Theorem 7.7). The existence of such boundary values is discussed in 
some detail in §7, not only because it is an essential step in establishing the 
relation between the Jacobi and Fourier series, but also because it is a func- 
ion-theoretic problem of some interest in itself. 

Many further results concerning the convergence and summability of the 
Jacobi series are quite immediate consequences of the work in this paper. It 
is perhaps well to mention that one of the chief reasons for undertaking the 
present study was the hope that Jacobi series results might be indicative of 
those to be expected in the study of certain more general series of interpola- 
tion, and that the methods developed here might also be applicable in more 
general situations. 

2. The regions of convergence. There exists a greatest positive number yu 
(finite or infinite) with the property that F(z) is single-valued and regular on 
the set D: |w(z)| <p [20, p. 58]. This set consists of the finite plane if p= ©. 
If u< ©, it consists of \’ (1<X’ SA) mutually exclusive Jordan regions D,, 
k=1,---, 2’, the boundaries of which are contours(?) which we shall denote 
respectively by the letters C,, k=1, - - - , \’. The set Di +C; will be denoted 
by Dy, and the set |w(z)| <u by D. The set >>})’C; is the lemniscate(*) I: 
| w(z)| =, which, for reasons contained in Theorem 2.1 below, is called the 
lemniscate of convergence of the series (1.1). In the neighborhood of a point 8 
on I at which dw/dz=w’(z) has an (m—1)-fold zero, the locus I consists of m 
analytic arcs passing through the point 8, with equally spaced tangents(‘). 
The point 8 is called a multiple point of order m of I’. By the index of a set E 
on the lemniscate I’, we shall mean the number m(E) such that w’(z) has a 
zero of order m(E)—1 on E but has no zero of higher order on E. We shall 
always denote the index of T' by m. 

The fundamental convergence theorem is as follows [20, pp. 57-60](*): 


(*) By a contour, we mean a Jordan curve of the finite plane composed of a finite number of 
analytic Jordan arcs. 
_ For a complete discussion of lemniscates, the reader is referred to [20, pp. 54-56], and 
[21]. 
(*) This statement is easily proved by the implicit function theorem. 
(*) See also [10] and [11]. 
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THEOREM 2.1. The series (1.1) converges absolutely for z on D, and uniformly 
to F(z) for 2 on any closed limited subset of D. The series diverges for | w(z) | >p. 
Moreover, we have 


lim sup | a, = (1/u)”, 
no 


| F(z) — Sa(z) | S M(u1/us)””, 
| w(z) | Sm <p, 


where M is independent of n and z but not of u, and pe, and where p2> 1 is an 
arbitrary positive number less than p. 


The coefficients a, are given by the formulas(*) 
(2.1) = —f F(z)dz 
(2 — — aa) (3 — [w(z)]’ 
K 


where I’ denotes the lemniscate |w(z)| =y1. It is easily shown that if by any 
means whatsoever we can find a series of type (1.1) which converges to F(z) 
at every point z for which | w(z)| <p, then the coefficients of this series (which 
must converge uniformly, | e(s)| Spi<wpe) are identical with the coefficients 
of (1.1) determined by interpolation. We shall make constant use of this re- 
mark in constructing examples, most of which will be derived from the bi- 
nomial theorem. 

3. Examples. An interesting special case is that in which A=2, a,=1, 
Q@_= —1; the series (1.1) then has the form 


(3.1) > [ae,(2? — 1)” + — 1)(z* — 1)”]. 


We shall frequently have occasion to refer to the following examples in the 
sequel. 

(a) Let gi(z, g), g real, be an even function which, for Rz>0, coincides 
with a branch of the function z~*¢ chosen so that it is regular for Re >0 and 
so that gi(1, g)=1. 

In particular, 

1/z, Rz > 0, 


#) = 1/z, Rs <0. 


We may write(’) 


(°) Integrals such as this one with complex differentials are to be taken in the Lebesgue- 
Stieltjes sense, and those with real differentials are to be taken in the Lebesgue sense. See [16], 
especially pp. 6467, for the theory of such integrals. 

(7) With proper interpretation of the second member of the equation. 
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1 
gi(z, g) = (i + — 1] = — 1)’, —1| 


(b) Let ge(z, g), g real, be an odd function which, for Rz >0, coincides with 
a branch of the function z'~?¢ chosen so that it is regular for Rz>0 and so 


that ge(1, g) =1. 
In particular, 
+ 1, Rz >0 
= 
— 1, Rz < 0. 
We may write(’) 
1 


g2(z, g) = [1 + (2? — [1 + (2? — 1)]¢ 


> — 1)” + — 1)(2? — 1)’], <1. 


4. Walsh’s representation of F(z) by columns of (1.1). It was observed 
by Professor Walsh(*) that for | z?— 1| <p, the series (3.1) expresses the gen- 
erating function as the sum of two components, the first of which is an 
even function, and the second, the product of an even function into (—1). 
He found that if-we write —F(—2z)]/2z 
and W,(z) = [F(s) — F(— z)]/2z, then F(z) = Wo(z) + (2 — 1)Wi(s) and 
Wo(z) Walz) <p. (Thus in §3(b), 

He further pointed out that an analogous situation exists in the general 
case. We may write the following equation for | w(s)| <p: 


Vx(z) = > [o(z) ]” 


1 F(z’) 
(2’ — a) - (2’ — 


1 


where Px(z’) K=0, 1,---, A—2, and Py1(s’)=1. The 
equalities in (4.1) are easily established by reference to (2.1) and Theorem 2.1. 
We then have 


(®) The material of this section was communicated to the author in conversations with 
Professor Walsh. 
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F(z) = Volz) + (2 — ai)¥i(z) + 
+ (2 — a)(z — as) (3 — | w(z) | < 


The functions Yx(z) are each invariant under the substitutions which 
leave w(z) invariant, and in this sense are generalizations of even functions. 
Their Jacobi series are the second members of (4.1). 

5. Evaluation of the integrals in (4.1). We henceforth shall assume that 
u<oo. Let w=w(z)/p (it is assumed invariably in the sequel that z and w are 
in this relationship) and let functions 2,(w), p=1, - - - , A, be defined by the 
identity 


(4.2) 


w(z) — pw = — — 22(w)) (2 — 2(w)). 


The functions z,(w) will be studied in some detail below; for the moment it 
suffices to observe that w(z,(w)) =uw, so that if | w| <1 (which will be the 
case if z is in D) then the points z,(w) are all in D. 

If we write w(z’)—w(z) =[[>-1(2’—2,(w)) in (4.1) and notice that 
w’ (2,(w)) pxa(2n(w) —2,(w)), then we obtain the following equation as 
a simple consequence of Cauchy’s integral formula: 


(zp(w)) 


$x(w), 


If the second members of (5.1) are replaced by their limiting values at points 
w for which w’(z,(w)) =0, p=1, - - - , A, then these formulas are valid for all 
values of w such that |w| <1. 

Equation (4.2) becomes 


(5.2) F(z,(w)) = Bo(w) + (z(w) — on) + 


+ (p(w) — — an) - - - — mu) Hi(w), |w| <1. 
We find, by combining (4.1) and (5.1), that 


(5.3) Ox(w) = > |w| <1, K=0,1,---,rA—14; 
v=0 


which implies that the functions ®x(w) are single-valued and regular for 
|w| <1, and that the series appearing in (5.3) are the Maclaurin series for 
these functions. 

It is worth remarking that if F(z,(w))=F(z,-(w)), for all p and p’, 
p=1,---, A, p’=1,---, A, and for all w on some point set E having a 
limit point in the region | w| <1, then F(z)=W,(z). For the right member 
of (5.2) is formally a polynomial of degree \—1 in the symbol z,(w), and at 
all but a finite number of points of E the functions z,(w) will all be distinct 
(they obviously fail to be so only at points corresponding to points z such 
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that w’(z)=0). At each point of E at which the z,’s are distinct, we have 
,_;(w) =0, &,_2(w) =0, - - - , &:(w) =0; and it follows from the nature of E 
and the regularity of the functions ®x that these equations must hold identi- 
cally for | w| <1. 

6. The functions z,(w). The functions z,(w) may be defined in such a way 
that they are algebraic functions(*) of a familiar type. It seems desirable at 
this point to give a somewhat detailed description of a Riemann surface 
for the function w=w(z)/y which is adapted to our needs, and of certain 
properties of the inverse function on this surface. 

Let the distinct roots of w’(z) be denoted by (i, Bs, - -- , 6,, and their 
respective multiplicities by m,—1, mz.—1,---, m,—1. Let w(6;)/u=),;, 
j=1,---, 1; these numbers 5; are not necessarily distinct. We may assume 
that b;~1, j7=1,---, As, for such a situation can always be brought about 
by introducing a rotative factor into the transformation w=w(z)/y, which 
would necessitate only trivial changes in the arguments used in the sequel. We 
construct the Riemann surface R for this transformation as follows: The 
w-plane is replaced by \ superimposed planes or sheets, and the points 5,;, 
j=1,---, 1, and the circle y: |w| =1, are plotted in each plane. We con- 
nect points b; for which | b| ‘21 to © by cuts which lie in the domains | w| 21 
along rays starting at the origin and passing through these points 5;. There 
exists a number pi, 0Sp,<1, such that the set of superimposed simply con- 
ected, annular-shaped regions B bounded by the curves y, | w| =p, and the 
segment p; Sw 31, have the property that none of the points ); lie in the re- 
gions or on their boundaries except possibly on the circle y. The points 0}; for 
which |6;| <p: are connected by a cut through all the planes, lying along a 
Jordan arc which passes through each of these points and through the point 
w= and which coincides with the positive real from w=p; to w= 
but which does not pass through any point of B. 

The function z,(w) is now defined in the usual way to be single-valued 
and regular on the pth sheet of R except at infinity and possibly at certain 
of the points b; on that sheet. The construction of R is then completed by 
joining the edges of the planes across the cuts properly. 

If w¥b;, 7=1,---, A1, the functions z,(w) have distinct values; but if 
w=b;, exactly m; of these functions assume the common value §;. All the func- 
tions are continuous for w=6;, and the functions z,(w) for which w’(z,(b;)) #0 
are regular for w=b;. The group of m; functions which assume the value 8; 
for w=); forms a single cyclic system with respect to this value of w, because 
[0/dw ](w(z) —w) #0 [7, pp. 239-240]. For the moment let b=b;, 8=8;, and 
m =m; for a fixed value of j; and let 2,,(b) =2,,(b)= - - - =z,,(b)=8. Then 
for w in each of a set of m regions Nj: | w—b| =5>0, located on the m 
sheets numbered p,, h=1,---, m, there exists a development of the form 


(*) See [1, chaps. 2-4], and [7, pp. 233-244]. 
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B+>>-1c,[(w—b)”™]*, c10, which may be made to represent all the roots 
Zp,(W),---, Zp,,(w), by giving to (w—b)™ all of its m determinations(**). 
Thus letting (w—b)\™ denote the determination for Zp,, we have 


(6.1) = B+ > c,[(w — ¥ 0, 


Or again, we may write 
(6.2) — 8 = (w — we Ms, 


where W,=(w—b)} and A(W;) is a nonvanishing regular function of Ws 
for | W;| <5. We have the inequalities(!*) 


| Zp,(w) B| 
| w — 
| 2p,(w) — zp,(w’) | 


| w — 


(6.3) Mis < wE Ns, w Ny, =1,---,m, 


(6.4) M;, we Ni, w Ni, =1,---,m. 


(The inequality (6.4) is easily proved by using the Heine-Borel theorem.) 

The equation z=2z,(w) gives a conformal one-to-one map of the annulus 
B in the pth sheet of R onto a simply connected region B, in the z-plane. The 
region B, lies interior to one of the curves C; and is bounded by an arc of Ci, 
an analytic arc of the lemniscate I,,,: | w(z)| =p1, and analytic arcs of two 
orthogonal trajectories of ! (which may coincide) which are images of the 
segment p:<wX1. The regions B,, p=1, - - - , A, have no point in common. 

The correspondence of the boundaries of B and of B, is one-to-one and 
continuous. Thus the set of functions w=z,(e”), p=1,---, A, OSOS2r, 
gives a parametric representation of the lemniscate, and the arcs represented 
by the individual functions have no interior points in common. 

Let us write z,(e”)={,(@), and arrange the subscripts of the 6;’s so 
that the for which | =1 are b:=e*h, b,=e%%, where 
--- S&, It is obvious that we have constructed R so that 
the subset of the functions z,(w) assigned to the curve C; forms a single cyclic 
system for | w| =1. Suppose that the x, functions z»,, Zp, Zpq, are as- 
signed to C;, and that -- - , xe—1, and p,(0) 
as 6-27, 6<2m. We now extend the range of definition of the functions ¢, ,(@) 
by means of the following conventions: © 


(**) [1, pp. 32-33], [7, pp. 238-240]. The reason why cj 0 in our case is brought out in the 
latter reference. 

(4) Letters M, Mi, Mz, - - + will always denote finite positive constants which may depend 
on I’ and on F(z), but which will not depend directly upon any other apparent variable or sub- 
script, unless the contrary is implied by the use of functional notation, as in the statement of 
Lemma 7.1. The significance of these letters will vary with the context. 
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+ 2mm) = $p,,,(8), 


where =p, for v’ =v (mod and 0 Then any one of the functions 
¢,,(0), with its range of definition extended in this manner, will give a con- 
tinuous parametric representation of the entire curve C;, if @ is allowed to 
vary through 27x, radians instead of 27 radians. That is, the function 
z={,,(@) now sets up a one-to-one continuous correspondence between the 
points of C, and the points of a circumference on R, considered as m-fold, 
closed, and of length 27x,. Any interval of values of @ of length 27x, may be 
used to obtain the representation. Thus ¢,,(@) is now a periodic function of 0, 
the period being 27x,;. The function is an analytic function of @ for all values 
of this variable except possibly at certain values which satisfy the congruences 
(mod 27), j=1,---,s. 

Whenever our notation implies that @ is not restricted to the interval 
[0, 23 ]—as, for instance, in the remainder of this section and in the lemmas 
of §11—it is to be understood that we are using the functions ¢,(@) in the ex- 
tended sense. 

Suppose now that for a given j we have = 
where §=£; (mod 27). Let B=8; and m=m;. For |o—¢| <7/4, we write 
ei —et=|2 sin 3(0—£)| e* where 


(r+ 6+ £)/2, 


There exists a number 6’, 0 <6’ S37, and a method of assigning subscripts p;, 
po, : ++, Dm to the functions z,(w), such that, by using (6.2), we may write 


¥(0) = { 


— B = (e — 


(6.5) 
| 2 sin — |1/ 4 < 3, 


where 
= (e# — eit), 

and A(W;) is a nonvanishing regular function of W, for |@—£| <4’. The fol- 
owing inequalities are then true for |@—£| <8’, |@’—£| <8’: 
| B| 

| $»,(0’) | 

— 


M2, 


(6.6) Mis 


M3, 


(6.7) 


An important consequence of the periodicity of the functions ¢,(6) is that 
with each number £; we may associate a positive number 56;, 6; S432, with the 
following property: If for any p, 1S we have where is any 


| 
474 
+0+8/2, 05%, 
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number such that =£; (mod 27), then a representation similar to (6.5) (with 
h suitably determined) and inequalities (6.6) and (6.7) hold for ¢,(@), provided 
that |a—é| <5;. The 4; is independent of » and &. We shall assume that 
6;=6,; if &;=&;, that if and that §,4+6,<27, 
$:—6,>0. It follows from these assumptions that {,(0)8;, 7’j, for 
4;, where (mod 27). 

Suppose now that for a given value of p and of k, the point ¢,(6) lies on C;. 
The length of the arc of C; described by the point [,(@) when @ varies from 
6, to 62 is given by the formula 


where w,(6) =w’({,(@)). It is well known that I is rectifiable, which implies 
that the integrals in (6.8) are convergent for all values of 6; and 62. We shall 
need the following more precise result : 


Lemma 6.1. =0(|t| uniformly for on any closed in- 
terval [a, b|, where m is the index of the arc of T whose equation is z={,(8), 
asésb. 


We shall show that for each number £€ [a, 5], there exist positive num- 
bers M(é) and 6(£) independent of @ such that 


O+t 
6 


for in the interval £—6(£) <&+ 6(€) and for |¢| < 6(£). The Heine- 
aT theorem will then establish the lemma for all values of @ in the interval 
a,b}. 

The function w,(0) =] (¢ is a continuous function of 6. 
If w,() 0, then | wp(8) is bounded from zero in some neighborhood of &, 
and f$**|w,(r)|—"dr =O(|t|) uniformly for @ in some interval I(£). On the 
other hand, suppose that {,(£) =6; and £=&; (mod 27). Then for <5;, 
¢(@) satisfies an inequality similar to (6.6), and 7’ | o,(6) —Br| mk-l is bounded 
from zero, where x’ =] hj. We have 


O+t 
| w,(7) s | t,(r) 
(6.9) 


O+¢ 
6 


S dy, | < 45, 


(*) The letters ¢ and r will always denote real variables. By f(#) =O(|t|*), we mean that 
positive numbers M and T exist such that | f(t)| <M|t|* for |t| <7. 
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where 8 =8; and m=™m;. Since m is not less than m, the proof is complete("). 
By the measure of a set on a curve C;, we shall mean its linear Lebesgue 
measure. Thus the ‘measure of a set E’ on C, which corresponds under the 
transformation z={,(@) to a set E of values of @, is given by the formula 
JSeu|w,(6)|-'d0; in particular, if m(E)=0, then m(E’) =0 [16, pp. 123-125]. 
7. The classes H* and the existence of boundary values. We shall say 
that F(z) belongs to the class Hf, a>0, or more briefly, F “; EHy, if(*) 


F, F 
| wy | 0 Tos] 


< 0<p<1, 


where I’, denotes the temniscate | w(z) and where F,=F(z,(w)), 
w; =w'(s,(w)), w=pe*, and |dz| and |dw| denote differentials of arc length 
on I’, and on the circle | w| =p respectively. The classes Hf are analogous to 
the well known classes of functions regular for | w| <1 which F. Riesz [14] 
called the classes H«. We shall write H instead of H', and Hy instead of H}; 
and we shall use Hf to denote the class of functions F(z), each uniformly 
bounded in modulus, z€D. 


THEOREM 7.1. If then F(s)GH%, Bsa. 


The theorem is a direct consequence of the definition of the integrals in 
(7.1). 


THEOREM 7.2. If Hf, then ®x(w) CH’, where 
(a) a’ =aform=1,0<as~, 

(b) a’ =a for 

(c) a’ <tia/|a(m—1)+1] for M>1, 1<a<o, 

(d) a’ <m/(m—1) for M>1,a=-. 


(8) Dr. S. E. Warschawski has pointed out in a communication to the author that the situa- 
tion in Lemma 6.1 is typical of a broad class of curves. He formulates a general statement as 
follows: 

Let the boundary of a simply connected region D contain a free arc C which consists of a finite 
number of arcs 71, Y2,*** , Yn with bounded curvature. Let the measure of the corner at the point zy 
where the two arcs yx, and yx meet be x/m,. If s=2(w) maps the region | w| <1 conformally 
onto D, and if the arc 0:50 S62 on | w| =1 corresponds to C, then the arc length s(@) of C satisfies 
the condition —s(0) =O(|t | 1/m), m=max m,, uniformly, 0,50 S62. 

The result can be derived by reference to the results of Osgood and Taylor, these Transac- 
tions, vol. 14 (1913), p. 282, which reduce the problem to a simple computation of the type car- 
ried out in the proof of Lemma 6.1. Dr. Warschawski further observes that the condition that 
the z's have bounded curvature can be replaced by weaker ones; e.g., the conditions required 
in Theorem 10 of his thesis (Mathematische Zeitschrift, vol. 35 (1932), p. 433). 

Lemma 6.1 can be derived from Warschawski’s result by mapping the regions B onto the 
unit circle. 

(**) The first two integrals are to be taken in the Lebesgue-Stieltjes (or Riemann-Stieltjes) 
sense. 


(7.1) 
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To prove the theorem, we note that the hypothesis, when taken with (7.1), 
implies that 


F 
(7.2) : om, 


Now 
0 Wy 


» F, a’ 
~| 48, 
p=1 


0 Wp 


2r 
f | Sx(w) Mi 
0 p=1 


(7.3) 


If *=1 and a< ©, or in any case if a1, we may write the inequalities 


F a F ja 
f aos Ma f 
0 0 


| 


su. f Sp <i, 
0 


because if #=1, |w, | is uniformly bounded from zero in the regions B of R. 

Thus for these values of # and a, we have shown that I | x(w)|*d0< Ms 

for p1Sp<1, and a similar inequality obviously holds true for 0<p<1("). 

The case a= ©, m=1, is easily taken care of by examining the formulas (5.1). 
Consider now case (c). Here the proof depends upon a lemma. 


LemMA 7.1. There exists a number M(q) such that J>* |w, |-«d0< M (q), 
p=1,---,A, piSp<1, where q is any number less than m/(m—1), MZ=1. 


The result is immediate if #=1. If m>1, the result is again obvious for 
Pip Sp2<1 if pz is chosen suitably. In this case we show that for each num- 
ber & in the interval 0<S£<2z7 there exist numbers 5(£)>0, p(£)2 1, and 
M(q, &)=M(é) such that 


f | < M(é) 
for p(€) Sp <1. Suppose first that w’(z,(e*#)) #0. Then there exists a neighbor- 
hood of the point w=e* in which |w, | is bounded from zero, and the exist- 
ence of M(é), p(€), and follows at once. If z,(e*#)=8;, and e#=b;=5, 
then according to (6.3) there is a neighborhood of the point e** in which 
| wy My(E)| where m=m,. It is quite easily shown by 
elementary methods that any branch of the functions (w—e*#)-1, 7 <1, which 


() Indeed, it is well known that />"| @x(w)|“d@ increases steadily with p [18, p. 174]. 


j 
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is regular for | w| <1, belongs to the class H(). The existence of M(é), p(é), 
and 6(£) is now obvious again, provided that we choose q<m/(m—1) 
<m/(m—1). The proof of the lemma is completed by referring to the Heine- 
Borel theorem and by observing that /3"|w,/ |—*d0< fr|w/ |—*d0, where I is 
any set of overlapping intervals covering the interval [0, 27]. 

To return to the proof of the theorem, we use the Hélder inequality to 


write 
0 lw, 0 [ws | Wp 
|F, a’la 1 (a’—a’/a)/¢@ 
0 lw, | 0 Wp 


for p: Sp <1. In this inequality, we must have a’ <aand (a’/a)+ (a’—a’/a)/q 
=1, or a’ =qa/(q+a—1). By referring to (7.2) and the lemma, we see that the 
third member of (7.4) is bounded for pisp<1 if g<m/(m—1); that is, if 
a’ < iMia/|a(#m—1)+1]. The proof of this section of the theorem is then com- 
pleted by using (7.3). 

Case (d) follows immediately from (5.2) and the lemma. The proof of the 
theorem is now complete. 

It is easily shown that the inequality in (d) cannot be replaced by an 
equality. An example is given by the function g2(z, $), which belongs to the 
class Hy, where I’ is now the lemniscate | 2*—1| =1, and for which ®o(w) and 
and ®,(w) obviously belong to the classes H@’ , a’ <2, but not to the class H?. 

Similarly, the inequality in (c) cannot be replaced by an equality. An 
example to prove this may be constructed as follows: Let F(z)=0 for Rz<0, 
and let F(z) denote for |2*—1| <1, Rz>0, a branch of the function 2-2 
- [log (e/z*) }-*/* regular in the simply connected region defined by these in- 
equalities. Then F(z)€H?, where I is again the lemniscate | s*—1| =1; and 
$,(w) CH” , a’ <4/3, but &,(w) does not belong to the class H*/*. The reader 
will have no difficulty in supplying a proof. 

When F(z)€Hf, it does not follow in general that Vx(z)C Hf (an ex- 
ample is again given by ge(z, $)), but the following result is an immediate con- 
sequence of Theorem 7.2. 


THEOREM 7.3. If F(z)€H*, then 


(7.4) 


for 0<p<1, where a’ is given by the formulas in Theorem 7.2. 


(*) We have cos 
$Sp<i1. 


| 
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The next two theorems are in the nature of converses to Theorems 7.2 
and 7.3. 


THEOREM 7.4. If ®x(w)C H*, K=0, 1,---,A—1, then 


Jf <a 


for 0<p<i. 
THEOREM 7.5. If Vx(z) Hy, K=0, 1,---,A—1, then F(z) 


The proofs are easily supplied by referring to (4.2) and (5.2). The example 
gi(z, 3) shows that in general the factor | w’ (z)| cannot be omitted from the 
integrand in Theorem 7.4. 

We now consider the existence of boundary values. We define an S-path(?”) 
of a Jordan region T bounded by a contour C to be an analytic Jordan arc 
terminating at a point Z of C and lying in a closed triangular subregion of 
the closed region 7, the boundary of which has a vertex at Z but has no other 
point in common with C, and is at no point tangent to C. 


THEOREM 7.6. If F(z)CHf, there exist finite-valued functions ®x*(w) and 
F*(z) such that 

(a) K=0,1, - - - ,A—1, for almost every point W for which 
| W| =1,as w—W along any S-path of the regions | w| <1; 

(b) F(z)—>F*(Z) for almost every point Z on T as 2—Z along any S-path 
of D(?*); 

(c) F*(zp(w)) (w) + (p(w) BF (w)+ - - - + (¢p(w) — a1) p(w) — 
» + + (2,(w) —ay_1)®%.1(w) for almost every point w on the circle y in the pth 
sheet of R; 

(d) for almost every w for which | w| =i 


@;*(w) = > 


p=1 w’ (2p(w)) 


(e) for a’ given by the formulas in Theorem 7.2, 
Tr 


Part (a) is a consequence of Theorem 7.2 and a theorem of F. Riesz 


(27) S for Stolz. 
(*) The implication here is that F*(z) may be m-valued at a multiple point of order m, 


but is single-valued at all ordinary points of I. 
(?*) See also [22, p. 162]. 
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We temporarily define F*(z,(w) for | w| =1 by the second member of the 
equality in (c). Now if the point z,(w) traverses an S-path in B, terminating 
at z,(W) on I, then the point w traverses an S-path of the region B on the 
pth sheet of R, terminating at the point W on that sheet. (This is an immedi- 
ate consequence of the mapping properties of the analytic function w=w(z)/p.) 
The set of points on the circle y in the pth sheet of R at which one or more of 
the limits in (a) fail to exist is of measure zero, and (as observed at the end 
of §6) the corresponding set ¢ on I is also of measure zero. It is now easily seen 
from (5.2) that the statement in (b) is true for all points Z of I which are not 
in ¢, which are also boundary points of B,, and for which w(Z)/u+#1. For 
convenience we may add the set of points Z defined by the equation w(Z)/u=1 
to the set of excepted points in (b), and since the reasoning of this paragraph 
applied to S-paths in all of the regions B,, p=1, ---, A, the proof of (b) is 
complete. 

Part (d) is now a consequence of (5.1). 

Part (e) is proved immediately by referring to (7.1), parts (a) and (b) of 
the present theorem, and the lemma of Fatou [16, p. 29]. The proof of Theo- 
rem 7.6 is complete. 

Now that the existence of boundary values and the validity of the limit 
in part (b) of Theorem 7.6 has been established, we shall revise the definition 
of F*(z) as follows: On each curve C;, F*(Z) shall be the unique limit ap- 
proached by the giyen function F(z) as z—Z along any S-path of D;, at each 
point Z of C, for which this limit exists and is finite. At all other points of C;, 
we let F*(z)=0. The function F*(z) so defined exists everywhere on I, is 
single-valued except at the multiple points, and coincides with the previously 
defined boundary value function wherever the latter exists. 

It will be convenient henceforth to use the single symbol F(z) to designate 
the complete function consisting of F(z), | w(z)| <p, and F*(z), | w(z)| =p; and 
we shall use the symbols ®x(w), K=0, 1, - - - ,A—1, in a similarly extended 
sense. 

The case a=1 is of especial importance because of this theorem: 


THEOREM 7.7. If F(z)€Hp, then the series K=0,1,---, 
A\—1, are the Fourier series respectively of the functions x(e*), K=0,1,---, 
A—1. 


This result is a consequence of Theorem 7.2, equation (5.3), and a theorem 
of F. and M. Riesz [15, p. 42], which states that our conclusion is a necessary 
and sufficient condition for ®x(w)CH. 

Conversely, if it be known of a series of the form (1.1) that for some num- 
ber the series K=0, 1, - --,A—1 are all Fourier series, then 
there exist functions ®x(w) CH, K =0, 1, - - - ,A—1 defined by equation (5.3), 
with boundary values on the unit circle for which these series are respectively 
the Fourier series; and there exists a function F(z) defined by equation (4.2), 


i 
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such that F(z)w’(z) Hy (where is the lemniscate | w(z)| =) and for which 
the original series is the Jacobi series with respect to the points a;(?°). 
Henceforth we shall assume that F(z)€Hy, unless a statement is made 
to the contrary. We shall also make these abbreviations: F(z,(e”)) =f,(8), 
x(e*) (0), Px(zp(e*)) = px, (8). 
Theorem 7.7 and Theorem 7.6, parts (d) and (e) enable us to write(?") 


1 2r 
= — 


0 
= ( )ae 
af “ea 


F(z)dz 

bi — ax) (2 — axxy1) 
Equation (7.5) is valid for all integral values of v if the first member is 


replaced by zero when » is negative. In particular, if y= —1 and K =A—1, we 
have 


1 1 1 
(7.6) f Peas = = O(w)dw = 0 


2rip 


[15, p. 42]. A function F(z) identical with F(z) in D, and identically zero else- 
where, will also be of class Hy. We may accordingly apply to F;(z) the argu- 
ment which led to (7.6), and we find that /,F.(z)ds={c,F(s)dz=0. Also, 
by Cauchy’s integral theorem, fc,S,(z)dz=0. Combining these remarks, we 
have 


THEOREM 7.8. R=1,---, d’. 


8. The coefficients. We now present a few typical results concerning the 
order of magnitude of the quantities p?| drorx| , K=0,---, A-—1, v=0, 1, 

Our first theorem follows immediately from (7.5). 


THEoreM 8.1. If | F(z)|<M(F), then 
K=0,1,---,A—1,v=0, 1, 2,---, where Mi(T) is independent of F(z). 


(?°) Strictly speaking, we are using the symbol Hr in a slightly extended sense here, be- 
cause in the present instance the lemniscate I’ need not be the lemniscate of convergence of the 
Jacobi series. 

(2) See [16, pp. 36-38], for the theorem on change of variables in the Lebesgue-Stieltjes 
integral. 
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Our second theorem is simply the Riemann-Lebesgue theorem [22, p. 18] 
applied to the Fourier coefficients of the functions $x(@): 


THEOREM 8.2. Lim,... K=0,1,---,A—1. 


Suppose now that | F(z)| is uniformly bounded on I. Let C,(5), 5>0, 
denote the modulus of continuity [22, p. 17] of the periodic function f,(6), and 
let C(6) denote for each 6 the largest of the numbers C,(5), p=1,---, A. 


THEOREM 8.3. K=0, 1,---, A—1, 
y=1,2,---. 


For the proof, we write 
1 Qn 
0 
and by reference to (7.5) we see that it is sufficient to show that the integrals 


K 


each satisfy an inequality similar to the one in the statement of the theorem. 
We have 


Pr.p(4) 


px, = + /v) 
w»(6) + 


Qr 
+f | fo(0 + x/>) | 


=Ji+Js 
It is obvious that Ji < MiC(x/v). We shall have shown that Jz=O[(x/v)!/*] 
if we establish that 
px. p(9) px, + ) 


(8.1) = 04 | 


and the remainder of our proof will be concerned with this relation. 
Assuming that 0<¢<56,/2, j7=1,---, s, we write 


f < ( f ) + ( f ) 


j=l 


+>’ = t+22+2s, 


j=1 


(8.2) 
— 
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where £)+ 59=0, £4:— 5,4:= 2, and where in >,’ the index j assumes all val- 
ues from zero to s for which £;< &;41. The function px, ,(0)/w,(@) is an analytic 
function of 6 for 6 541, 7 =0, 1,---,s—1, and 
for whence By Lemma 6.1, If 
w,(é;) #0, then ¢;=O(t). If on the contrary, {,(&;) =8;, then it is rather easily 
shown by using (6.5) and the identity AB—CD=A(B—D)+D(A-—C) that 


1 (mj—1) / mj 


1 (mj—1) mj 
2 sin + 


which establishes (8.1) for 20. The proof of the theorem is now complete. 

We note in passing that (8.1) may easily be established for negative values 
of ¢ by a slight modification of the above argument. 

In certain senses, the estimate of the coefficients given by Theorem 8.3 
cannot be improved. For example, the function g2(z; 4) (for which the lemnis- 
cate of convergence has the index 2) has the property that C(6)=0, but the 
coefficients of its Jacobi series are O(n-'/?), but not o(m—'/*). Again, by using 
certain examples(**) in the theory of trigonometric series, it is easy to con- 
struct functions of class Hy, with m=1, for which C(é) S$ M6", 0<7<1, and 
for which the quantities are O(n-*) but not o(n-"). 


THEOREM 8.4. If F(z) is of bounded variation on I’, then 
(a) = m>1, 
(b) m= 


It follows at once from the continuous, one-to-one nature of the corre- 
spondence between the boundaries of the regions B and B,, that under the 
present hypothesis on F(z), the functions f,(@) are of bounded variation on 
any finite interval, as are also the functions w,(@) and px,,(0). If m=1, it is 
a consequence of the formulas in Theorem 7.6 (d) that the functions ¢x(6) 
are of bounded variation. Therefore since they are the boundary values of 
functions of class H, they are absolutely continuous [15; 22, p. 158], and their 
Fourier coefficients are o(n—") [22, p. 18]. This proves part (b) of the theorem. 

Turning to part (a), we write 


&j+1—-8j+1 


=2i+ 2:2, 
where £)+59=0, £.41—6,41=27, and Wd has the same significance as in 


() See for instance [22, p. 38, ex. 3] (the conjugate is € lip a, by the theorem of Privaloff 
[22, p. 156]). 
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(8.2). The function ¢x(@) is of bounded variation, 
j=0, 1,--+, s, &;<&s41, so by a classical theorem [22, p. 18], 22=O(@-). 
If w,(&;) #0, then f,(6)px, »(@)/w,(8) is of bounded variation for @ in the closed 
interval Z: and /r[f,(0)px, =O(v-"), by the 
classical theorem. Suppose now that ¢,,(&)={,,()= --- =f{»,,(&)=8, where 
&=£,;. Then by referring to (6.5) we may write, for @€/J, 


1 |@ — 


2 sin 4(@ — &) | (m—1)/m 


|@ 


where xx,»,(6) is a rational function of £,,(@) with no poles for 6€J. Since 
XK,»,(0)/[A(W,) |" is an absolutely continuous function of @ for @€J, and 
¥(8) is a step function, and |a—¢| /| sin 4(0—£)| is an analytic function of 0 
for 6€/, it follows that the quantity in brackets in (8.3) is of bounded varia- 
tion for 0@€ J. Let us denote this quantity by X(@). Another classical theorem 
[3, p. 494] now states that 


— E|(m—D/m 


—ivd 
lim f | = KiX(E + 0) + K2X(E — 0), 


where K, and K2 are complex constants depending on m. The proof of part (a) 
is complete. 
We observe that 


h=1 


If F(z) is of bounded variation on I’, it can have only simple discontinuities 
on I’. It can be shown that such discontinuities cannot occur on the curves C;,, 
which means that we can replace f,,(&+0) by f,,(&) in (8.4). If we further 
suppose that f,,(&)=f,,(&)= --- =f,,,(&), then obviously X(+0) =0. Thus 
we have the following theorem: 


THEOREM 8.5. If F(z) is single-valued and of bounded variation on I, then 
=o(p-'/™), m=1. 

The function g2(z; $), which is absolutely continuous on each of the two 
contours of its lemniscate of convergence, has coefficients which are O(n—"/), 


but not o(m-"/™); so the estimate in Theorem 8.4(a) cannot be improved. We 
cannot replace o(v-'/™) in Theorem 8.5 by O(v-“/™~-*), where € is any fixed 


(8.3) 
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positive number, because the function go(z; g), g<4, is absolutely continuous 
on its entire lemniscate of convergence (for which #=2), but its Jacobi co- 
efficients are O(n*-') but not 

We conclude this section with two results analogous respectively to Par- 
seval’s theorem and to the Riesz-Fisher theorem. 

Let Q, denote the series 


THEOREM 8.6. If F(z)G Hf, 1<aS2, then Qg is convergent, where 
(a) B=a/(a—1) for m=1, 
(b) B>am/(a—1) for m>1. 


The theorem is an immediate consequence of Theorem 7.2, parts (a) and 
(c), and of the Hausdorff-Young theorem [22, p. 190]. The class H? is of par- 
ticular interest because in this case 8=a; but the class Hj. is of comparable 
interest only when # =1. The example g(z; $) is worth mentioning in this con- 
nection. This function is of class Hy, and the mth partial sum of the corre- 
sponding series Q2 is twice the Landau upper bound for the modulus of the 
nth partial sum of the Taylor series for an arbitrary function of class H®, 
and is asymptotic to (2 log n)/z. 


THEOREM 8.7. Let do, a1, --- be any sequence of numbers such that for some 
ken | is finite, 1<a2. There exists a function F(z) regu- 
lar and single-valued for |w(z)| <p such that Jr,| F(z)|*|w’(z)||dz| <M for 
0<p<1, where B=a/(a—1), and for which the numbers a, are the coefficients 


of the Jacobi series with respect to the points a;. 


It is easily established by means of the Hausdorff-Young theorem [33, p. 
190], and with the aid of the theory of Abel means [33, p. 87], that functions 
x(w) € H* exist for which the numbers yw’a),,x« are the Maclaurin coefficients; 
and the remainder of the proof may be supplied by reference to Theorem 7.4 
and the remark at the end of §2. 

9. Convergence theorems obtained by using the functions ¢x(@). The work 
of §§4-7 allows us to answer many questions concerning the convergence and 
summability of the Jacobi series by merely referring directly to the theory of 
Fourier series. We shall of course not attempt to give a catalogue of such con- 
vergence theorems here, but shall refer briefly to certain results which can 
perhaps be considered typical. 

The first of these is an analogue of the Fejér-Lebesgue-Hardy theorem 
[22, p. 49]. 

THEOREM 9.1. Lim,... = F(z), r>0, almost everywhere on 

The theorems of §7 and the Fejér-Lebesgue-Hardy theorem establish this 
result immediately for the functions ¥x(z) and their Jacobi series; and the 


proof may be completed by using a theorem of the author on the Cesaro 
method of summation [4, pp. 707-708], and Theorem 7.6(c). 
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We turn next to convergence in the mean. It is well known that if 
| ox p21, is integrable for 06 <2z, then the Fourier series for 
converges in the mean to ¢x(@) with index p’, where p’=>p if p>1, 0<p’<1 
if p=1 [22, p. 153]. The proof of the following theorem is easily supplied by 
using the results of §7 and the Minkowski inequality [18, p. 384]. 


THEOREM 9.2. If F(z) HF, a21, then 


(a) lim Wx(z) — > [w(z) |” | w’(z) | | dz | =0,K =0,1,---,A-—1, 


no r 


(b) lim f\r@ — S,(z) | w’(z)|| dz| = 0. 


The number a’ is described by the formulas in Theorem 7.2 if a>1. If a=1, 
then 0 <a’ <1. 


Uniform convergence theorems may be obtained by imposing suitable con- 
ditions directly on the functions ¢x(@). We have, for instance, as an analogue 
of Dirichlet’s theorem [22, p. 25] the following result: 


THEOREM 9.3. If the functions ox(@), K=0, 1,---,A—1, are of bounded 
variation for 0<0 <2z, then lim,.. S,(z) = F(z) uniformly for z in D. 


Obviously there is a theorem of this type for each of the many tests for 
convergence of the Fourier series. But it would seem to be of interest to de- 
rive such results from conditions imposed directly on the function F(z) rather 
than on the functions ¢x(@), particularly if #>1. The functions Vx(z) may 
behave much less “smoothly” than F(z) in the neighborhood of a multiple 
point on I’, and the convergence properties of the series } 9 ax,+x [w(z) }” may 
not adequately reflect those of the Jacobi series for the function F(z). For 
example, the function g2(z, g), 0<q <4, is absolutely continuous on its lemnis- 
cate of convergence, and its Jacobi series converges uniformly on this lem- 
niscate(#*); but the corresponding functions Vo(z) and V,(z) are both infinite 
for z=0 and their Jacobi series are properly divergent at this point. 

In the remainder of this paper we shall introduce methods which enable 
us to derive convergence theorems without reference to the properties of the 
functions Vx(z) and their series. 

10. The function H(Z, w) and the integral formulas for S,,.,,-:(z; F). Let 
F(z) be any analytic function, not necessarily of class Hy, for which T is the 
lemniscate of convergence. We define the function H{Z, w; F), or H(Z, w), 
for any Z and for | w| <1, as follows: 


- (10.1) H(Z, w) =Bo(w) + (Z —an)®i(w) + +(Z—an) 


(#3) See Theorem 11.7. 


t 
| 
‘ 
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The variables Z and w are to be considered as independent here. For a fixed w, 
this function is a polynomial in Z which coincides with F(Z) in the points 
Z=2,(w), p=1,---,X. Therefore for w#b;, 7=1, --- , we may use the 
Lagrange interpolation formula [20, p. 50] to write(*) 
F(z,(w)) — w 


(10.2) A(Z, w) = >> 


The quotients in this formula are of course supposed to be defined by their 
limiting values for Z=z,(w), p=1,---, dr. If F(z)=1, then H(Z, w)=1, so 
for any number f we have 

F - Z) 

(10.3) HZ, f w(@) — pw 

pi w(2,(w)) Z— 2,(w) 


|w| <1, 


THEOREM 10.1. If F(z) Hf, then H(Z, w), considered as a function of w, 
belongs to the class H*’, where a’ is given by the formulas of Theorem 7.2. 


The result is an immediate consequence of (10.1) and Theorem 7.2. 


THEOREM 10.2. If F(z) Hf, there exists a finite-valued function H*(Z, w) 
defined for each value of Z and for almost every w, | w| =1, by the equation 


H*(Z, w) = Bo(w) + (Z — ai) Oi(w) +--+ + — a) -- — m1) H-1(v), 


and such that 
(a) H(Z, w)-H*(Z, W) and H(z,(w), w)—>H*(z,(W), W), p=1,---,2, 

for almost every point W for which | W| =1 as w—W along any S-path of the 

‘regions | w| <1; 

» F 

(b) H*(Z, w) = > (zp(w)) w(Z) — uw 


p= w'(2,(w)) Z — 2,(w) 


for almost every w for which | w| =1; 


(c) f | H(Z, w)|@’| dw| < w) < 
p=1,---,r, 


where a’ is given by the formulas in Theorem 7.2. 


The theorem is easily proved by using (10.1), (10.2), and Theorem 7.6. We 
shall henceforth use the single symbol H(Z, w) to designate the complete func- 
tion consisting of H(Z, w), | w| <1, and H*(Z, w), | w| =1. Let h,(0’, 0) 


(*) The function H(Z, w) is independent of the order of the points a;. Thus in studying 
this function, we are turning to Jacobi’s original point of view. 
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= H(z,(e*’), e*) and let 


Then 


(10.5) h,(6’, 0) = 6), 


(10.6) h,(6’, 0) — f= — 6). 


For a fixed value of 0’, formulas (10.5) and (10.6) are true for almost every 
value of 6; and if it should happen for a given value of @ that they are true 
for some value of 6’, then they are true for all other values of 6’. 

The Jacobi series for H(Z, w(z)/u) with respect to the points a; is the series 


(10.7) + — a) 
+ — an) ++ — 


The Taylor series for H(Z, w) about the point w=0 is obtained from (10.7) 
by substituting pw for w(z). 


THEOREM 10.3. If F(z) G Hy, the series 
{ ay, + — a1) + — a1) (Z } 
v=0 


is the Fourier series for the function H(Z, e), considered as a function of 0. 


The theorem is a consequence of (10.7), Theorem 10.1 and the theorem 
of F. and M. Riesz to which allusion has previously been made [15, p. 42]. 

Henceforth we assume invariably that F(z)€ Hp. 

We write: 


Sa(zp(e*)) Sp,n(9), 
DX fare + — or) + 
+ — an) — ons) } 
= > = oy 0); 
() 


8) = = 


Dirichlet’s integral formulas [22, pp. 20-21] for 7»,.(0’, 0) take the follow- 
ing forms: 


[May 
q=1 
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1 
(10.8) 0) = —f h,(0’, 0+ 1r)K,(r)dr, 


1 
(10.9) opn(0’, =) — f = — f @ + 7) + hy (0, — 7) — 2f|Kx(r)dr, 


both formulas holding for all @ and 6’. When 0’ =8@, these formulas become 
useful expressions for the \(m+1)th partial sum of the series (1.1). We obtain 
the following result by referring to Theorem 8.2: 


THEOREM 10.4. Jf lima... p,n(0) =f(0) uniformly on a set E, then limy.. 
Sp,n(0) =f(0) uniformly on E. 


11. Convergence tests. When # =1, the integrals (10.8) and (10.9) are es- 
sentially no more complicated than the ordinary Dirichlet integral in the the- 
ory of Fourier series. However, when m>1 the integrals must be studied by 
methods which are modifications or extensions of certain of the methods of 
Fourier analysis. Some of the extensions are trivial, some non-trivial and of 
interest in themselves. 

The methods are perhaps best illustrated by deriving convergence criteria 
for the Jacobi series analogous to the de la Vallée Poussin test and to some 
of the tests which it includes. Accordingly, we shall devote this final section 
to such derivations. 

It will be convenient to have formal statements of a few simple results on 
functions of bounded variation. If ¢(¢) is a complex-valued function of the real 
variable ¢ which is of bounded variation on the interval [0, ¢], we shall denote 
the absolute (or total) variation [16, p. 96](*) of @(¢) over the interval [0, ¢] 
by #). Obviously V(R@); t) S V@; t) and V(3@); t) V@; ¢). 


LEMMA 11.1. Let f(t, 0) be a real function of the real variables t and 0, and let 

f(0, 0) =0. A necessary and sufficient condition that f(t, 0) be of bounded variation 
in t for 0<t<T and for each 0 ona set of E, and that lim:.o f(t, 0) =lim:.o V(f; t) 
=0 uniformly for 0CE, is that f(t, 0) may be expressed as the difference of two 
non-negative functions of t and @ which are monotone non-decreasing functions 
of t for any fixed values of 9CE, and which approach zero uniformly, 0CE, as 


The sufficiency is obvious, and the necessity may be proved by simply 
writing down the usual expression for f(t, #) in terms of its upper and lower 
variations with respect to ¢ [16, p. 98; 18, p. 356]. 


LEMMA 11.2. Let f(t, 0) and g(t, 0) be complex functions of the real variables t 
and 0, defined and integrable with respect to t on the closed interval [0, T | for each 
6 ona set E. If g(t, 0) and the function 


(#) We shall use Saks’ terminology in referring to functions of bounded variation. 
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1 t 
f(t, dr, 


f(0, 6), #=0, 


are of bounded variation in t over the interval [0, T] for each @CE, then so is 
the function 


F(t, @) = 


1 t 
Gilt, 0) = 4 g(r, O)f(r, @)dr, 


g(+ 0, 6)f(0, 6), #=0. 
Moreover if 
ME), | Ves) MO), 
for t on the interval [0, T], 9CE, then 
SAM®)M(g), VG; 4) S AM®)M(Q), 
for t on the interval [0, T], 6CE, where A is an absolute constant. In particular, 


if limy.o F(t, 6) =limi.o V(F; t) =0, or af lime.o g(t, 0) =lim:.o V(g; t) =0 uni- 
formly, then lim:.o G(t, @)=lim:.9 V(G; t)=0 uniformly for 

It is sufficient to prove the theorem for the case in which T>0 and F(t, 6) 
and g(t, @) are real, non-negative, non-decreasing functions of ¢ for each CE. 
We write 


1 ¢ 1 OF 
=— ff Far + — ff g—rdr = 1, + 12. 
t Jo tJo Or 


A well known theorem [17, p. 100] enables us to assert immediately J; is non- 
decreasing on the interval [0, 7]; and clearly J, < M(F)M(g). We integrate 


by parts in J: 
‘ OF i f* “ OF 
Or t Jo or 


Each of these expressions is a non-decreasing function of ¢, and [9g [9F/dr |dr 
< M(g)[F(t, 0) — F(O, 6) |< M(g)M(F). We leave the remaining details to the 
reader. 

LemMa 11.3. Let f(t, 0) b+ defined as in Lemma 11.2. If lim:.o J5| f(r, 0)| dr 
=0 uniformly, 0CE, then the function 


1 t 


0, #=0, 
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is of bounded variation in t over the interval [0, T] for each 9CE, and 
1 t 
lim ¢(t, 6) = tim — f r| f(r, 0)| dr = lim V(¢; = 0 


uniformly, 


A proof may be given by the methods used in the proof of the preceding 
lemma; we again leave the details to the reader. 

We now let f(@) be an arbitrary complex single-valued function of 6, and 
we write 


H,(6, 7; f(6)) = hy(0, + + — — 2f(6), 


1 t 
g(t, 0; {()) = =} H,(6, 7; f(@))dr, #0, 


0, #=0. 


This equation defines a single-valued function of ¢ and @ for all values of @ 
for which f(@) is defined, and for all values of ¢. 

If a function f(t, 0), defined as in Lemma 11.2, is of bounded variation 
in ¢, OS$¢S7, T>0, for each @ on a set E, where T is independent of 0, and 
if f(t, 0) =lim:.o V(f; t) =0 uniformly, then we shall say that this 
function has property A uniformly on E. If E consists of a single point, we 
shall simply say that f(¢, 0) has property -A(*). 

The fundamental theorem of this section will now be stated: 


THEOREM 11.1. (a) If for some number f, J,(t, 0; f) has property A, then 


Sp,n(0) =f. 
(b) If f(0) is defined on a set E, if |f(0)| <M, 0CE, and if J,(t, 0; f(0)) 
has property A uniformly on E, then lity. Sp,n(0) =f(0) uniformly on E. 


_ To prove the theorem, we first establish a result of the Riemann-Lebesgue 
type. 


LEMMA 11.4. Assume that $(t) is a bounded integrable function of t for 
astsb. Then 


sin mr 
lim h,(@’, + note) bar = 0, 
COS rT 


uniformly for all values of 0 and 6’. 
For we have 


(*) It is perhaps worth while to point out that if f(¢, 6) is of bounded variation in ¢, OS¢3ST, 
T>0, and if lim;:.of(¢, 0) =0, then lim:.o V(f; #) =0; but uniformity of the first limit in @ does not 
imply uniformity of the second limit in 6. 
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cos mT 


+ te + (¢,(0’) — a) f+ + 


COS NT 
in mr 
+--+ + — a) -- f or-1(8 + 7) (7) 


and we may apply a familiar extension of the Riemann-Lebesgue theorem 
[22, p. 22] to each of the terms in this sum, which are periodic functions of 0 


and @’. 
Thus for any fixed 5, 0<6<z, we find that 


(11.1) lim H,(0, 7; f)Kn(r)dr = 0 


n— 0 


uniformly, E. We write 


5 
H,(6, 7; f)K,(r)dr = J K,(r)dr (r)rK,(r)dr. 
(0, +; J (7) +f 


We apply Lemma 11.1 to the real and imaginary parts of J,(¢); and by pro- 
ceeding exactly as in the classical proof of Dirichlet’s theorem [22, pp. 25-26; 
18, p. 407], we can show that for an arbitrary positive number e, there exists 
a number 6’ independent of and @ such that if 6< 6’ 


(11.2) if E,n=0,1,2,---. 
0 


Suppose now that j(¢) is one of the monotone components of J,(¢) referred to 
in Lemma 11.1. Then there exists a number 5’’ independent of m and @ such 


that if 6< 6’’ then 


8 
(11.3) f cf (r)dr <6, OPE E,n=0,1,---, 


where C is an absolute constant. Inequalities similar to (11.3) may be estab- 
lished for each of the other monotone components of J,(¢). The proof is com- 
pleted by combining these inequalities with (11.1) and (11.2), and by applying 
Theorem 10.4. 

The theorems in the remainder of this section contain sufficient conditions 
for convergence which are imposed directly upon the function F(z) or upon 
its transform on the surface R. 

The first of these theorems is an exact analogue of de la Vallée Poussin’s 


test. 
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THEOREM 11.2. If = --- (&), m21, and if numbers fir, 
h=1,---,m, can be chosen so that the functions 


+ 1) + — 1) — 2Yfaddr, 0, 


K,,(4) 
0, #=0, 

all have property Ay then =f, where f 

We give the proof by establishing the following lemma: 


Lema 11.5. If K,,(t) has property A, h=1,---, m, then Jy,(t, &;f) has 
the property A. 


We write 


m 1 t 
T(t, f) = — + 7) + — 7) — + 


hm Wp, (E 


— > 


TaT 
+ (fr Fy E+r)+ Xp, palés t) |dr 


+>’ + 7) — + 7) 
+ (falé 1) — alé, 7) ]dr 


where q* pi, po, Pm(2"). If m>1, then for some subscript j, 
we have £=£; (mod 27), [,,(£) =8;, and m=m;; and 


+2) 
ATT” + 7) Ba] 


where ||’ Po, Pm, and Il” =] [*,, Thus the function 
§+7) is a rational function of [,,(+7) with no poles for — 6;S7 
and consequently is an absolutely continuous function of 7 in this interval. 
Applying Lemma 11.2, we find that J{” is of bounded variation in an interval 
to the right of ¢=0, and lim;.o I =0. 

Now 


g + 7) 


(27) We may write I” =0 for ¢=0. 


i 
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for |r| <5;, according to (6.7); and, as we have seen in the proof of Lemma 
6.1, |w,,(€—7)| /|7| is uniformly bounded for |7| <4;. Therefore, since 
lim:.o —fa) (E—7) | dr =0, we may apply Lemma 11.3 to 
and we find that it is of bounded variation for |¢| <6; and lim,.o If =0. 

Next we notice that 

1 

where z={,,(€+2). Since )>%_,(fs—f) =0, we find from Lemma 11.2 that J 
is of bounded variation for |¢| <8; and lim.» J =0. 

In connection with re, we shall state for future reference a result which is 
rather stronger than the one needed at present(?*), 

Lemma 11.6. If @(0) is a function such that $(0)/w,(0) is integrable on an 
interval |a, b], a<b, and if a number T exists, O0<T<(b—a)/2, such that 
|{p(0)—S_(0+t)| is bounded from zero for all 0 on the interval [a+T, b—T}, 
and for —T StST, then the function 


1 t 
6 0, A d t 0, 
; 0, t= 0, 


is of bounded variation in t for —TSt<T and for each 6 in the interval 
[a+T, b—T], and 


1 t 
lim = lim — f | 600 + + 7)| dr 
0 


= lim 2) = 0 


uniformly for 0 on the interval |a+T, b—T]. 


The proof of this lemma may be given by referring to Lemma 11.3, in 
which we let 


+ #) 1 > gree 
The application of Lemma 11.6 to J is obvious. The proof of Lemma 11.5 


tt, 0) = 


(28) Lemmas 11.6and 11.8 are stated in a form in which they are useful in obtaining certain 
results concerning the Cesaro means of the Jacobi series which the author intends to publish 
elsewhere. Thus the functions Y>,,(¢, 6) and y(t, 6) in Lemma 11.8 and its proof are not needed 
in the present discussion. 


| 

} 
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for m>1 is completed by the observation that the sum of a finite number of 
functions which have property ¢4, itself has property «4; we have shown 
J», (t, §;f) to be such a sum. 

The case m=1 is treated similarly, but the details are simpler, and will 


be omitted. 
Using the notation of this theorem, we may state a test analogous to 


Dini’s test: 
THEOREM 11.3. If the functions 


+ ) + forlE — ) — 
t 


are integrable in an interval to the right of t=0, then lima... Sp,,n(£) =}. 


A proof may be given by showing that the conditions in the hypothesis of 
Theorem 11.2 are satisfied; this may be conveniently done by using the 
method usually employed to show that de la Vallée Poussin’s test includes 
Dini’s test [18, p. 410; 22, p. 36]. The theorem may also be proved by break- 
ing up the integral in (10.9) into a number of integrals which correspond to 
the functions J}, 1%, I, I of the proof of Theorem 11.2, and by showing 
that the Riemann-Lebesgue theorem applies to each one. 

The following result can easily be established by using Theorem 11.3. 


THEOREM 11.4. Let B be a point of T of multiplicity m,m2= 1, belonging to the m 
curves Ci, Cry Crm: If | >0, for almost every 
Cz, in some neighborhood of 8B, h=1, - - - , m, then 


Another consequence of Theorem 11.2 worth mentioning is the following 
theorem. 


THEOREM 11.5. Let B be a point of T of multiplicity m, m=1, belonging to the 
m curves Cr, Cry -*-» Crm. If F(z) is of bounded variation on some arc of Ci, 
containing B as an interior point and if lim,.s F(z) = Fr, z€Ci,, h=1, --- , m, 
then Sa(8) Fs/m. 


The proof may be given by using Lemma 11.2 to show that the conditions 
in the hypothesis of Theorem 11.2 are satisfied by the numbers F, and by the 
transforms on R of the function F(z). 

We turn now to the question of uniform convergence. By an arc of I’, we 
shall mean a closed arc. A proper subarc of an arc A will be a closed subarc 
which contains neither end-point of A. 

Our first theorem is the analogue of Jordan’s test. 


THEOREM 11.6. Let 8B be a point of T of multiplicity m, m=1, belonging to 


the m curves Cr, Cry + * » Cig. Let An be an arc of Cy, containing B as an in- 
terior point, but containing no point of T of multiplicity greater than one, other 
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than B. If F(z) is single-valued, continuous(**), and of bounded variation on 
the set >.™ ,1An, then lim,.. = F(z) uniformly on any proper subarc of As, 
h=1,---,m. If for any given h, A,x=Cy;,, then lim,.. S,(z)= F(z) uniformly 
on Ci,- 

We base the proof on Theorem 11.1(b) and on certain properties of the 
functions x»,,(0, 8+), which we study by means of two lemmas. For future 
reference, we state these results in a somewhat more precise form than is 
necessary for present purposes. 

Let 
sin 40 
Sa(t, 0) = S(t, 0) = sin $(@ + 7) 

t= 0, 


dr, 0<a<1,i#0, 


t @ 
f dr, 0<a<1,t#0, 


1, ¢=0. 
LEMMA 11.7. The functions S(t, 0), V(S; t), a(t, 6), and t) are uni- 
formly bounded, |t| 
For the proof, we observe first that the function 
sin $(@) « 
@ sin 4(0 + 2) 


0) = o(t, = 


and its abolute variation with respect to ¢ are uniformly bounded for | 6] <4r, 
|t| S42, so by Lemma 11.2, it will suffice to establish the desired result for 
the function o(t, 0). The result is trivial for @=0; henceforth we suppose that 


60. 
6 
a(t) = f du = f(U), 


where U=t/0. The function f(U) is continuous for all values of U, and is a 
monotone increasing function of U for U< —1 and a monotone decreasing 
function of U for U>—1. Thus for any fixed value of 6, V(S; t) is equal 
either to lo(t, 6) —a(0, 6)| or to o(—86, 0)—o(t, 0), and 
since a(t, 8) is obviously uniformly bounded for all values of ¢ and 6, so also 
is V(S;t). The proof is complete. 

Now let 


(2%) If F(z) is of bounded variation on an arc of I, it can have only simple discontinuities 
on that arc. It can be shown that such discontinuities are impossible on each of the curves C;; 
therefore this condition of continuity may be replaced by the requirement that F(z) be single- 
valued for z =8. 


f 
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1 t 
x (t 6) —f 6 + r)dr, t# 0, 
0 


0, 
and 


1 t 
—f | + 7) | dr, t ¥ 0, 
0 


0, #=0, 


Lemma 11.8. If T is any positive number, there exists a number M(T) inde- 
pendent of 0 and t such that | Xy,9(t, S Vp.c(t, 0)SM(T), V(Xpeit)SM(T), 
p=1,---,A, g=1,---,A, for | z| ST and for all values of 0. 


Y ,¢(t, 6) = 


The functions X,,, and Y,,, are each periodic functions of 8, so for a given 
p and q it will suffice to prove the lemma for the values of @ in a period. Now 
the numerator of the third member of (10.4) is a polynomial in £,(@) and 
£;(0’), 7=1, - -- , A, 74%, so this numerator is bounded in modulus for all @ 
and 6’. Therefore, since 3|w,(@+1)|—!dr is uniformly bounded for all @ and 
for |t| ST, so also is x».¢(0, 0+7)|dr. Furthermore, 


T 
V(t-Xp,05 f | 8+ 7) | dr 
—T 


for |t| ST and for all 6. It follows from these remarks that given any 4, 
0<65<T, a positive number M(6) independent of @ exists such that 


| | S Voclt, 0) S M(6), V(Xpe34) SMS), 57, alld, 


We now prove that for each real number &, there exist positive num- 
bers and 6(&) independent of ¢ and @ such that Y,,,(¢, and 
V(Xp,¢; S M(E) for |t| and for @ in the interval I(£): 
+ 6(&). If wf (€) #0, then it may easily be shown (compare the proof of Theo- 
rem 11.2) that both |xp.0(8, 6+4#)| and are uniformly bounded for 
suitably restricted and for 6 in some interval containing £ in its interior. The 
existence of 5(€) and M(é) then follows from Lemma 11.2. 

Suppose instead that §=£; (mod 27) and £,,(£) ={4,(&) = - - - =. 
Let 5(£) =5;/2. If p¥q,, h=1, - - - , m, the existence of M(£) is again immedi- 
ate, this time because of Lemma 11.6 (with ¢(@) =1). If p=qz, 1S H<™m, and 
q=qax, 1\SK Sm, we write 


+ 4 — 
+ #) — 6)" 


Sa(9) — B 
Roo + OTT E + — 


R(O, + #) 


6+ ) = 
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where =] [%.,, 4H, and where R(@, +2) is a rational function of ¢,(0+#) 
with constant coefficients in the denominator, and with numerator coeffi- 
cients which are polynomials in certain of the functions {,(@). Moreover 
considered as a function of {,(@+#), has no poles for 345; 
and |t| Consequently, | and V(R; are uniformly bounded 
for 6 in I(£) and |¢| = 5(&). By reference to Lemma 11.2, it is now seen that 
our problem reduces to one of showing that if we let 


x(t, 0) = II” | dr, t#0, 


6) — 


y(t, 0) = o 
1, #=0, 


where in Ik ’, the index h assumes o values which are an arbitrary subset 
(not containing the integer H) of the first m positive integers—then y(t, 0) 
and V(x; ¢) are uniformly bounded for @ in J(€) and for |¢| = 6(€). 

We use (6.5) to write 


t sin§(@—E+7 


(11.5) [A(W) 
| 
=— sin — + 7) 


where W = (ei+r) et)”, and A is a constant independent of @ and ¢. The 
quantity in brackets in (11.5) is uniformly bounded in modulus for 9 in J(£) 
and for |r| = 5(&), and so also is its absolute variation with respect to r (com- 
pare proof of Theorem 8.4). Lemmas 11.2 and 11.7 therefore permit us to 
draw the desired conclusions concerning x(t, and y(t, 

The proof of the lemma may now be completed by an appeal to the Heine- 
Borel theorem. 

We now proceed with the proof of Theorem 11.6. Let us suppose (as ob- 
viously we may) that the functions z,(w) are numbered in such a way that 
2=,(0), 0.50506; ,h=1, - - -, m, are the equations respectively of the arcs Ay, 
h=1, m. We choose the intervals 6 | so that each contains the 
number such that -- - Since the numbering of 
the curves C;, is quite arbitrary, it will evidently suffice to prove that 
lima. =fi(@) uniformly on the closed interval J(6): [0:+6, 
where 6 is any positive number less than the smaller of the two numbers 


t #0, 


a 
1, ¢=0, 
> 
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(@f —£)/2 and (—6,)/2. This will be done by proving the following result. 
Lemma 11.9. The hypotheses of Theorem 11.6 imply that Ji(t, 0; f:(0)) has 
property A uniformly on I(8). 


As we remarked in the proof of Theorem 8.4, f,(@) is continuous, and of 
bounded variation on 6 for #, $6 .Wenow write 0; f1(6)) 1(Pr+ Qn) 
where 


1 t 
+ 7) — falO))x1.0(0, 0+ 


0, ¢=0; 


1 rt 
On (fr(@ — 7) — — r)dr, #0, 


0, #=0. 


It follows immediately from Lemmas 11.8 and 11.2 (in which we let g(t, 6) 
=f,(0+2) —fi(0)) that P; and Q, are of bounded variation in ¢ for in J(5), and 
for 0 St é, and that lim P,=lim;:.0 =lim;.o V(Pi; t) =lim;:.o V(Qi; t) =0 
uniformly for @ on (8). 

Consider now Py, 25H sm. Given any e>0, there exists a positive num- 
ber 5(€) <6 independent of 6 and ¢ such that if we write g(t, 0) =f(@++) —fi(@) 
= [fn(0-+t) —fu(€)]+ then |g(t, 6)|<e and Vig; t)<e for 
|@—£| <8(e), |t| S8(e). We find from Lemma 11.8 (in which we let T=) and 
Lemma 11.2, that | Py| and V(Py; t)<4AeM(5) for (0@—£) < 
|t| <8(e). On the other hand, if |t| <8(e)/2 and if 
0506; , then the quantity | t2(0+2) —$1(6)| is bounded from zero, and also 
| fil6)| is bounded. We then find from Lemma 11.6 (in which we let T = 5(€)/2) 
that Pg is of bounded variation in ¢ for these values of ¢ and 0, and that fur- 
thermore, there exists a positive number 65’(€) S 5(€)/2 such that | Pa| <e and 
V(Pu; t) <e for 6’(e) and for We have 
proved that Py has property <4 uniformly on J(5). Moreover, the argument 
has been stated so as to show simultaneously that Qg has property <4 uni- 
formly on J(6). 

Now | =| | & (+4) |. 1f4>m, 
then there exist positive numbers d and 6’’ <6 independent of @ and ¢ such 
that >d and <d/2 for on I(5) and 
|¢| <8’. Therefore, although the point {,(0) may lie on the curve C;,, never- 
theless | is uniformly bounded from zero for all’such values 
of 6 and ¢. It follows from Lemma 11.6 that P, and Q,, 4 >m, have property -4 
uniformly on 

We have now shown that J: (¢, 0; f:(@)) is the sum of a finite number of 
functions, each of which has property <4 uniformly on J(5). It follows at once 
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that J; itself has property <4 uniformly on I(), and the proof of Lemma 11.9 
is complete. 

It follows immediately from Theorem 11.1(b) that lim,... S,(z) = F(z) 
uniformly on the subarc of A, which is the transform of I(6). 

If A1=C;,, we may replace the interval J(5) by the interval [6;, 6/ ] in the 
above argument, where now 0/ —6@,=27«,,. We then find that lim,... S,(z) 
= F(z) uniformly on C;,. The proof of the theorem is complete. 

It is of interest to observe that if lim,... S,(z) = F(z) uniformly on C;, then 
the sequence { S,(z) } converges uniformly in the closed limited Jordan region 
bounded by C;, by the principle of the maximum. It follows in this case that 
F(z) is uniformly continuous in this closed region (**). 

We append two corollaries of Theorem 11.6; the second of these will be 
stated in terms of the notation introduced in the proof of that theorem. 


THEOREM 11.7. If F(z) is continuous(*) and of bounded variation on I, then 
limn.« Sn(z) = F(z) uniformly on D. 


THEOREM 11.8. Jf (i) m>1, (ii) F(z) ts single valued, continuous(*), and of 
bounded variation on Ay, (iii) Px and Q, have property A uniformly on In, 
h=2,---+,m, then lim,.. S,(%) = F(z) uniformly on any proper subarc of A. 


The proof of Theorem 11.6 may also be given by a direct consideration of 
the integral in (10.9), but further lemmas of the Riemann-Lebesgue type are 
then needed to take-care of the terms involving f,(8+7), #>1. Our develop- 
ment has indicated that the tests in Theorem 11.1(a) and (b) include all the 
other tests of this section. We add the remark that the tests contained in 
Theorems 11.3 and 11.5 are not comparable. 
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ON SETS OF MATRICES WITH COEFFICIENTS IN A 
DIVISION RING 


BY 
RICHARD BRAUER 


A number of recent books deal with the theory of groups of linear trans- 
formations and its connection with the theory of algebras('). Most of the 
work has been restricted to the case of completely reducible systems or, in 
other words, to semisimple algebras. There are, however, a number of ques- 
tions which make it desirable not to neglect the other case. The aim of this 
and a following paper is a study of such not completely reducible systems, 
in particular of their regular representations. It appeared necessary to start 
again right from the beginning of the theory, in order to add a number of 
remarks to well known results and methods(?). The coefficients of the matrices 
in this paper are taken from an arbitrary division ring K (=skew field or 
noncommutative field K). This is a generalization of the ordinary theory 
which does not always work smoothly. For instance, the (left) rank of a ring 
of matrices & is not invariant under similarity transformation. This implies 
that similar rings &% and %, may have different regular representations. Yet 
it is possible to derive a number of results which, in the case of a commutative 
K, imply the fundamental theorems of Frobenius, Burnside, Loewy, I. Schur 
and Wedderburn. 

Sections 1 and 2 deal with a number of group-theoretical remarks. The 
first of these are concerned with the Jordan-Hélder theorem. The connection 
between two composition series is studied more closely, and it is proved that 
sets of residue systems can be chosen such that they can be used in either 
composition series. Further, the upper and lower Loewy series of a group are 
studied. It is shown that the ith factor groups in both have a common con- 
stituent. This implies the theorem of Krull and Ore(*) that both series have 
the same length. In Section 3, the necessary tools from the theory of matrices 
are described briefly. The following two sections contain an application of the 
group-theoretical methods to the study of the irreducible and the Loewy con- 
stituents of a set of matrices. In Section 6, a number of further remarks are 
added, for instance a generalization of a theorem of A. H. Clifford(*). 


Presented to the Society, April 16, 1938, under the title On groups of linear transformations; 
received by the editors June 17, 1940. 

(*) Cf., for instance, Albert [1, 2], Deuring [7], Murnaghan [17], van der Waerden [28, 
29], Wedderburn [30], and, in particular, Wey! [31]. 

(?) For these results and methods, compare the papers given in the bibliography. 

(*) Krull [12] proved this for Abelian groups, Ore [22] in the general case. 

(*) Clifford [6]. 
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In the second part, the regular representation stands in the foreground 
and, accordingly, we consider systems % of matrices which form semigroups 
(i.e., are closed under multiplication). There exists a certain reciprocity be- 
tween %& and its regular representation ®. In order to show the inner reason 
for this more clearly, we begin Section 7 with a study of group pairs, first in- 
troduced by Pontrjagin(*) in connection with topological investigations. Sec- 
tion 8 deals with the regular representation §. It is, for instance, shown that 
W% and ® have the same irreducible constituents (except perhaps 0) ; the num- 
ber of Loewy constituents in both is either the same or differs by one. A 
number of further results concerning the distribution of the irreducible parts 
of the Loewy constituents of 9t are proved. 

It now follows that the (left) rank r of an irreducible semigroup & is di- 
visible by the degree n. The quotient r/n can be expressed by means of prop- 
erties of the commuting set (Section 9). This furnishes the basis for the proof 
of Wedderburn’s theorem, and of the generalized Burnside theorem. In Sec- 
tion 10, representations of sets of matrices as direct sums of subsets are stud- 
ied. Finally, in Sections 11 and 12, rings & of matrices of degree a are 
considered which contain all the scalar multiples kJ, of the unit matrix J, 
(k in K). Here, of course, the structure theory of algebras can be obtained 
in its full extent. It is proved that if 8 is a representation of degree 6 of Y 
then % is a constituent of ab X A. We are further interested in the connection 
between the Loewy decomposition of the regular representation, and the 
structure of the powers of the radical. 

We add here a few remarks concerning the notation: The word ring is 
used for noncommutative rings. We use the expression “/-multiplication” by a 
(“r-multiplication” by a) in order to express that an element is multiplied on 
its left side (right side) by a. Except in a few places, there would be no re- 
striction in assuming that the system % of matrices forms a ring, but it seems 
more logical to mention only those properties which are actually needed. Thus 
% can first be any system of matrices, later any semigroup (see above), and 
in the last section it is assumed to be a ring. The zero-matrix, with any num- 
ber of rows and columns, is denoted by 0, the unit matrix by J, or more clearly 
by J, if m is the degree. Places in matrices or sets of matrices which are left 
blank are to be filled out with 0-matrices, and stars are used for elements in 
whose form we are not interested. 


1. REMARKS ON COMPOSITION SERIES 


1. We consider groups © with a given set of operators(*) [ which have a 
finite composition series 


(1) G = GOGD---DG, = {1}. 


(*) Pontrjagin [23]. 
(®) Cf., for instance, van der Waerden [28, vol. 1, §38]. It is easy to extend the definitions 
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Let § be a second group with the same operators which has a composition 
series 

(2) = {i}. 

We assume that a homomorphism @ is given which maps upon a normal 
subgroup $* of G, H*CG. 


(1.1A) We can choose complete residues systems $, of G,-1 (mod G,) and 
of (mod G,), (oe=1, 2,---,7;0=1, 2,---, 5) such that (a) 0 either 
maps Q, on a §, in a (1-1) manner and G,_1/G,~H.-1/H-, or 0 maps DQ, 
on 1. (b) Each §, is the image of at most one D,. 


Proof. We denote by H* the image on which 6 maps the element H of $- 
Similarly, let R* be the image of an arbitrary subset R of $. We choose arbi- 
trary residue systems Q, for $,-; (mod §,) which contain the unit element. 
Every H in § possesses a unique representation 


(3) H = Q. in 


we have 044:0.42 O,. If we change O, by multiplying its elements 
by elements of §., we can obtain the most general residue system of $.-1 
(mod §,). By a succession of such changes, we shall arrive at a set of residue 
systems for which (1.1A) holds. 

We assume that_(1.1A) holds for groups G which have a shorter composi- 
tion series than (1). In particular, (1.1A) will be true for G, in place of G. 
If S*CG, then we may apply (1.1A) to G, and § and see that it also holds 
for G and §; the residue system §; can be taken arbitrarily. 

If S* is not a subgroup of G;, then $*G,=G. Let j be the first integer for 
which $*G,+G. Then $}G,; is a proper normal subgroup of $4:G6,=G 
which contains G@,. Hence $*G,=G,, i.e., S5*CG@;. We can define a homo- 
morphic mapping of $j-1/; upon = G/G; by 


(4) — = A*G,, H in 


Since $;-:1/; is simple, this is an isomorphism. It follows that O ¥ is a com- 
plete residue system of G (mod @,). 

Thus for every H of §, the element (H-')* will lie in some residue class 
Q*G, with Q; in O;, and then (HQ;)* will lie in G,. In particular, we can 
multiply the elements of OQ, (¢=1, 2, - - - ,7-—1) by such elements of O; that 
6 maps the products on elements of @,. In this manner, we obtain a new resi- 
due system of §,.; (mod §,) which we shall use instead of OQ, and de- 


to the case that the product of an operator » with a group element G is defined only if G belongs 
to a subgroup of G which may depend on 7. When we have a group with operators, we consider 
only subgroups which are admissible, and homomorphisms and isomorphisms which are opera- 
tor-homomorphisms and operator-isomorphisms, without always stating this explicitly. We 
include the case that I is empty, i.e., that G is a group in the ordinary sense. 
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note by ©, again. We then have O*CG, (oSj—1). For o>j, we have 
OQFCHFCG:. Hence OF CG, for 

The elements H of $, whose image H* lies in G, form a normal subgroup 
§’ of S. Obviously, H’ consists of those elements (3) for which Q;=1. If we 
set is obtained from $.=0.4:0.42 -- - OQ, by removing 
the factor ©, (if it appears). The groups 


{a} 


form a composition series, and ©,,---, Oj-1, Ojus,---, Q, are a corre- 
sponding set of residue systems; $/_1/9/ ~§.-1/9. for Since maps §’ 
on the normal subgroup [$*, G,] of G,, we may apply the statement (1.1A) to 
the groups @, and §’ (in place of G and §), in which case it is assumed to be 
true. We may have to change the residue classes - - -, Qj-1, OD, 
still further by multiplying the elements of 2, by elements of §/. But be- 
cause §/ C§,, this change is also possible in the set of residue classes belong- 
ing to (2). This shows that (1.1A) is correct for G and §(’). 
At the same time we see 


(1.1B) The conditions of (1.1A) can be satisfied by choosing the elements of 
each 2, from a certain subgroup 3. of $, and each §, either as the image of 
such a Q, or as an arbitrary residue system of ©,-1 modulo G,. 


2. If H*=G, every Ff, will appear in the form ©,*. If, on the other hand, 
the homomorphism @ is an isomorphism, every 0,* will appear as a f,. We 
now take G = § and 6 as the identical mapping. Then (1.1A) gives the Jordan- 
Hélder theorem and the first part of the following theorem: 


(1.2A) If two composition series of © are given, the residue systems 3, can 
be chosen such that they can be used in both composition series (in a different 
arrangement). It is possible to carry one arrangement of the 3, into the other one 
by successively interchanging two consecutive 3, such that each intermediate ar- 
rangement also belongs to a composition series of &. 


In order to prove the second part, we use the same notation as in §1.1. 
We now have r=s, $:=0;, $’=G,;. The element 


05-10) Q; in O;, in Qj, 


lies in and in §;-1, if 7>1. Since [$’, =H,, it follows that and Q; 
commute (mod §,). If we interchange and O; in Qe, ---, Q., we 
obtain a set of residue systems belonging to the composition series 


(7) In a similar manner, we can prove a theorem which has the same relation to Schreier’s 
extension of the Jordan-Hélder theorem (Schreier [25], Zassenhaus [32]) as (1.1A) has to the 
Jordan-Hélder theorem itself. 


RICHARD BRAUER. 


DH. = {1} 


interchange 0; with 0-2, etc., until O; finally stands at the first place. If 
(1.2A) is true for G,, as we may assume, it now follows for G. 


2. LOEWY SERIES 


1. A group G is completely reducible(®), if it is the direct product of simple 
groups B2, --- , As indicated by this notation, 


G = {1} 


is a composition series. Every normal simple subgroup Mt of G is completely 
reducible and is a direct factor, i.e., G= MX MN, where M is a normal subgroup 
of G. Because G@/M—~N, the factor group G/M is also completely reducible. 
If 4 is a normal subgroup of an arbitrary group G, we say that Wf is com- 
pletely reducible with regard to G, if U is the direct product of minimal normal 
subgroups of G. More generally, if 2% and S are normal subgroups of @ and 
ADB, we say that A/B is completely reducible with regard to G, if A/B is 
completely reducible with regard to @/%. If we add the inner automorphism 
of @ to the operators of the groups considered (subgroups of @ and factor 
groups formed out of them), then complete reducibility of %/%S with regard 
to @ means the same as ordinary complete reducibility of &/%. In the case 
of abelian groups G, the words “with regard to G” can always be omitted. 


For any group G, we prove easily: 


(2.1A) If Qand M are normal subgroups of G which are completely reducible 
with regard to G, the same is true for 2M. 

Proof. We add the set of all inner automorphisms of © to the set of opera- 
tors. If D=[&, M], we may set XD, XD, where and Mi are 
normal subgroups of @. We then have 2M@=% XM XD, since [%, Pi xD] 
= {1}. This shows that (2.1A) is true. 

(2.1B) If UA, B and & are normal subgroups of G, where BCU, and A/B 


is completely reducible with regard to G, then [3, A]/[3, B] is completely re- 
ducible with regard to ©, and isomorphic with a normal subgroup of A/B. 


Proof. We extend the domain of operators as in the proof of (2.1A). The 
statement is a consequence from the fact that [$, 1]B/B~[3, 4]/[9, A, B] 
= [%, B], since [$, is a normal subgroup of 


(2.1C) If B and € are normal subgroups of G, where BC/B and BC/E are 
both completely reducible with regard to @, so is BC/[B, C]. 


Proof. From (2.1B) it follows that [BC, €]/[B, €]=C€/[B, €] is com- 
(*) Cf. van der Waerden [28, vol. 1, p. 143]. 
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pletely reducible with regard to @. The same is true for 6/[B, €]. Then 
(2.1A) shows that BC/[%, €] is completely reducible with regard to G/[%, €], 
and hence with regard to @. 

2. A Loewy series of & is a series of normal subgroups of @: 


(S) = {1} 


in which each factor group Pt,-1/M, is completely reducible with regard to ©. 

Of special importance is the lower Loewy series (or lower cover series of G). 
Here Qt;_; is the normal cover (“Sockel”)(*) of G, i.e., the union of all minimal 
normal subgroups of @. It follows from (2.1A) that Dt, is completely reduc- 
ible with regard to G. More generally, we take for Dt,, the group for which 
M,-1/M, is the normal cover of G/M, (r=t, t—1,---). Then we actually 
obtain a Loewy series of G. Obviously, Pt,_, is the largest group which can 
precede Mt, in any Loewy series of G. 

Let § be a second group, and 


(6) = {1} 
be a Loewy series of . We then state 


(2.2A) Let 0 be a homomorphic mapping of $ upon a subgroup H* of G 
(S*C@) which maps normal subgroups N upon normal subgroups N* of G("). 
If (5) is the lower Loewy series of G, and (6) any Loewy series of $, then 


Proof. Let Jt be a minimal normal subgroup of §. If its image Jt* contains 
a normal subgroup of with {1} CIC M*, the elements of which are 
mapped upon elements of T form a proper subgroup of Jt which is normal in 
§. This is impossible, and hence ¥* is a minimal normal subgroup of G, and 
belongs therefore to Pt,1, the normal cover of G. It now follows easily that 
M1. The mapping induces a homomorphic mapping of upon 
a subgroup of @/M,_1, which maps normal subgroups upon normal subgroups. 
Using the same argument, we obtain (J.u—2/Nu—1)* C(Mir-2/Ms+), and hence 
etc. 

3. The dual of the lower Loewy series is the upper Loewy series or upper 
cover series. Here, 0, is the upper cover of Pt,_:(""), i.e., the intersection 
of all maximal normal subgroups of Dt,1, r=1, 2, - - - . We see successively 
that Dt, Mt, -- - are normal in @. Then M, can also be defined as the inter- 
section of the normal subgroups of @ which are maximal in Q,1. From 


(*) Remak [24], Cf. also Ore [22]. 

(?*) This assumption is necessary whereas in the dual theorem (2.3A) it is sufficient to as- 
sume that §* is normal in G. 

(*) Ore [22]. 
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(2.1C) it follows easily that Dt,:/M, is completely reducible with regard to G, 
so that we actually have a Loewy series. Obviously, J, is the smallest group 
which can follow 2,1 in any Loewy series of G. 

We now show 


(2.3A) Let @ be a homomorphic mapping of $ upon a normal subgroup $* 
of © (S$*C@). If (6) is the upper Loewy series of $, and (5) any Loewy series 
of G, then N*CM, (o=1, 2,--- ) where N* again denotes the image of N,. 

Proof. Without restriction, we may assume that to every inner automor- 

phism of § there corresponds an operator in I which produces this automor- 
phism. Form 
(5’) G = 6] = $* D [G*, D M] D---. 
The distinct groups in (5’) form a Loewy series as follows from (2.1B), and 0 
maps § upon @. We replace G by G, and (5) by this Loewy series. If we can 
prove (2.3A) in this case, it also will be true in the original case. It is, there- 
fore, sufficient to prove (2.3A) in the case where G = *. Here, ¥t,* is a normal 
subgroup of @. The totality of elements of § whose images lie in Dt, form a 
normal subgroup of We map upon G/M; by (A in H). 
Since H*2ti= Mt only if H is in T, this mapping is an isomorphism. With 
G/M, then H/T also is completely reducible, and hence T contains the upper 
cover 9, of H. This implies N* CM. If for Mi, Ni, and the mapping induced 
by @ the statement has been proved, as we may assume, it now follows for G, 
§ and the mapping @. 

4. We now consider the case that G@=§, and @ is the identical isomor- 
phism. From (2.2A) it follows that any Loewy series (6) of @ has at least the 
same length as the lower Loewy series (5), since for u<t# we would have 
N= GOM,.1.CMo=G. Similarly, it follows from (2.3A) that any Loewy 
series has at least the same length as the upper Loewy series. (If we use 
the notation of (5) and (6) for these series, and if we have t<u, then 
{1} =M, NF ¥ { 1} which is impossible.) If we take for (5) the lower and 
for (6) the upper Loewy series of G=$, we have t=u, hence 


(2.4A) The lower and the upper Loewy series of © have the same length(*). 
From (2.3A), we obtain N,CM, in our case. If we had N,1.CM,, we 
could apply (2.3A) to the Loewy series 
M,D Myr D---D Mu = {1}, DR = {1}, 


of which the second one is the upper Loewy series of 9,1. We then find 
{1} which is impossible. Consequently, 
contains elements which do not belong to M,, and hence [N,-1, Mt, ]|C 
and M,C R iM, M,-1. Since M, |, we obtain 
(2.4B) The pth factor groups M,-1/M, and N,-1/N, of the lower and upper 


(*) Krull [12], Ore [22], cf.@). 
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Loewy series of © contain at least one pair of isomorphic normal subgroups 
(= {1}). 

5. We assume now that @ is abelian, or, more generally, that all the inner 
automorphisms of © belong to the set of operators. We consider a composi- 
tion series of G, 


G =G®DGD---DG, = {1}, 


and a corresponding set of residue systems $1, P2, - -- , $,. With regard to 
a later application, it is desirable to give a method of obtaining the lower 
Loewy series, It may happen that a , can be chosen to be a (normal(*)) 
subgroup of @; we call these , the residue systems of lowest kind. We state 


(2.5A) The normal cover of & is equal to the product of the residue systems $, 
of lowest kind, if these are chosen to be normal subgroups of ©. 


Proof. It is clear that all these , belong to the normal cover § of G. We 
determine a set of residue systems 0;, De, - - - , OQ, of a composition series 
of § such that each Q, is a minimal normal subgroup of @ (cf. §2.1), and 
apply the method of §1.1 to G, §, and the identical mapping. If 7 has the 
same significance as in §1.1, we may assume that j=1, since the Q, here can 
be permuted arbitrarily. No modification of the ©, is necessary, and one f, 
can be replaced by 0,. This shows that this $, is of lowest kind. After the 
next step, one $, will be replaced by Qs, etc. Since @ is a (1-1) mapping, 
every Q) will finally appear. This shows that the number of residue classes 
of lowest kind cannot be smaller than s. The product of these $,, chosen as 
normal subgroups of @, must give the full normal cover Qt,_; as stated in 
(2.5A). 

We now remove these §, of lowest kind from 1, Bz, --- , $, and work 
from now on modulo M,-:. It is clear that the remaining $, form a system 
of residue classes belonging to a composition series of G/M... Again we single 
out the residue systems which now are of lowest kind, and choose them such 
that their elements (mod Q;,_,) form normal subgroups of G@/Pt..1. Their 
product, multiplied by Dt.-1 gives the group Dt:_-2 in the lower Loewy series. 
Continuing in this manner, we can obtain this series. 


3. MATRICES IN A DIVISION RING 


1. There is no difficulty in extending the ordinary theory of matrices 
to the case in which the coefficients of the matrices are taken from a fixed 
division ring K (instead of a field). Of course, the products pA and Ap of a 
matrix A and a “scalar” p from K will in general be different. Otherwise, 
there is no difference, as we are not interested in the question of the determi- 
nant here. A square matrix M of degree n is nonsingular if there exists a recip- 
rocal M-' with MM-'=M-!M=I, where I,=(6.), dc=1, for 
is the unit matrix of degree n. 


- (8) Any admissible subgroup now is normal. 


= 
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Let Mi, M2,---, M, be matrices of the same type (m, m), i.e., with m 
rows and m columns. We say that the matrices are /-independent, if no linear 
relation a,M,+ --- +a,M,=0 exists with coefficients a, in K, except for 
@=a2= --- =a,=0. Similarly, the matrices are r-independent, if no rela- 
tion Miai+ --- +M,a,=0 exists, except for --- =a,=0. The /-rank 
of a set I? of matrices of the same type is defined as the maximum number z 
of l-independent matrices of I, and any z such /-independent matrices form 
an l-basis of M. Correspondingly, the r-rank of M and r-basis of M are defined. 

2. There is also no difficulty in introducing n-dimensional vector-spaces B 
over a division ring K, and extending the elementary properties of ordinary 
vector spaces. We arrange the » components x, of a vector X with regard 
to a fixed basis in a column (matrix of type (m, 1)). We consider two opera- 
tions for vectors, addition and r-multiplication with elements of K; these 
operations appear as a special case of the corresponding operations with ma- 
trices. The vector space &% is an abelian group with addition as group-com- 
bination, which possesses the elements of K as operators. It is the direct sum 
of m simple groups. 

We may also consider a second set of vectors U which are given by rows 
(i.e., matrices of type (1, #)). Here we have an addition and an /-multiplica- 
tion of vectors with elements of K. We denote such vectors as contragredient 
vectors. 

A matrix A = (a,,) of type (m, nm) defines a homomorphic mapping of an 
n-dimensional vector space upon a subspace of an m-dimensional vector space: 
X—X*=AX, provided that in both spaces coordinate systems have been 
chosen. The matrix A also defines a homomorphic mapping of an m dimen- 
sional contragredient space upon a subspace of an n-dimensional contragredi- 
ent space: U-U*=UA. 

3. Let +m, and n=,+n2+ - - - +n, be partitions of 
m and n. We often write matrices A of type (m, m) in the form (A,,) where A, 
itself is a matrix of type (m,, m,). We then say that A has been broken up ac- 
cording to the scheme (m,--- , m | m,---,m). 1f B=(B,)) isa matrix of type 
(n, r) which is broken up according to a scheme (m, - , fi, then 
AB= (>>,4 By a), i.e., the product can be formed as if A,, and B, are scalars, 
provided that the right-hand side has a meaning. The corresponding fact 
holds for sums of matrices; here A and B must be broken up according to the 
same scheme. 

We also break up the n-dimensional vector X into an m-dimensional vec- 
tor X;, an me-dimensional vector X2, - - - , an ;-dimensional vector X;. The 
matrices of the following linear transformations are of importance. 


Ti(Q): X* = X, (x i), X# = Xi + 
Zu: XP=X, Xp=X;; 
WP): xX? = X, (x i), PX;; 
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where Q is a matrix of type (m;, ”;), and P a nonsingular matrix of degree n;. 
We denote by A, a matrix in which the columns are broken up according to 
the scheme (m, m2,---, m1), by A, a matrix in which the rows have been 
broken up in this manner, by A a square matrix in which both rows and col- 
umns have been broken up in this manner. By combining the corresponding 
linear transformations, we obtain easily 


(3.3A) The matrix A.T;;(Q) is obtained from A. by adding the ith column, 
r-multiplied by Q, to the jth column; T;;(Q)—!A, is obtained from A, by subtract- 
ing the jth row, l-multiplied by Q, from the ith row. Finally, T;;(Q)-'AT;;(Q) is 
obtained from A by performing these two operations successively. 


(3.3B) The matrix A.Z;; is obtained from A. by interchanging the ith and 
jth column; Z;'A, is obtained from A, by interchanging the ith and jth row; 
Z5'AZ;; is obtained from A by performing both operations. 


(3.3C) The matrix A.W(P) is obtained from A. by r-multiplying the ith 
column by P; W;(P)-*A, is obtained from A, by l-multiplying the ith row by P-'; 
and W,(P)“AW(P) ts obtained from A by performing both operations. 


4. The operations in §3.3 can be used in particular if all the numbers ) 
are equal to 1, i.e., if the matrices A = (a,,) are taken in their original form. 
We perform with A a succession of operations of the kind mentioned in 
(3.3A), (3.3B), (3.3C). This amounts to a succession of /-multiplications and 
r-multiplications of A by nonsingular square matrices. The new matrix then 
has the form GAH where G and H are themselves nonsingular square mat- 
rices. It can easily be seen that the operations may be chosen such that the 
new matrix has the form("*) 


(7) GAH = 


Here, p is an integer, the rank of A; and pSm, pSn. 
We now can discuss the solution of linear equations 


(8) aan = b,, xk =1,2,---,m, 
hel 


or, in matrix form, AX =B, where B is an m-dimensional vector. We set 
X =HX*, X*=H-'X. Then (8) becomes identical with (GAH)X*=GB, in 
which form it can easily be solved because of (7). In particular, in the homo- 
geneous case B=0, we have exactly n—p r-independent solutions X of (8). 
This shows that the rank p of A is uniquely determined by A. We may also 
characterize p as the r-rank of the set of vectors B which are obtained from 


(*) The second row or the second column on the right side may be missing. 
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(8), if X ranges over all n-dimensional vectors. If the division ring K is re- 
placed by a larger division ring K, the number p remains unchanged, and a 
complete system of r-independent solutions of the homogeneous equations 
with regard to K will have the corresponding properties with regard to K. 
If (8) has no solution in K, it has no solution in K. 

The “contragredient” equations 


D uta = by, 
cml 
for U2, can be discussed in a similar manner. 
From the characterizations of the rank of a matrix, it follows easily that 
the rank of a product of matrices is not larger than the rank of either factor. 
5. Let us define the transpose A’ of a matrix A = (a,) so that the ordinary 
rule (A,A2)’=A? Aj holds for any two matrices whose product is defined. We 
must take A’ not as a matrix with coefficients in K but in the antisymmetric 
division ring K’. This K’ consists of all symbols a’ where a is an arbitrary 
element of K. We have a’=8’, if and only if a=8, and we define addition 
and multiplication by 


ay + az = (a1 + a2)’; = (a2a)’. 


If we now set A’=(a;,) (x, row-index; A, column-index), we readily obtain 
~ 


4. THE IRREDUCIBLE CONSTITUENTS OF A SET OF SQUARE MATRICES 


1. Consider a set 3 of elements a of any kind, and a number of sets of 
matrices U, G,---. We assume that to every a in 3 there corresponds 
a matrix A, in &, a matrix B, in %, etc., such that all the matrices of 
4, B,--- appear at least once in the form Aa, B,,--- respectively. We 
then say that &, B,--- are related sets. Equations between related sets 
YW, B, €, D such as 


B 
A = B, Y= UP = PS (with a fixed matrix P) 


indicate that for every a in 3 the corresponding equations hold: 
Ba 


), = PB,. 
C. Da 


Aq = Ba, A. = ( 


2. Let & be a set of square matrices A of degree n interpreted as linear 
transformations X-+-X*=AX of an n-dimensional vector space %. If we in- 
troduce new coordinates by a linear transformation x.=)_p.aza, the set & is 
replaced by P-'&P. These two sets and are similar, A~P-'AP; they 


5 
. 
m 
| — «gs 
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are related (with 3=%). Similar sets often are considered as not essentially 
different. 

The vectors X of ¥ form an additive abelian group, and we can now intro- 
duce two kinds of operators: As the first kind of operator, we take the ele- 
ments p of K, the operation being defined as r-multiplication of X by p (as 
before). As the second kind of operator, we take the elements a of 3, the oper- 
ation being defined by aX=A,X. 

Let 8 be a second set of matrices which is related to UY, and let W be a 
vector space in which the corresponding linear transformations take place. 
Then A~, if and only if B and BW are operator-isomorphic (with regard to 3 
and K). 

More generally, let us assume that we have an operator-homomorphic 
mapping of % upon an admissible subgroup Bo of ¥. This mapping is given 
by a linear transformation =P Y, (Y in X in The condition for 
an operator-homomorphism with regard to 3, then, is aX = P(aY) for every 
ain 3, ie., AAP Y=PB,Y. Since this must hold for every Y in &, we find 


AP = PS. 


We then say that P intertwines A and B. When A and B are replaced by 
similar sets and N-'SN, we have 


(M—%AM)(M— PN) = 


and the matrix M-'PWN obviously takes the place of P. 

3. If the group % with the sets of operators 3, K is simple, then Y is an 
irreducible set. If MA is reducible, B has an admissible subgroup % with 
BORD {o}. This &, then, is a linear subspace which is invariant under the 
transformations of &. If we choose the basis of % such that the last r basis 
elements form a basis of %, then % splits in the form 


©) 


where & is broken up according to the scheme (n—r, r| n—r, r). Conversely 
if % has this form with regard to a suitable coordinate system, then Y is re- 
ducible. Here 2%, are the transformations induced by A in ¥, and Mt, are the 
transformations induced by & in B/%. 

We may interpret the matrices of & by means of linear transformations 
U-—U*=UA of a contragredient vector space %&. If %&f splits in the form (9), 
then ¥ has an invariant subspace 9% of nm —r dimensions, and the transforma- 
tions of % induce the transformations of Mt, in ¥ and those of M, in W/®, 
so that the roles of 2%, and Dt, are interchanged. 

4. We now consider a composition series of B 


(5) Schur [26]. 
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{o}. 


Let EX (v=1, 2,---, a;) be a maximal set of vectors of %;_; which are 
r-independent (mod %,). Then the totality of all vectors 

(i) @ 
(10) E, 1+ + in K, 
form a complete residue system $; of B;_; (mod &%,). All the vectors E, ar- 
ranged according to increasing i form a basis of %, and with regard to this 
basis, % has the form 


(11) 


where W; is an irreducible set of square matrices of degree a;. These %; are 
called the irreducible constituents of A. 
From Jordan-Hélder’s theorem, we obtain at once("*) 


(4.4A) The irreducible constituents of a set A of square matrices are uniquely 
determined apart from their arrangement, if similar sets are considered as equal. 


When we replace the by another basis of (mod then is 
replaced by a similar set. We obtain this new form of & by a similarity trans- 
formation of type (3.3C). 

If a formula (11) holds where each YW; is a reduciole or irreducible set of 
square matrices of some degree a;, we say that each W; is a constituent of A. 
In particular, we call %, a top constituent and A, a bottom constituent. 

Let & and % again be two related intertwined sets, YP=PBS and P+0. 
We consider again the mapping of %& upon a certain admissible subgroup % 
of % which is defined by P. The vectors of %8 which are mapped upon 0 form 
an admissible subgroup % of W, and we have B~/®. If we use these sub- 
groups in order to split % and B, we have with regard to suitable coordinate 


systems 
> = 0 0 u 0 
* I * * 


This gives Schur’s lemma("’). 


(**) This simple proof for the uniqueness of the irreducible constituents is due to W. Krull 
[11]. 
(*7) I. Schur [26]. Schur’s proof is extremely simple. By means of (7), similarity transforma- 
tions of { and B are performed such that P assumes the desired form, and then &% and B must 
have the form given here. 


4 
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(4.4B) If two related sets U and B are intertwined by a matrix P #0, then 
there exists a bottom constituent of U which appears as a top constituent of B. 
If X and B are irreducible, then P is nonsingular, and U and B are similar. 


5. We now apply the results of Section 1. We choose the residue systems 
of 8:1/%; always as in (10), consisting of all linear combinations of some 
r-independent vectors. From (1.1B) we see that the results of Section 1 remain 
valid, if we restrict the choice of residue systems by this condition. 

Any change of the residue system $; as used in Section 1 can be accom- 
plished by a succession of changes of the following kind: The elements of $; are 
multiplied by elements of some {;, with i>7. This now corresponds to replac- 
ing EY by E%+5S° where each S® is of the form (10). This basis trans- 
formation corresponds to the linear transformation X*=X, for «#i, 
X*#=X;—QX; where the vector X is broken up according to the scheme 
(a1, - + -, a| 1) and the matrix Q of type (a;, a;) is formed by the compo- 
nents 2), (10), of the vectors S®. This is a transformation T7;;(—Q) =7;;(Q)— 
(cf. §3.3), and & is there replaced by 7;;(Q)—UT.;(Q). According to (3.3A), 
we have to add the ith column in (11), r-multiplied by Q, to the jth column, 
and the jth row, /-multiplied by —Q, to the ith row. Because of i>j, the tri- 
angular form (11) of & is not disturbed: 

. 
— 


* | 


Only the sets %;, with \ Sj and A, ; with w= will be changed. We denote such 
a special similarity transformation of Y&f as an elementary similarity transforma- 
tion of A. All the U, remain unchanged. 

Consider again two related sets of square matrices Y% and %, operating in 
the vector spaces ¥ and W respectively. We assume that both split into irre- 
ducible constituents 


(12) 


where %, has the degree a, and %, has the degree b,. If P is an intertwining 
matrix, we break up P according to the scheme (qi, ---, a,| bi, say 


Bi 
* * 
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P=(P,,)). Then the products UP and P% can be obtained in the ordinary man- 
ner (§3.3). We say, therefore, that the intertwining matrix P has been broken 
up in accordance with the splitting of UA and B in (12). Application of (1.1A) 
to the homomorphic mapping of %& upon a subgroup of % then yields 


(4.5A) Let U and B be two related sets of square matrices which split into 
irreducible constituents (12), and let P be an intertwining matrix. We can apply 
to L and B a succession of elementary similarity transformations such that the 
matrix P* which afterwards takes the place of P (cf. §4.2) contains in each row 
and each column at most one term not equal to 0, if broken up in accordance with 
the splitting of A and B. 


If P*=(P5), then &,.P5,=P5%, because of this form of P*. If P40, 
then P,, is nonsingular, according to (4.4B). Since for a given \ this may oc- 
cur for at most one value of x, after a succession of similarity transformations 
of type (3.3C), each P%, is either 0 or a unit matrix. 

Assume now that P is nonsingular so that & and % are similar. Then every 
row of P* must contain one P30, say for instance Pj,~0. We denote the 
sets similar to A and %, which we have obtained by W% and % again, and use 
the notation (12). Then it easily follows from &P* = P*B by forming the first 
rows of the products that 


0 = Ba, 0 = Bp, ---, 0 = Bi = By. 


We replace by the similar set Z;-',, ,8Z;-1,; (cf. (3.3B)). Because ;-1=0, 
the triangular form (12) of 8 is not disturbed, 


| 
— 0 B; 
The irreducible constituents of 8 remain the same, only §;_; and %; are inter- 
changed. Such a similarity transformation of 8% is an admissible permutation 
of rows and columns which can always be applied, if 8;,;-1.=0. According to 
§4.2, P* must be replaced by P*Z;-1,;, i.e., the columns j—1 and.j are to be 
interchanged (3.3B); but the essential properties of P* are not destroyed. 
Similarly, we can interchange 8; with Bj-2, B;-s, - - - , B:. The matrix P** 
which takes the place of P will have the first row (J, 0, - - - , 0). We now work 
with the second row of P**. The element P3;*=J in it will not stand in the 
first column. After a number of further admissible permutations of rows and 


columns, we may bring it into the second column. Continuing in this manner, 
we will finally replace P by I. This gives (cf. (1.2A)) 


(4.5B) If U and B, (12), are two similar sets of square matrices which break 


* 


¢ 

7? 

4 
id . 
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up into irreducible constituents, then it is possible to carry B into A by a succes- 
sion of similarity transformations of types (3.3A), (3.3B),-and (3.3C)(). 


5. THE LOEWY CONSTITUENTS 


1. A set & of square matrices of degree n is completely reducible, if the cor- 
responding vector space % (with Y& and K as sets of operators) is completely 
reducible. If we choose the composition series of ¥ and the $; as in §2.1, then 
the formula (11) takes the form 


A~ %, irreducible, 


with zeros above and below the main diagonal. Conversely, if such a formula 
holds, then & is completely reducible. 
In the general case, let 


DMD MD--- DM, = {0} 


be a Loewy series for %. If we choose the basis of ¥ by first taking a maximal 
set of vectors of 2%) which are r-independent (mod Mt,), then a maximal set of 
vectors of It; which are r-independent (mod QM), etc., then A has the form 


Ri 


(13) 


* * 


and each &) is completely reducible, since Dt,_1/M, is completely reducible. 
We say that & here appears in a Loewy form; every Loewy form of & is ob- 
- tained from a Loewy series of 8. Two Loewy forms are of special importance, 
the lower and the upper Loewy form(**), corresponding to the lower and upper 
Loewy series of 8, both having the same length (cf. (2.4A)) which will be de- 
noted by L=L(%). We write them: 


(**) These transformations are to be applied to the form (12) of H and 8. 
(%) Cf. A. Loewy [14, 15], W. Krull [12], B. L. van der Waerden [29]. 


| 
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where the first is the lower and the second is the upper Loewy form. The 
lower Loewy constituents %(A), %&(W), - - - are numerated starting from the 
bottom, and the upper Loewy constituents %(%), &(%),--- starting from 
the top. 

The constituent %,(%) is the maximal completely reducible set which can 
appear as bottom constituent of If splits into and then 


Similarly, %,(M) is the maximal completely reducible set which can appear as 
a top constituent of &; and if & splits into %(%) and %, then 


The transformations of & transform the space Mt;1/M;, (727), into a part 
of itself and induce, therefore, a set of linear transformations in the space. 
This set is obtained from (13) by removing the rows and columns with an 
index less than i or greater than j7. We denote this set by R(z - - - 7); its main 
diagonal starts with ®; and ends with &;. Since in the case of the lower and 
the upper Loewy series the groups 2, are uniquely determined, we have 


(5.1A) The constituent Q(i - - - j) of the lower Loewy normal form is uniquely 
determined apart from similarity transformation. The corresponding fact holds 


for the upper Loewy normal form. 

From (2.4B), we obtain 

(5.1B) The Loewy constituents and (L=L(M);i=1, 2, ---, L) 
have at least one common irreducible constituent. 

2. Application of the theorems (2.2A) and (2.3A) gives 


(5.2A) Let & and B be two related sets of square matrices, both written in 
Loewy form 


(15) 


(3. and R, completely reducible). Let P = (P.,) be an intertwining matrix broken 
up in accordance with the splitting (15) of U and B (cf. §4.5). (a) If Wis in its 
lower Loewy normal form, then P,,=0 for s—x>t— xX. (8) If B is in its upper 
Loewy normal form, then P,..=0 for 


In other words: In the case (a), P has the form given in (16a) below; if 
s>t, the first s—t rows in P consist of zeros. In the case (6), P has the form 


eg 
* R 
* e..-&, * * 
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(168); for s<t, the last t—s columns consist of zeros: 
Py-2,1-2 0 


0 
Pst-2 Pati Pat 


(16a) 


(168) 


3. When a set & is given in the form (11), splitting into irreducible con- 
stituents, we can use the method of §2.5 in order to determine the Loewy 
constituents 2(%). We consider one constituent Y; in Y, 


* 


(17) 
€ D 


where the rows and columns i+1, i+2, - - - , r of (11) are grouped together 
in D. If (11) belongs to the composition series B, Bi, B2,---, B, and $, 
is a complete residue system of %,_; (mod %,), then the question is whether 
we can change §; so that it forms an admissible subgroup. The only freedom 
which we have is that we can add arbitrary vectors of ¥; to the basis elements 
of $;. This amounts to an elementary similarity transformation of (17), in- 
volving the second and third row and column (cf. §4.5). If after the change ; 
is an admissible subgroup, then € must become 0, since the modified ; are 
invariant under %. But an elementary similarity transformation replaces € 
by €+DQ-—Q4;; so that the residue system ; will be of the lowest kind, if 
and only if this is 0 for a suitable Q, and Y; will belong to Z:(%). Hence 


(5.3A) The first Loewy constituent 2:(A) consists of those irreducible con- 
stituents U;, (15), for which a matrix Q can be determined such that in (17) 


After similarity transformations, we may assume that all %; of this type 
stand in columns in which otherwise only zeros appear. In order to find &.(%) 
we have to remove the rows and columns of the &; “of lowest kind” from Y, 
and treat the remaining set 8 in the same manner; we have &%4:(H%) =%(%). 

Moving all the constituents Y% of lowest kind to the bottom by admissible 
permutations §4.5, 2,(%) will appear at the bottom of &. After removing its 
rows and columns from & and treating the remainder in the same fashion, we 


519 
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finally arrive at the lower Loewy form of &. It is remarkable in this connec- 
tion that the criterion (5.3A) only depends on the solution of linear equations 


for the coefficients of the matrix Q. 

4. The dualism between the upper and lower Loewy form can be realized 
in the following manner. We replace every matrix A of Y by its transposed A’, 
§3.5. If & is in its lower normal form, (14), the new set A’ formed by all A’ 


will have the following form 
L(A)’ 
= 
If we arrange the rows and columns in reverse order, A’ splits into the con- 
stituents %,(%)’,---, @2(M%)’. In this manner, we easily see that 


(5.4A) (v=1, 2,---, L; 


Using this method, we can derive results concerning the upper Loewy form 
from those concerning the lower Loewy form in §5.3. 


6. ADDITIONAL REMARKS 


1. We consider two related sets % and % of matrices which split completely 
into irreducible constituents, i.e., 


If P is an intertwining matrix, YP =P, we break up P according to this 
splitting, P=(P.,) (cf. §4.5). The condition for P,, becomes 
Using Schur’s lemma, we obtain 


(6.1A) Let U and B be two related sets of matrices which split completely into 
irreducible constituents and B,, Be,---, B, respectively. If 
P=(P,) is an intertwining matrix broken up in accordance with the splitting 
of and B, then either or and is nonsingular and inter- 
twines A, and B. Conversely, if these conditions are satisfied P=(P,,) inter- 
twines A and B. 


2. The matrices P which intertwine a set & of square matrices with itself, 
WP = PU, form a ring, the commuting ring €(A) of A. If P in €(M) is a nonsingu- 
lar matrix, then P-! also belongs to €(M). From Schur’s lemma, we find that 


(6.2A) The commuting ring of an irreducible set is a division ring. 


he 
| 
: 
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Denote by kX the set which splits completely into k equal constituents 
%, and by [%], the set of all matrices (A.,) of degree k in which the A. are 
arbitrary elements of Y. I.e., 


(k times), [%],: all with Aq in 


We then state . 


(6.2B) (a) (XA) =[C(A)]x. (8) If A contains 0 and I, then €([A]x) 
=kx€(H). (vy) C(C(RXM)) =kX CC (A). 


Proof. (a) follows at once from (6.1A). In the case of (8), let P be a matrix 
of €([%].) and set P=(P.,) where all the P,, have the degree a of Y. We first 
choose all A,,=0 except one, say A,,. From (A.a)(P.a) =(Pa)(Aa), it fol- 
lows that A,.P.,=0 for A #0, ApePoe=P pA pe. Taking first A,,=I,, and then 
taking p=o and taking A,, arbitrarily, we obtain (8). The statement (7) is 
obtained from (a) by applying (8) to €(%) instead of A; the matrices 0 and J 
belong to €(%). 

From (6.1A) and (6.2Ba) also follows 


(6.2C) If U splits completely into ,keXU,, where ---, 
are irreducible and not similar, then €(X) splits completely into [€(%:) |x,, 

The €(A,) here may be reducible or irreducible (see §9.3 below). 

In the general case, a structure theory of the ring €(%) is contained as a 


special case in the results of Fitting(?*). 
3. With regard to [M]., we can prove 


(6.3A) If U is reducible, so is [A]x. If U is irreducible and contains 0 with- 
out consisting of the zero matrix, then [A], is irreducible. 


Proof. If & is reducible, we may assume that it splits into two constitu- 


ents, i.e., 
). 
Rs Rs 


Writing every A, in the corresponding form, (A,.,) appears as a matrix of 
degree 2k. We rearrange the rows and columns, first taking those with an odd 
index and then those with.an even index. After this similarity transformation, 


will split. 


(*) Fitting [8]. 


A 
lk 
kxX%= 
An 
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If & satisfies the assumptions of the second part of (6.3A), and if [M], were 
reducible, then [z=] % also would be reducible, where fT is the ring generated 
by &. That this is not so can be easily seen from a simple argument of 
Weyl(**). 

4. Next, we prove an extension of a theorem of A. H. Clifford(?*) 

(6.4A) Let B be a set of matrices of degree b and denote by $ the set of all 
matrices P of degree b for which @P and P® consist of the same matrices. The 
total number of irreducible constituents of is at least equal to the number L(%) 
of Loewy constituents of B, §5.1. 


Proof. After a similarity transformation of 8, we may assume that % ap- 
pears in its lower Loewy normal form. Let P be a fixed element of $. We 
form the set 3 of all pairs (Bi, Bz) of two elements B,, B, of SB for which 
B,P=PB,. To every element of 3 there corresponds a first matrix B, and 
a second matrix B,. We thus obtain two related sets 8; and B, such that 
B,P = P®,. Since B, and B, both consist of the same matrices as 8, both are 
in their Loewy normal form. We can now apply (5.2A). Since 8, and 8, both 
have L(%) Loewy constituents, it follows that P breaks up into L(%) con- 
stituents the degrees of which are the degrees of the Loewy constituents 
2,(B), --- , &(B). This holds for every P in §, and hence for . 

Clifford’s case is obtained by taking for 8 a normal subgroup of an irre- 
ducible group @ of matrices. Here 52G and hence § is irreducible. Then 
(6.4A) shows that L(%) =1, i.e., B is completely reducible. 

If & is an irreducible set, we may apply (6.4A) to 8®=€(W). Then HDH, 
and hence § again is irreducible and L(%) =1, i.e., €(M) is completely reduci- 
ble. If €(M%) had two nonsimilar irreducible constituents, then €(€(%)) would 
be reducible according to (6.2C), and hence %CC(C(A)) would be reducible. 
This gives 


(6.4B) If U is an irreducible set of matrices, €(A) is completely reducible, 
and all its irreducible constituents are similar. 


From (6.2C), we also obtain 
(6.4C) If U is completely reducible, so is €(A). 


5. For the actual construction of intertwining matrices, the following re- 
mark is sometimes useful. 


(6.5A) Let & and B be related sets of matrices and assume that A consists 


_ @) Cf. Weyl [31, p. 86]. The basis of the argument is the following remark. If %+ {0} is 
an irreducible semigroup of matrices of degree a, if Z 0 is a fixed a-dimensional vector, then 
every a-dimensional vector can be written as a finite sum )AZca where the A are elements of & 
and the ca, are elements of K. If this were not so, the vectors of this type would form an invariant 
subspace. 

(*) Clifford [6]. 


f 
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of nonsingular matrices. For corresponding matrices A and B, let the vector U 
undergo the transformation contragredient to A, and let X undergo the transforma- 
tion B; i.e., 

(18) U — U* = UA-, X — X* = BX. 


The matrix P intertwines U and B, if and only if UPX is an invariant for each 
pair of corresponding transformations (18). 


Indeed, from U*PX* = UPX, it follows that UA~1PBX = UPX for all U 
and X, and hence 

6. We conclude this section by proving some properties of the Loewy con- 
stituents of reducible sets. 


(6.6A) If Wis a reducible set of matrices 


then splits into 2(G) and constituents of %(G), GG), ---, 
Similarly, splits into and constituents of &(H), ,&i(H)(*). 


Proof. We may assume that @ and § both appear in their lower Loewy 
normal forms. In order to find %:(%), we may use the method of §5.3. It is 
obvious that %,(%) will be built up from %:() and, perhaps, some constitu- 
ents of 2,(G). We may assume that all these constituents stand in columns 
which otherwise consist of zeros. Removing the rows and columns of these 
constituents from Y%, we obtain a set 


w= 


where @* is a top constituent of G, and $* a top constituent of §. It is easily 
seen, using the same method, that if an irreducible constituent of @* belongs 
to L ;(@*), it belongs in G either to L;(G) or Lj4:(G). If for A* the first part 
of the statement has been proved, as we may assume, it follows easily for G. 
The second part is obtained from the first by going over to the transposed 
matrix as in §5.4. 

As a corollary: 


(6.6B) We have L(A)=L(G) and L(A)=L(H). 


The situation is far simpler, if $=0 in (19) of (6.6A). We then have the 
following: 


(6.6C) If the set A breaks up completely into two constituents © and §, then 


(*) Some of these constituents may be missing. 


524 RICHARD BRAUER [May 


L(A) breaks up into L;(G) and L;(H); LUD breaks up into L,(@) and 
L,($)(*). Further, =max (L(G), L($)). 


The proof again is obtained by the method of §5.3 and is similar to, but 
simpler than that of (6.6A). 


7. GROUP PAIRS AND ASSOCIATED SETS OF MATRICES 


1. Consider three Abelian groups U, %, and %, each written with addi- 
tion as group combination. We assume that the “product” uv of an element u 
of Ul with an element v of &% is defined as an element of % such that the dis- 
tributive laws hold, 


(ur + = mv + mp, + 02) = uv, + ude, 


for any 4, U and any 2, 1%, in B(*). 

If U has a set of operators I’, and &% a set of operators A, we write the opera- 
tion in U as /-multiplication and the operation in % as r-multiplication. We 
then assume that Y possesses the two sets of operators I and A, the first 
corresponding to /-multiplication and the second to r-multiplication, and that 
the associative laws hold, 


y(uv) = (yu)v, (uv)d = u(vd), y(wd) = (yw)é, 


for any uw in U, vin B, win y in in A. If all these conditions are satis- 
fied, we say that (U, &) is a group pair. 

An r-annihilator vp is an element of % for which Un =0, i.e., uv is the zero- 
element of %& for every u in Ul. All these r-annihilators form an (admissible) 
subgroup & of %. Similarly, the /-annihilators up in U with u.%=0 form a 
subgroup Ub of U. If we set (Uo+u)(Bo+v) = uv, then B/Bo) becomes a 
group pair in which there are no /-annihilators or r-annihilators except the 
zero elements. Such a group pair is said to be primitive(**). 

2. Let (U, B) be a group pair in which the zero element is the only /-anni- 
hilator: Up=0. We consider a set 8 of homomorphic(””) mappings B of B 
upon itself or a subgroup of B. We say that the group pair (U, B) admits the 
transformations B of %, if to each B: v—v* there corresponds a transforma- 
tion A: u—u* of Ul upon itself or a subgroup of U, such that 


(20) = uv* 


for all u in U and all v in B. The element u* is uniquely determined by (20), 
if B and u are given. Further 


(7.2A) The mapping A is a homomorphism. 


(**) Some of these constituents may be missing. 

(%) Such group pairs U, B have first been considered by Pontrjagin [23]. 
(*) Cf. Pontrjagin [23]. 

(*") As always, this is to mean operator-homomorphic mappings. 


as 
; 
| 
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Proof. We have (for u, 1, uw in U, vin B, y in T) 
+ = + = + = + uso = (uit + us*)o, 
(yu)*o = (yu)o* = y(uv*) = y(u*v) = (yu*)o 


which imply (u:+2)* =uj*+us*, (yu)* =yu*. 
We call the set & of all these transformations A the set which is associated 
with B by the group pair (U, B). Because of the symmetry of (20) we have 


(7.2B) If the group pair (U, B) is primitive, the relationship between U and 
B is reciprocal. 


Indeed, if we start from the mapping A: u—u* of Ul, we see from (20) 
that the pair (Ul, B) admits the transformations of %, and that % is the asso- 
ciated set. 

3. Let (U, %) be again a group pair with 0 as the only /-annihilator. Every 
element u generates a homomorphic mapping v—uv of B upon a subgroup 
of % which is an operator-homomorphism with regard to the operators of A. 
All such operator-homomorphic mappings of % upon a subgroup of @& form 
an additive group li which possesses the elements of I’ as /-operators. Then U 
is (operator-) isomorphic with a subgroup of ij; we may consider U itself as 
a subgroup of U1. 

If B: v—v* is a homomorphic mapping of ¥ upon & or a subgroup of &, 
and if #@ is any element of 1], then v—av* is an operator-homomorphic mapping 


of B upon a subgroup of %® (with regard to the operators of A). It then is given 
by an element @* of 11, and we have a@*v =av*. Hence 


(7.3A) If (U, B) ts a group pair without nonzero |-annihilators, we can re- 
place Ul by a larger group Ui such that (i, B) admits every set B of homomorphic 
mappings of & upon a subgroup of B. 


4. Let us restrict ourselves to the case that ll is a contragredient vector 
space and &% a cogredient vector space, the coordinates of the vectors taken 
from a fixed division ring K. We then take [=A=K in §7.1, and assume that 
¥ is an m-dimensional cogredient vector space, and that /-multiplication of 
an element W with an element «x of K is performed by /-multiplying each com- 
ponent of W with x(?*). We say in this case that (U, %) form a group pair of 
rank m. Assume that 0 is the only /-annihilator. 

Let m be the number of dimensions of &. Since every element J of 1] corre- 
sponds to an operator-homomorphic mapping of % upon a subgroup of @ 
(with regard to r-operators), it is given by a matrix of type (m, n) with coeffi- 
cients in K. We may identify U with this matrix; the products xU and UV 


(28) We may then consider %& also as a contragredient vector space, if we consider only the 
addition in 28 and the /-multiplication with elements of K. There will be no danger of a con- 
fusion, since we shall not perform linear transformations in W. 


525 
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for x in K, V in &% then have the ordinary significance (cf. §3). The number 
of dimensions of }] is mn. 

Every mapping B of &% of the kind considered in §7.3 is a linear trans- 
formation V—V* and hence given by a matrix (5,,) of degree m which we also 
denote by B setting V*=BV. The associated mapping A: V—U* of U is de- 
fined by U*V =U V* or U*V = UBV which implies 0* = UB. This, of course, 
is a linear transformation A of 1] whose matrix we also denote by A. We may 
consider Ij as a direct sum of m n-dimensional vector spaces Tj, ---, Tm 
where in the matrices of T; only the coefficients in the ith row are different 
from 0. If we choose a basis E? of &; by taking the jth coefficients of the ith 
row equal to 1, and all the other coefficients equal to 0, we see that A trans- 
forms into This proves invariant under A, the matrix 
of the induced transformation being B. Hence A =m XB. The set ¥ associated 
with a set B of transformations B by the pair (U, B) is then Y=mxXB. 

If U is a subgroup of lI, and the group pair (Ul, B) admits the transforma- 
tions of B, then U1 must be a subspace of 1] invariant under 9. The transforma- 
tions of Ul induced by 9 form a top constituent A of Y, and this W is the set 
associated with $ by the group pair (U, %). Hence (cf. §4.3) 


(7.4A) Let Ul be a contragredient vector space and & a cogredient vector space 
both forming a group pair of rank m. If 0 is the only l-annihilator, and (U, B) 
admits the set 8 of homomorphic mappings of B upon B or a subgroup of &B, 
then the associated set U is a top constituent of mx B. 


In the same manner, we prove 


(7.4B) If 0 is the only r-annihilator in (U, B), and (U, B) admits the set 
Y of homomorphic mappings of U upon a subgroup of U, then the associated set 
of transformations of & is an end constituent of mXX. 


That we here obtain an end constituent instead of a top constituent as in 
(7.4A) is due to the fact that ¥ is a cogredient vector space. The transforma- 
tions induced in an invariant subspace are end constituents (cf. $4.3). 

5. Let us apply the preceding considerations to sets 8 of matrices of de- 
gree m with coefficients in the division ring K. Let m>0 be a given integer. 
We say that a set Ul of matrices of type (m, m) with coefficients in K is a 
(K, B)-double module, if U contains the matrices U;+ U2, xU, UB for any 
U, U;, Uz: in U, any «x in K, and any B in %. We then choose an /-basis 
Ui, Us, - - - , U, of U. Since any product U,B lies in Ul again, we have formulae 


k 
(21) U.B = >> «= 1,2,---,k, 


A=1 


with coefficients a,, in K. We say that the set & of all the matrices A = (a,) 
is the set associated with B by the double module U. The degree k of W is the 


J 
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l-rank of U. If 8 is closed under addition or multiplication, the set & is homo- 
morphic with % with regard to this operation(**). If the /-basis U, is replaced 
by another /-basis, Y% is replaced by a similar set. 

If B is the n-dimensional cogredient vector space in which the transforma- 
tions of 8 take place, then (Ul, ¥) form a group pair, the product UV of a 
matrix U of Ul and a vector % being defined in the ordinary manner. This 
group pair (U, ¥) is of rank m, and 0 is the only /-annihilator. 

Further, 8) admits the transformations of %, and is the associ- 
ated set in the sense of §7.2, since the transformation U,—U,B in the con- 
tragedient vectors space with the basis Ui, Us,---, U; has the matrix A 
according to (21). From (7.4A) there follows 


(7.5A) If Uis a (K, B)-double module, consisting of matrices of type (m, n), 
then U associates the set of matrices B of degree n with a set X which is a top con- 
stituent of 


The r-annihilators of (U, B) will form a subspace ¥» of B which is invari- 
ant under % since U-BV,»>CUV»)=(0) for Vo in Bo, B in B. Let Bo be the set 
of transformations of @/%o induced by B; then Bp is a top constituent of B 
according to §4.3. We may consider (U, @/%») as a primitive group pair con- 
sisting of a contragredient vector space ll and a cogredient vector space 
B/Bo. The rank of this group pair still is m. If B: V->V* is a transformation 
of $, and A: U->U* the corresponding transformation of &, then we have 
U*V=UV*. The corresponding equation holds, when we replace V and V* 


by their residue class modulo ¥. Then V*=B,V (mod %) where By is the 
matrix of S) corresponding to B in 8. Consequently, the group pair (U, B/ Bo) 
associates the set of transformations B of B/ Bo with the set A of transforma- 
tions of Ul and vice versa (cf. (7.2B)). 

Then from (7.4B) we obtain 


(7.5B) In (7.5A) let Bo be the set of all n-dimensional vectors Vy for which 
UV,.=0 for every UinU. Then Bo is invariant under B. If Bo is the top constitu- 
ent of B, consisting of the transformations of B/Bo induced by B, then Bp is 
an end constituent of mXY. 


6. We can now apply (6.6A), (6.6B), and (6.6C) and obtain 


(7.6A) In the notation of (7.5A) and (7.5B) U and By have the same number 
of Loewy constituents: L(Y) = L (Bo). Every irreducible constituent of 2:(Bo) ap- 
pears in and every irreducible constituent of appears in some ;(Bo) 
with j20. Every irreducible constituent %,(X) appears in &;(Bo), and every ir- 
reducible constituent of &:(®o) appears in some &;,.;(U) with j =0. 


We have the corollary 


(**) In the notation of E. Noether [20], U1 is a representation module for the representation 
of B. 
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(7.6B) The sets A and Bo have the same irreducible constituents though not 
necessarily with the same multiplicities. 


It is also possible to make some statements concerning the multiplicities, 
e.g., 

(7.6C) If an irreducible constituent § appears h times in L;(Bo), it appears 
at least h/m times in L(A). (Similarly in the other cases.) 

7. As an application, we prove the following theorem: 


(7.7A) Let B be a set of matrices which has no constituents (0), and let U 
be a (K, 8) double module consisting of matrices of type (m, n). The necessary 
and sufficient condition that a matrix Z of type (m, n) belongs to U0 is that ZB 
belongs to U for every B in B. 

Proof. Let Ui, U2, - - - , Ux be an l-basis of U. If Z does not belong to U, 


then U;, U2,---, Ux, Z will be an /-basis of a (K, B)-double module U*. The 
set associated with 8 by U* has the form 


where % is the associated set with 8 by U. According to (7.6A) every irreduci- 
ble constituent of %* must appear in B whereas 0 is no constituent of B. 
Hence Z must belong to U. 


8. Finally, we give some formulae showing the relationship between Wf and 
% in a more formal manner. 


(7.8A) Let A and B be two related sets of matrices of degrees k and n re- 
spectively, let m be a positive integer, and h® a set of kmn elements of K 
(x=1, 2,---, kj w=1, 2,--+, m; v=1, 2,---, m). We form three sets of 
matrices, U, of type (m, n), T, of type (k, m) and P, of type (k, n): 


(22) U. = (hes); = (ie); = (Ine) 


where a is the row index and B the column index. The three sets of relations (for 
corresponding A = (das) and B=(bas)) 
(23a) UB = aasUs, 
(23b) AT, = 
(23c) AP, = PB 
are equivalent. 

* Proof. All three relations are equivalent to 


Dre = Gaphy» 


is 


1941] MATRICES OVER A DIVISION RING 529 


The equation (23a) is identical with (21). The equation (23b) shows that all 
matrices of the form Tx, c, in K, form what we may call an (A, K) double 
module f. If the 7, are r-independent, this T associates & with B, and this 
again expresses the reciprocity between % and Y. 


8. THE REGULAR REPRESENTATION 
1. We now consider a set & of square matrices which forms a semi-group, 
i.e., which contains the product of any two of its matrices. Let Ui, U2, - - -, Ui 
be an /-basis of @. The linear combinations }\c.U, with arbitrary coefficients 
in K form a (K, @)-double module which we call the enveloping module It(G) 
of G. For G in G, we have the formulae 


(24) UG = Doral, rea in K, 
» 


and the matrices R=(r,,) form the associated set R. The mapping G—>R is 
a homomorphism with regard to multiplication. In other words, R is a repre- 
sentation of G, known as the regular representation(*") of G. If the /-basis U, 
is replaced by another /-basis of J?(G), then R is replaced by a similar set(*'). 
The degree of the regular representation is equal to the /-rank of ©. 

2. Let % be the space in which the transformations of © take place. We 
shall apply (7.5A) and (7.5B) (for U=2t(G)). Here Bo consists of those vec- 
tors V for which I2(G) V=0. This condition is equivalent with ©V=0, and 
hence @ induces the transformation 0 in Bo. It follows that in a suitable co- 
ordinate system 


(25). 


where the constituent 0 at the bottom is of degree m 20(**). It is nct possible 
to find a similar set with a bottom constituent 0 of higher degree. From the 


theorems in §7.5 and §7.6 we derive: 


(8.2A) Let G be a semigroup of matrices of degree n. We split © into a con- 
stituent Go and a bottom constituent 0 of highest possible degree, (25). The regu- 
lar representation R of © is a top constituent of nX@o, and Gp is an end 
constituent of nX®. 


(8.2B) We have L(R)=L(Go). Every irreducible constituent of L;(Go) ap- 
pears in 2,(R), and every irreducible constituent of appears in some i+ ;(Go) 


(**) For properties of the regular representation, cf. Frobenius [9], MacDuffee [16], Brauer 
and Nesbitt [4], Nesbitt [19], Nakayama [18]. 

(*) It should be noticed that in the case of a non-commutative K, the module I(@) is, 
in general, not a ring. Further, similar semi-groups © and G, may have different /-ranks and 
different regular representations. 

(*) If 2»=0, then the constituent 0 in (25) is missing. 
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with 720. Every irreducible constituent of &(R) appears in &;(Go), and every 
irreducible constituent of &;:(Go) appears in some &4;(R) with j=0. 


These results lead to the following corollaries: 


(8.2C) We have either L(R) =L(G), or L(R) = L(G) —1. If does not 
contain a constituent 0, we have the first case. 


(8.2D) The sets Gand R have the same irreducible constituents, except per- 
haps constituents 0 which may appear in © without appearing in R. 


(8.2E) If Gis completely reducible, so is R. 


For L(G) =1 implies L(R) =1 by (8.2C), and this is equivalent to the com- 
plete reducibility of R. 

In certain cases, Gp can be replaced by G. We can prove 

(8.2F) If M(G) contains a matrix J #0 such that JG=G for every G in G, 
then © splits completely into Go and a constituent 0, and we have L(R) = L(G) 
= L (Go), &:(G) = &(Go) for every i=2. The assumption is satisfied, in particu- 
lar, when © has a l-unit J. 

Proof. Assume that Q-'@Q splits in the form (25). The last mp columns in 
all the matrices of Q-'G@Q vanish. The same then is true for 0-Q-'GQ=GQ, 
hence for I(G)Q, and for Q-'M(G)Q. We may set 


since J belongs to It(G). From JG=G, we obtain or C= YG, — OY. 
This shows that after an elementary similarity transformation, we may re- 
place € by 0. This shows the first part of (8.2F); the other statements follow 


from it. 
From (7.7A), we obtain at once 


(8.2G) Let & be a semigroup of matrices of degree n which has no constitu- 
ent 0. A necessary and sufficient condition that a matrix Z of degree n belongs 
to M(@) is that ZG belongs to M(G) for every G in G. In particular, the unit 
matrix I belongs to M(@). 

3. In certain cases, the theorem (8.2B) can be improved. We prove: 

(8.3A) Assume that the semigroup © itself appears in its lower Loewy nor- 
mal form, and that no constituent 0 appears in ©. Every irreducible constituent 
of 2,(@) is also a constituent of %(R), Le(M), - - , VCR). 

Proof. Assume that the semigroup @ itself splits into several constituents, 


one of which is Denote by Wi, Ws, - - , Wy the matrices of which 
correspond to an /-basis Ui, U2, - - , Ux of M(G). Obviously, we can choose 


i 
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Ui, Us,-+-, Uy such that Wi= --- =W;=0 and Wjis,---, We form an 
l-basis of M(H). If G in G corresponds to H in H, then (24) implies 


W.H = > 


and we easily see that ® splits into a top constituent of degree j and the regu- 
lar representation R* of H as end constituent. From (6.6A) and (8.2B) it fol- 
lows that every irreducible constituent of 2,() appears in &,(M); (0) is not a 
constituent of 

We now choose § as the constituent of G which contains the Loewy con- 
stituents 2,(G),---, &(G). Then and for i=v+8—1, 
1<v Si, we obtain the statement of (8.3A). 

If the underlying division ring is a field, there is no restriction in the as- 
sumption that @ itself is in its lower Loewy normal form, since similar semi- 
groups here have the same regular representation. 

4. A discussion, analogous to that in §8.1, is possible with regard to an 
r-basis - - - , of G. Here we set 


(26) GU, = > Usa, Sa in K, 


and G—S = (s,,) defines the second regular representation of ©. Going over to 
transposed matrices (cf. (3.5)) in (26), we obtain 


(8.4A) The second regular representation S of a semigroup © is the trans- 
pose of the first regular representation of the transposed set @’. 

This remark allows us to restrict ourselves to the consideration of the first 
regular representation. 


9. IRREDUCIBLE SEMIGROUPS 
1. We now consider irreducible semigroups © ~ (0) consisting of square 


matrices of degree m with coefficients in the division ring K. Since the degree 
of the regular representation equals the /-rank of G, we obtain from (8.2B): 


(9.1A) If G is an irreducible semigroup of degree n and l-rank k, then the 
regular representation R of © is similar to (k/n) XG. In particular, the l-rank 
is a multiple of the degree. 


We wish to characterize the number k/n by means of the commuting ring 
€(G) of G. Denoting the row (0, - - - , 0, 1,0, - - - , 0) with the ith component 
1 by E;, we see that E;C is the ith row of the matrix C. We determine the 
largest number h of indices pe, , Ma, With 1 Sy; such that conditions 


(27) > ZC, = 0, C, in €(@), w ranging over yi, - ~~ , pa, 
“ 


imply C,,=0 for all w;. Since all the C,#0 in €(G) are nonsingular (cf. 
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(6.2A)), we have h21. The y; are all distinct, since if for example u:=p2, we 
could set C,,= —C,,#0, and all the later C,=0 in (27). We denote this num- 
ber h as the h-number of €(@), and state 


(9.1B) The quotient k/n in (9.1A) is equal to the h-number of €(@®). 


Proof. Assume first that h<n. For any fixed i=1, 2, ---, m, we can find 
matrices C,; , and C; in €(G) such that 


(28) + EC; = 0 


and not all C,;, C; vanish. Then C;#0, because otherwise (28) would be identi- 
cal with (27) for C,:=C,, and all these matrices would also vanish. Because 
of (6.2A), C; is nonsingular, and if we r-multiply (28) by its reciprocal, we 
see that we may assume C;=J. We then multiply (28) by an arbitrary element 
G of G, and obtain 


(29) 0= + EG = > + EG. 


Denote by - , tan the An coefficients appearing in the rows j1, fe, Ma 
of G. Since E,G is the ith row of G, and E,G the pth row of G, we see from (29) 
that every fixed coefficient of G, say in the ith row and jth column, is a linear 
function )-t,y,, where the 7, are elements of K which are independent of G 
(but dependent on-i, j). Then G has the form G=)-t,Q,, where the Q, are 
fixed matrices, and this shows that the /-rank k of G is not larger than hn. This 
is also true, if h=n, since certainly k<n*. Thus we always have k/nSh. 

On the other hand, we may choose an /-basis Ui, U2,---, Ux of M(G), 
such that the regular representation with regard to this basis has the form 
(cf. (9.1A)) 


(30) R=j7 XG, j=hk/n. 


We now apply (7.8A) to Y=R and B=G, using for U, the notation of the 
first formula (22) and defining P, by the last formula (22); we have here m=n. 
For the n matrices P, which intertwine R and @ (u=1, 2, - - - , m), according 
to (22), we have 


(31) E,P, = E,U, = (lists y 


We break up each matrix P, according to the scheme (n, n,---, n| n), 
Qu | 

(32) |. 
Oni 

Because of (30), each Q,, intertwines G with G; i.e., Q,, belongs to €(G). 


bad 

iy 
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Choose any j+1 values from 1, 2, - - - , m,and consider the j linear equations 


= 0, > = 0. 


Since the coefficients lie in the division ring €(G), and we have more un- 
knowns X; than equations, there is a non-trivial solution X; in €(@) (cf. 
(3.4)). Then }>P,X,=0. On /-multiplying by E, and using (31), we obtain 


(33) > £,U,X, = 0. 


We now determine 2), - - - , 2, in K such that dz, U,=TI. This is possible (cf. 
(8.2G)). Since 2,E, = E,z,, l-multiplication of (33) with z, and addition over v 
yields > E,X,=0. Since the X, are elements of €(G) which do not all vanish, 
this is a relation (27). For any j+1 indices u, we have a non-trivial relation 
of this kind. Hence j7+1>A, i.e., 72h. Because of (30), we have k/n 2h. Since 
we also showed k/n Sh, the statement is proved. 

In the notation of the first part of this proof, it now follows that the mat- 
rices Q, are J-independent and belong to Jt(@G), since otherwise I2(G) would 
have an /-rank smaller than hn. Further, t, - - - , tan are the coefficients in 
the rows pi, - - , wa of >t,Q,. Hence 


(9.1C) In the notation of (9.1B), the coefficients in h suitable rows py, - - - , Un 
of a matrix M of It(G) can be assigned as arbitrary elements of K, and then M 
is determined uniquely. We can choose the indices p as in (27). 


2. Let v be the r-rank of €(G). There exist at most jv matrices (32) which 
are r-independent, since Q,, lies in €(G), where j =k/n=h. If we now choose 
more than hv distinct indices u from 1, 2, - - - , m (assuming that »>hv), then 
the matrices P, are r-dependent and we have equations >| P,x,=0 (x, in K, 
not all of them 0). We proceed as in the second part of the proof of 
(9.1B). On J-multiplying with E, and using (31), we find }-E,U,k,=0 
(summed over yu). Again, /-multiplying by the same 2, as above and adding, 
we find }-E,x,=0. But this implies x,=0, which gives a contradiction. Hence 
n Shv, which gives 

(9.2A) Let & be an irreducible semigroup of degree n. If © has the l-rank k, 
and €(@) has the r-rank v, then n* S kv. 


This can be considered as a generalization of Burnside’s theorem (cf. §9.4). 

3. Consider a similarity transformation applied to the irreducible semi- 
group @. The same transformation, then, is to be applied to €(@). According 
to (6.4B), the set €(G) has only one irreducible constituent %&, and after the 
similarity transformation, we may assume that 


(34) =sx®B 
where n/s=t is the degree of BW. 
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We set €(¥) =F. Since ®W is irreducible, T is a division ring. From (6.2B) 
CE(G) = C(s X W) = = [T],; 


and since GC we have 
®C 


The irreducibility of © implies the irreducibility of T, from the first part of 
theorem (6.3A). Obviously, €(T)>W. If we had €(T)DM, then, according 
to (6.2B) we would have =s XC(©)Ds KW =C(G), which is 
impossible. Hence % and & both are irreducible division rings consisting of 
matrices of degree ¢, and each is the commuting set of the other. 

We now apply theorem (9.1B) to E instead of G. If ho is the h-number of 
€(T) = MW, and z the /-rank of T, then 4p =2z/t. But (34) shows that the h-num- 
ber of €(G) is h=sho, and hence 


(35) k/n = h = shy = sz/t 


which implies k=s*z since n=st. Consequently, @ and [T], have the same 
l-rank, and therefore I(G) =M([X].). Thus we have 

(9.3A) Any irreducible semigroup © of degree n is, after a similarity trans- 
formation, contained in a set |], where E is an irreducible set of matrices of 
degree n/s=t forming a division ring, and © and [ZX], have the same l-rank and 
hence the same enveloping module, MN(G)=M([X].). Further, W=C(TZ) is the 
only irreducible constituent of €(@) and its multiplicity is s, i.e., €(G) =s XB. 
Conversely, T (BW). 


Let v be the /-rank of €(G) which by (34) is also the /-rank of B®, and let z 
be the /-rank of T. From (35), we obtain 


Both fractions on the right side are integers; they give the multiplicity of T 
and of % in their regular representations. The same is true if we take for v 
the r-rank of €(@). Then v/t is the multiplicity of WW in its second regular 
representation. Hence we have 


(9.3B) If in (9.3A) the set T has the l-rank z, if © has the l-rank k, and BW the 
l-rank v (or the r-rank v), then kv/n* =(z/t)(v/t) where 2/t and v/t are integers. 


This gives, of course, the inequality of (9.2A); but it is not sufficient for 
a proof of (9.2A) in the general case, since we applied here a similarity trans- 
formation which may have changed the original ranks. 

4. If the underlying division ring K is a field(*), then /-rank and r-rank 


(®) For this case, compare, for instance, Wey! [31]. 


n? ten 
| 
ad 
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always coincide. Further 9?(&)=T, since every linear combination of ele- 
ments of commutes with every element Similarly, M(W) = W. 

If © is an irreducible algebra of matrices, then J%(G)=G, and (9.3A) 
shows that @~[T], where & itself is an irreducible division algebra over K. 
This is Wedderburn’s theorem. 

For an irreducible division algebra @ of matrices, the number h=k/n must 
be equal to 1; as follows for instance from (9.1C) since here it is certainly 
impossible to choose the coefficients in two rows arbitrarily. For such a G 
the rank k and the degree m are equal. 

If we apply this to T and W in (9.3B), we have z= and v=¢ and hence 


(36) ko = n?, 


where n is the degree of the irreducible semigroup G, & is the rank of G, and v 
the rank of €(G). This is the generalized Burnside theorem. We obtain the 
original theorem when we assume that the field K is algebraically closed, and 
therefore v=1, i.e., k=m?. This can also be derived from (9.2A), 

We also obtain 


(9.4A) If K is a field, and © an irreducible algebra of matrices, we have 
€(C(G)) =G. 
Proof. We have It(G) =G, and, because of the commutativity of K, this 


is not affected by a similarity transformation. We may assume @ in the form 
@=[T],. Further, M(T)=T. Then (9.3A) in connection with (6.2B) gives 


€(C(G)) =C(s XW) = [C(W) ]. = [TF]. =G. The same equation CC(G) = G must 
have been true then, before G was subjected to the similarity transformation 
mentioned in (9.3A). 


10. ON THE REPRESENTATION OF SETS OF MATRICES AS DIRECT SUMS. 
THE RADICAL 


1. We say that a set O of square matrices of degree m is the sum of two 
subsets YU and B, if O consists of all the matrices 4+ B with A in A, B in B. 
We write O=AOY, if, besides, we have AB =0 and SA=0 (i.e., AB=0 and 
BA =0 for any A in & and any B in B)(*). We first prove 


(10.1A) If the semigroup © breaks up completely into m distinct (i.e., non- 
similar) irreducible constituents 


(37) 


(*) The notation here is different from that in §4.1. 
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then the l-rank of & is equal to the sum ki+ko+ - - - +Rm of the l-ranks k; of §:. 


This is a generalization of the Frobenius-Schur theorem(*). 

Proof. We can find an /-basis of I2(G) such that for a fixed v the last k, 
basis elements have k, /-incependent matrices in the place of §,. After sub- 
tracting a suitable linear combination of these basis elements from the first 
k—k, basis elements, we may assume that the latter have 0 in the place of §,. 
On forming the regular representation ® of © with regard to this basis, we 


where , is the regular representation of §,. If f, is the degree of §,, we have 
Rim (k,/f,) XF, (cf. (9.1A)). The constituents §, of R occupy therefore at 
least k, ordinary rows and columns of R. The degree & of R, then, cannot 
be smaller than the sum of all the k,. On the other hand, (37) shows that 
kskit+t ---+ +m, and this proves the statement. At the same time, we see 


(10.1B) The regular representation R of G in (10.1A) contains the constitu- 
ent §, with the multiplicity k,/f,, where f, is the degree of §. 


The result (10.1A) can be formulated in the following manner: 


(10.1C) Under the assumption of (10.1A), the module It(@) is a direct sum 
M(G)=U,GU.G --- BU, where U, consists of those matrices M(G) which 
have nonzero elements only in the place of the constituent I(¥,) of M(@). 


Proof. Let M, be an arbitrary element of I(%,) (u=1, 2, - - -, m), and set 


Mn 
All these W@ form a (K, @)-double module J. We have MDM(G), and both 
these modules have the same /-rank according to (10.1A). Hence M=M(G). 
We now choose M, arbitrarily in M(%,), and M,=0 for v#y. The corre- 
sponding M form a submodule U, of M(G), and M(G) is the direct sum 
U® --- OUn. 

2. In order to study further the decomposition into direct sums, we con- 
sider two sets of square matrices & and B of the same degree n, such that 
UB=0. Let B be the space in which the transformations of &% and B take 
place. Let Bo be the subspace consisting of those vectors Vo for which AV»=0. 
Then we have BVCBpo. If By has s dimensions and we choose a basis of B 


(*) Frobenius-Schur [10]. 


obtain 
& 
M, 
M: 
= 
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in which the last s vectors form a basis of Bo, then in the corresponding similar 
set P-'%P the last s columns consist of zeros, and in P-'SP the first s rows 
consist of zeros. Hence 


(10.2A) If XA and B are two sets of square matrices of degree n and AB=0, 
then we can find a similarity transformation P such that 


(38) pap = ) Pep = ( ) 
o/’ D %,/’ 


where both sets are broken up according to the same scheme (n—s, s| m—s, S). 


We may have here s =0, if 8 =0. Then the second row and column in (38) 
are missing. Similarly, we may have s=n, if &=0, and then the first row and 
column in (38) are missing. If AY~0, 60, the set O consisting of all sums 
A+B with A in HY, B in B is reducible. This gives 


(10.2B) The set U, in (10.1C) cannot be written as a direct sum ADB with 


3. As an application of (10.2A), we prove 


(10.3A) Lét © be a set of square matrices of degree n which has no constitu- 
ents 0. If Q can be written as a sum Q=AGB with AX0, BHO, then there 
exists a similarity transformation P such that 


= ( ) 
Bi 


and P-'&P consists of the matrices of P-'SQP which have 0 in the place of B; 
and P-'SP consists of those matrices of P-'SQP which have 0 in the place of %,. 


Proof. We may determine P such that P-'YP and P-'SP have the form 
(38). The set B, has no constituent 0, since otherwise 0 would also be a 
constituent of the sum of the two sets (38), and hence of O. If § is the semi- 
group generated by P-'SP, and M(H) its enveloping module, then the mat- 
rices M of M(H) are /-annihilators of P-'WP. Further M(H) breaks up in the 
same form as P-'SP in (38) the first constituent being 0 and the second 
M(G:) where GH; is the semigroup generated by B;. According to (8.2G) this 
set I2(G:) contains the unit matrix J. Let J be a matrix of M(G) which has I 
in the place of M2(G:), and let A be an arbitrary element of A. We set 


0 Ai 
DI 0 


Because of J(P-'!AP)=0, we have DAi+C=0. We subtract the first row in 
(38), /-multiplied by D, from the second row and add the second column, 
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r-multiplied by D, to the first column. This amounts to a similarity trans- 
formation (cf. (3.3A)). Afterwards we have €=0, and we may assume that 
this is also true in (38). Then SY%=0 implies DY,=0. Since Y%, also has no 
constituent 0, it follows that D=0, and this proves the statement. 

Repeated application of (10.3A) gives 

(10.3B) If a set OQ without constituent 0 is a direct sum 
(U, #0), then, after a suitable similarity transformation P, P-'Q)P splits com- 
pletely into m constituents and the matrices of P-'U,P have coefficients not equal 
to 0 only at tne place of the wth of these constituents. 

4. The radical N of a set YW of square matrices consists of those matrices 
N of & which are represented by 0 in every irreducible constituent of YW. 
Then Q is also represented by 0 in the Loewy constituents L;(); i.e., W has 
zeros in the main diagonal in (14). A simple computation shows that the 
product of any L(Y) matrices vanishes. If & is a ring of matrices, 9% is a nil- 
potent ideal, N“=0, for L=L(%). 

We can easily study the radical of the enveloping module 92(@) of a semi- 
group @, provided that @ has been brought into a suitable form by a similar- 
ity transformation. 


(10.4A) Let & be a semi-group which splits into irreducible constituents 


- 
(39) G = M(G) = 
M(Fm) 

Then the radical N of I(G) has at least the l-rank k —d where k is the l-rank of @ 
and >) the degree of the first Loewy constituent 2,(R) of the regular representation 
R of G. 

Proof. Let Mi, - -- , My be an /-basis of 22(G) with regard to which the 
regular representation ® appears in its lower Loewy normal form. If G is an 
arbitrary element of G, we have 


= > TaM) 


where R=(r,,) is the matrix of R, associated with G. If B is one of the §., 
and M, corresponds to U, in I2(%) and G corresponds to B, we have 


U,.B = > 


We now apply (7.8A) setting U,=(hQ). Then P,=(k%) will intertwine ® 
and %. Because of (5.2A), only the last \ rows of P, contain coefficients not 
equal to 0. Hence 


ks =0 fora Sk —». 
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This shows U,=0 for xSk—X. Hence Mi, - -- , My_y are represented by 0 in 
each I(F,) and, therefore, belong to J. 


(10.4B) If the semigroup © splits into irreducible constituents and the radi- 
cal of M(G) vanishes, then © is completely reducible. 


Proof. We have here k=); i.e., R is completely reducible, L(MR)=1. We 
denote by @ the set obtained from © by replacing everything below the main 
diagonal in (39) by 0’s, and omitting all constituents 0. According to (8.2G), 
a suitable linear combination of the elements of G is equal to the unit matrix. 
A corresponding linear combination of the elements of © gives a matrix J 
of It(G) which in (39) has a unit matrix in the place of every Mt(§,) ~0 and, 
of course, 0 in the place of every Dt(¥,) =0. The product JG of J with an 
element G of @ has the same main diagonal as G. Then G—JG lies in the 
radical of I(G), and hence JG=G. Now (8.2F) can be applied. We obtain 
L(G) =L(R) =1, i.e., G is completely reducible. 

If K is noncommutative, the converse of assertion (10.4B) need not be 
true. 

5. Repeated application of (10.2A) now gives 


(10.5A) If a set Q of square matrices is a sum of sets Qi, Qe, +--+, De, if 
0;0;=0 for i<j, and if no OQ; lies in the radical of QD, then, after a similarity 
transformation, 2 will split into r constituents Ti, T2, - - - , T,. The matrices of 
have 0 in the place of every p. 


Proof. We apply (10.2A) to the case that & is the sum of O1,---, Qy4 
and 8=Q,. We then have an equation (38). Here, 8:0, since QO, does not 
lie in the radical of OQ. Let OF be the set which stands in O;C© in the place 
of A; (¢=1, 2, ---,r—1). Then is the sum of OF, - - - , O41, and OF does 
not belong to the radical of %{,, since otherwise ©; would belong to the radical 
of &. If the theorem is true for the sums of r—1 sets, it now follows for the 
sum of r sets. 


11. RINGS WHICH CONTAIN 2 XK 


1. We now consider rings of matrices Y% of degree m with coefficients in 
the division ring K which are at the same time K-left modules and K-right 
modules, i.e., which contain yA and Ay for all A in AM and all y in K. Of course, 
this property will not always be preserved under similarity transformations 
of . 

If Y is a ring which is a K-left module, we have J?t(%) = W in the notation 
of §8.1. If & has no constituent 0, then &% contains the unit matrix according 
to (8.2G), and hence all the matrices yI, y in K. These matrices form a set & 
isomorphic with K which we may denote by XK, if we identify the matrix 
(y) of first degree with y. Any ring & which contains R= XK is a K-left 
module and a K-right module. 
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We prove several lemmas which connect &% with sets of matrices whose 
coefficients lie in the centre Z of K. This centre Z is a field. 


(11.1A) If UW is a ring of matrices which is a K-left module and a K-right 
module, then an l-basis Ai, As,--- , Ax can be chosen such that the coefficients 
of each A, lie in the centre Z of K. The A, forma basis of the algebra Y=AMN[Z], 
over the field Z. We have A=M(H). 


Proof. The set & obviously is a (K, R)-double module. Now R= XK is 
completely reducible with K as its only irreducible constituent. According to 
(7.6A), the same is true for the set R* which W associates with &. If we 
choose a suitable /-basis A, in UY, we have R* =k XK where k is the /-rank of Y. 
Then A,y=vYA, for every y in K. This shows that the coefficients of A, lie 
in Z. 

Every element A of & has the form A =)>7,A, with coefficients y, in K. 
These y, are uniquely determined, and we have a system of n? linear equations 
for them. If A belongs to [Z],, i.e., if the coefficients of A lie in Z, then the 
coefficients of these linear equations lie in Z. Hence (cf. §3.4) the y, themselves 
lie in Z. This proves (11.1A). 

We now consider the commuting ring €(%). We prove 


(11.1B) Jf U ts a ring of matrices which is a K-left module and has no con- 
stituent 0, then €(A) and CA) =M(C(A)). 


Proof. Here, R=nXKCUW and hence €(A)CC(m XK) = [C(K) ],n=[Z].. 
Further €(%) C€(M). On the other hand, every matrix M of the intersection 
CQO [3], commutes with the A, of (11.1A) and with all y in K. Hence M 
belongs to €(M), and €(M) =CA)A[Z],. The ring contains KR. If we 
apply (11.1A) to it, we obtain €(%) =M(C(A)). 

2. (11.2A) If WU is a set of matrices of degree n which contains R=nXK, 
we may determine a matrix P with coefficients in the centre Z of K, such that 
P“YP=YA* splits into irreducible constituents. If A is completely reducible, we 
may add here the additional condition that X splits completely into irreducible 
constituents. 


Proof. We split & into irreducible constituents using a similarity trans- 
formation Q with coefficients in K, 


(40) = 


* Win 
If &% is completely reducible, we may assume that all the terms below the main 


diagonal vanish. The subset Q-'RQ of Q-'MQ is completely reducible, and K 
is its only irreducible constituent. If we use (40) only for Q-'RQ, the set &, 
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which takes the place of %, is completely reducible, and K is its only irreduci- 
ble constituent. After applying a suitable similarity transformation to (40), 
we may assume that 8,=f,%K where f, is the degree of U,. Now the set 
Q-'RQ splits into m constituents K. Since it is completely reducible, we can 
transform it into XK by elementary similarity transformations(**), §4.5. If 
we apply these elementary similarity transformations to (40), the triangular 
form will not be changed. We may therefore assume right from the beginning 
that O-'RQO=nXK=8. If A is completely reducible, no elementary similar- 
ity transformations are needed. We now have Q-'(yI)Q=v7I for every y in K. 
Then yQ=(Q, i.e., Q has coefficients in Z, and we may take P=Q. 

3. Let & be a ring of matrices of degree m which contains nXK. If Bisa 
homomorphic set of matrices of degree m, and if the element J, of & corre- 
sponds to yJ,, in 8 for every y in K, then % is said to be a representation of 
degree m of Y. If we split Y into irreducible constituents by means of the trans- 
formation P of (11.2A), the irreducible constituents of & will then be repre- 
sentations of 

If we use the basis A, of (11.1A) for the definition of the regular repre- 
sentation ® of A, then R will actually be a representation of %. 

Any two representations 8, and 8, of & are to be considered as related 
sets (§3.1) with 3=%. If B, and B, are similar, say 6,=Q-'S.Q, then 
vyI=Q"(71)Q for every y in K. This implies that Q has coefficients in Z. 


(11.3A) If two representations of the ring ADn XK are similar, then the cor- 


responding similarity transformation has coefficients in the centre of K. 


4. We now derive the results of the structure theory of algebras(*’). 


(11.4A) If AX0 is an irreducible ring of matrices which is a K-left module, 
then A~ [TZ], where TX is a division ring consisting of matrices and s>0 an in- 
teger. We have €(C(A)) =A. 


Proof. Since & has no constituent 0, we have R=nXKCUY. Obviously, 
€(C(A)) DADR. On applying (11.1A) to this ring €(C(A)) we see that it has 
-a basis consisting of matrices C, with coefficients in Z. These matrices C, have 
the following two properties: (a) they belong to [Z],; (b) they commute with 
every element of €(Y%)\[Z],, which is equal to €(M) because of (11.1B). 

From (11.1A) it follows that & is irreducible with regard to Z. Let us 
consider for the moment only matrices with coefficients in Z. Then (9.4A) 
shows that the commuting ring of the commuting ring of & is & itself. In 
other words: every matrix C with the properties (a) and (b) belongs to ¥f. 
Then the C, belong to ¥CU and hence €(C(A)) CA which implies €(C(A)) = A. 

We can now use the argument of §9.3. We set 8 =€(H); this set is com- 


(*) The degrees ) in §3.3 are here to be taken as equal to 1. 
(*7) Cf., for instance, Albert [1, 2], Deuring [7]. 
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pletely reducible and has only one irreducible constituent %. We may set 


where Q is a matrix with coefficients in K (not necessarily in Z), and ® is 
irreducible and a division ring. Then 


= X BW) = [CB)]., 


and €(%8) =f itself is irreducible, arid a division ring. This proves (11.4A). 

We now prove easily in the familiar manner that the ring & is simple, i.e., 
possesses no proper subideal. There is no properly nilpotent element not equal 
to 0 in 

Consider an arbitrary ring & of matrices which contains nm XK. We deter- 
mine a similarity transformation with the properties stated in (11.2A). Since 
the elements of » XK are transformed into themselves, we may assume with- 
out restriction that Y itself splits into irreducible constituents, 


(41) 
Y, 

Using (11.3A), we easily see that we may assume that similar %, are always 
equal. Let 1, §2, - - - , §m be the distinct irreducible constituents appearing, 
and denote the /-rank of §, by k,. Then M(A) =A, M(F,) =F. 

If we replace everything below the main diagonal in (41) by 0, we obtain 
a representation %* of %. The elements of the radical M of & and only these 
are represented by 0; we see that 1/2 and A* are isomorphic. From (10.1A) 
it follows that &* has the /-rank }>k,. Hence 


(11.4B) If UW is a ring of matrices which contains nXK, its l-rank is given 
by k=ki+he+ where ki, ke, ---, Rm are the l-ranks of the non- 
similar irreducible constituents Of and v ts the l-rank of the 
radical N of A. If in each §, an arbitrary element F, has been chosen, then there 
are elements A of UX which are represented by F, in §, for u=1, 2,---,m. 


If & is completely reducible, we may assume that (41) splits completely 
into irreducible constituents. We then find !}=0. Conversely, if It=0, it fol- 
lows from (10.4B) that %& is completely reducible. A ring is semisimple, if its 
radical vanishes. Hence 


(11.4C) A ring ADnXK is semisimple, if and only if A is completely re- 
ducible. 
Ordinarily, the radical is defined as the set of all properly nilpotent ele- 


ments N of &. But to such an N, there corresponds a properly nilpotent N, 
of §,. Since §, is irreducible, we have N,=0. Hence N belongs to 9. Con- 
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versely, every element of 9 is properly nilpotent. Both definitions of the 


radical coincide. 
The rings &/N and A* were isomorphic. Hence 


(11.4D) If the ring ADnXK has the radical N, then A/N is semisimple. 
If & is semisimple, we can apply (10.1C) and find: 


(11.4E) Let be a semisimple ring. If Ge, - Fm are the non- 
similar irreducible constituents of A, then A is the direct sum A=UOlUeg - - - 
@uUn of m simple rings and U, is tsomorphic with §,. 


On combining the last part of (11.4A) with §6.2, we obtain 

(11.4F) If & is a completely reducible ring which contains nXK, then 
C(C(A)) =A. 

Finally, we can show that 


(11.4G) If B ts a simple ring of matrices, and ®DnXK, then S~i XH, 
where t>0 is an integer and U an irreducible ring. Then B is isomorphic to the 
ring A whose structure is described by (11.4A). 

Proof. The radical of 8 must vanish. Therefore, 8 is completely reducible. 
From (11.4E) it follows that 8 has only one irreducible constituent. 

5. We consider an arbitrary ring & of matrices which contains n XK and 
a representation % of %. Let A:, - - - , A; be an /-basis of & and A an arbitrary 
element of &. The regular representation ® is defined by 


(42) A.A = re in K. 


If A,—B,, A—B are the associated elements in %, we find 
(43) BB, = 


We may assume that for a certain ¢ the elements B,= - - - = B,=0 and that 
Biss, - - - , By, are l-independent. On comparing (42) and (43), we see that the 
regular representation of 8 appears as an end constituent of #. Using (8.2A) 


we now find: 


(11.5A) Let U be a ring of matrices containing n XK. Every representation B 
of UX of degree m appears as an end constituent of mXR where R is the regular 
representation of A. Further, B appears as a constituent of mn XX. 


As corollaries, we obtain: 
(11.5B) If Bis a representation of A, then L(B)CL(H). 
(11.5C) Every irreducible representation of A appears as a constituent of A. 


The following theorems are sometimes useful. 
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(11.5D) If B: and B, are two representations of UA which have no irreducible 
constituent in common, then we can find an element Q of UX which is represented 
by the unit matrix in B, and by 0 in Bs. 


Proof. According to (11.4B), we can find an element A of & which is repre- 
sented by the unit matrix in every irreducible constituent of 8, and by 0 in 
every irreducible constituent of 8. Then A corresponds to a radical element 
Bz; of Be. If we replace A by a power of A, we may assume B,=0. If A is repre- 
sented by B, in B,, then B,—TJ lies in the radical of 81; we have (B,—J)*=0 
for some integer t>0. Hence we may write J as a polynomial f(B,) without 
constant term of B,. Then Q=f(A) will satisfy the required conditions. 


(11.5E) If B: and Bz are two representations of A which have no irreducible 
constituent in common, and if B, and By are arbitrary elements of B, and B2 
respectively, then we may find an element A of U which is represented by B, in B, 
and by Bz in Bx. 


Proof. Let A‘ be an element of & which is represented by B, in 6, and 
determine Q as in (11.5D). Then QA“ is represented by B; in 8, and by 0 
in Be. Similarly, we may find an element 0A © of & which is represented by 0 
in B, and by B; in B,. Then we may set A =QA‘+0A, 


(11.5F) If B is a representation of UA, the radical of A is represented by the 
radical of B. 7 


Proof. It is clear that radical elements of & are represented by radical 
elements of 8. Conversely, let B be a radical element of 8. We set 81=9%; 
for BS. we take the representation of & which splits completely into those ir- 
reducible representations of % which do not appear in 8. We then apply 
(11.5E) to the case B= B, B, =0. The corresponding A lies in the radical of & 
and is represented by B in B. 


12. THE REGULAR REPRESENTATION OF RINGS WHICH CONTAIN 2 XK 


1. We consider again a ring &{ of matrices which is a K-left module, in 
particular a ring & which contains XK. The regular representation R of W 
is a set of linear transformations of %{ where % is considered as a contragredient 
vector space. The element A of & is associated with the transformation 
R(A) which maps the variable element X of YX upon XA = X*. In particular, 
if A;, Az, - +--+, Ax is an l-basis of A, we have 


Ar = AA = 


where R(A) =(r,,). 

A subspace Tf of & which is invariant under the transformation of ®, then, 
is a right ideal T of A which is a K-left module. Since we shall consider the 
elements 7 of K as operators of %, where the operation is defined as /-multi- 
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plication by , we shall tacitly assume that the right ideals considered are 
K-left modules. 
Any splitting of ® into constituents will correspond to an ascending chain 

of invariant subspaces T, (cf. §4.4), ie., an ascending chain of r-ideals of Y. 
More explicitly, if 

(44) R=] - 

where §, is a constituent of degree h,, then the linear combinations }-7,A, 
of the first hi: +h2+ - - - +h, basis elements with coefficients y, in K form an 
r-ideal T, of A. We set T) = (0) and have 


(45) = 


Conversely, assume that such a chain of r-ideals is given where T, has the 
l-rank t,. We choose the /-basis A1, As, ---, Ax of & such that the first ¢, 
basis elements form an /-basis of T, for u=1, 2,---, m. Then the regular 
representation formed with regard to this basis A, breaks up in the form 
(44), the degrees h, being given by 4, =t, —t,-1. We say that the /-basis A, has 
been adapted to the chain (45) of r-ideals. If we change the A, corresponding 
to §,, ie., the A, with ¢,.1<«x3St,, in such a manner that the new basis is 
still adapted to the chain (45), then R undergoes a similarity transformation 
of the type (3.3C). 

2. We assume that the ring & contains » XK. Every r-ideal £ is a K-left 
module and a K-right module. Then, (11.1A) can be applied. The set 
T=T/\[Z], will be a right ideal of Y=A\[Z], considered as an algebra 
over Z. Every right ideal E of Y will be obtained in this form, if we take 
T=M(F). 


(12.2A) If Wis a ring containing nXK, then by 


there is defined a (1-1) correspondence between the set of the r-ideals E of U and 
the set of the r-ideals F of Y=AC\[Z),. Here Y is considered as an algebra over 
the centre Z of K. 


Further, we easily see from (11.1A) that 


(12.2B) If an ascending chain of r-ideals of A is given, we can choose an 
l-basis A, of U which is adapted to this basis such that every A, has coefficients in 
the centre Z. 


(12.2C) Let Ai, As, -- +, Ax be an l-basis of Y such that the regular repre- 
sentation R of Y formed with regard to this basis splits into constituents which are 
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irreducible in Z. If the same basis A, is used for the definition of the regular repre- 
sentation R of A, then R splits into constituents which are irreducible in K. 


3. We now discuss conditions under which the §, in (44) are completely 
reducible. 

(12.3A) Let & be a ring containing nXK whose radical is N. Let 
(0)=XoCTsC --- CTn=A be a chain of right ideals. In the corresponding 
splitting (44) of the regular representation Rt, the constituent $, is completely 
reducible, if and only if T,NCT,-1. 


Proof. If T,N CT, 1, then M will be represented by 0 in H,. From (11.5F) 
and (11.4C) it follows that §, has the radical (0) and hence is completely 
reducible. Conversely, if , is completely reducible, it represents M by 0. 
Then T,NCT,-1, as was stated. 

The complete reducibility of $, is, of course, equivalent to the complete 
reducibility of T,/T,_1 considered as an additive group with the elements of 
K as l-operators and the elements of & as r-operators. 

In order to obtain the lower Loewy normal form of R, we must choose 
as small as possible such that T,, NR CTp»_1; then -2 as small as possible 
such that Thus 

(12.3B) Let & be a ring containing nXK whose radical is N. The lower 


Loewy normal form of the regular representation R of U corresponds to the chain 
of r-ideals (0) --- CRCR°=A(**). The exponent L 


here is equal to the number L(A) =L(R) of Loewy constituents of A and R (cf. 
(8.2B)). 

Similarly, we obtain from (12.3A) the theorem that 

(12.3C) Under the assumptions of (12.3B), the upper Loewy normal form 
of R corresponds to the series of ideals (0)=OQ9CQiC where 


consists of the l-annithilators of N* in A. 


If we consider & as an additive group with the elements of K as /-operators 
and the elements of & as r-operators, we may say that N2CRN*'C --- CA 
and OoCQiC --- CQ, are the upper and the lower Loewy series of Y. 

4. From (12.3B) we see that the degree \ of £:(®) is equal to k—v where 
kis the /-rank of and vis the /-rank of MN. In the notation of (11.4B) 
But the argument of §10.1 easily shows that every §, appears at least k,/f, 
times in %,(R). Therefore, the constituents §, occupy at least k, ordinary rows 
of Because A=) we obtain: 


(12.4A) If §, is an irreducible representation of X% of l-rank k, and of de- 
gree f,, then §, appears exactly k,/f, times in the first Loewy constituent &(R) 
of the regular representation R of A. 


Cf. Nesbitt [19]. 
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